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PREFACE 


This is a thoroughly revised edition. A new chapter on ‘Improper 


‘integrals’ has been added. Additional materials have been incorporated 


in some chapters in order to stimulate the reader’s interest. Some more 
examples have been fully worked out throughout the chapters in order 
to help the reader develop skill in working out exercises. 

The mistakes and misprints that crept in the previous edition have 
been eliminated. 

The author likes to appreciate suggestions given by his esteemed col- 
leagues and by his inquisitive students for the improvement of the book. 

The author conveys his sincere thanks to SARAT BOOK DISTRIB- 
UTORS and the printer for the care and co-operation rendered by them 
in course of publication of the book. 


CALCUTTA . 
July, 2006 S. K. Mapa 
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PREFACE TO THE FIRST EDITION 


This is an elementary treatise covering only a part of Real Analysis . 


and it is designed to serve as a text book for undergraduate students 
of Mathematics Honours. 

Keeping in mind that the volume is meant for the beginners of the 
subject the discussion of each topic has been supplemented by a good 
. Hhuinber of examples so that the reader can learn and understand the 
basic principles of Analysis. 

There are many standard texts on Real Analysis. The author 
expresses his indebtedness to the authors of some of these texts which 
have been consulted during the preparation of this beginners’ volume. 
A bibliography of such texts is given at the end. 

The author likes to convey his sincere thanks to the publisher, the 
composer and the printer for the care and co-operation rendered by 
them in the process of publication of the book, 

Any suggestion from the readers for the improvement of the book 


will be highly appreciated. 


CALCUTTA 
1.10.1996 S. K. MAPA 
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1. SET THEORY 


1.1. Introduction. 


The concept of a ‘set’ is basic in all branches of Mathematics. In viev 
“of the importance of set theory we present here a brief account of it. W 
take an entirely naive and intuitive view of a set. - 

For our purpose, a set is a well defined collection (or aggregate) 
distinct objects (which are also called elements or points). 

A set is usually denoted by capital letters A, B, X,..., and an elemer 
of a set is denoted by small letters a,b,z,... When a is an element of 
set of A, it is expressed by the symbol xz € A (read as x belongs to 4 
and when z is not an element of a set A, it is expressed by the symb« 
z ¢ A (read as x does not belong to A). 

A set may be described by listing all its elements, usually betwee 
braces {---}. Thus the set of all natural numbers less that 5 is {1, 2,3, 4 
There is no significance in the order in which the elements are liste: 
Therefore {2,3,1,4} and {1,2,3,4} describe the same set. 

Another way of describing a set is {2 : P(x)} where P(x) is tk 
proposition about x and {x : P(x)} is the collection of those elements 
for which P(x) is true. For example, the set {2 : x is an even positi: 
integer} is the set {2,4,6,... ...}. 


Throughout this text we use accepted notations for some familiar se 
of numbers. 


N = {1,2,3,... ...}, the set of all natural numbers, 

Z = {0,£1,42,43,--- --- }, the set of all integers, 

Q= 3 :p and g are integers, g ~ 0}, the set of all rational number 
IR = the set of all real numbers. 


1.2, Subsets. 


Let A and B be two sets, Ifx ¢ A> a € B then A is said to | 
a subset of B. This means that each element of A is an element of . 
This is expressed by A C B or by B >.A. In this case B is said to be 
superset of A. , 


4 
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We conceive of the existence of a set which contains no element. This 
is called the null set or empty set and is denoted by ¢. For logical con- 
sistency, @ C A for every set A. 

For every set A, AC A. Also @ C A for every set A. A and @ are 
said to be the improper subsets of A. Any other subset of A is called a 
proper subset of A. 

For example, the set Z is a proper subset of the set Q. 


Two sets A and B are said to be equalif AC Band BCA. 


Definition. A set S is said to be a finite set if either it is empty or it 


contains a finite number of elements ; Otherwise it is said be an infinite 
set. 


1.3. Algebraic operations on sets. 


In this section we shall discuss several ways of combining different sets. 
For this purpose we shall consider several sets, in a particular discussion, 
as subsets of a single fixed set, called the universal set in relation to its 
subsets. A universal set is generally denoted by U. ; 


Let U be the universal set and A, B,C,... be subsets of U. We define 
the following operations on the class of all subsets of U. 


(a) Union. The union (or join) of the subsets A and B is a subset of 
U, denoted by AU B and is defined by 
AUB={z:r2€Aorze B}., 
Therefore AU B is the set of all those elements which belong to A or 
to B or to both. It follows that A CAUB,BCAUB. 


(b) Intersection. The intersection (or meet) of two subsets A and B 
is a subset of U, denoted by AN B and is defined by 
ANB={x:2€ Aand x € B}. 
Therefore AN B is the set of all those elements which belong to both 
A and B. It follows that AN B CA,ANBCB. 


Definition. If two subsets A and B.have no common element then 
AN B=¢ and A and B are said to be disjoint., 


Example. 


T. Let A = {1,2,3,4,5},B = {3,5,7,9,11},0 = {2,4,6,8, 10},D = 
{2,6, 10} be subsets of the set N. 


Then AUB = {1,2,3,4,5,7,9,11}, ANB = {3,5,}, ANC = {2,4}, Bn 
C=$,CUD=C,CND=D. 


B and C are disjoint subsets of N. D is a proper subset of C. 
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Properties. 
1. Consistency property. The three relations AC B, AU B= Band 
AN B= 4A are equivalent, i.e., one of these implies the other two. 

la. AU¢= A, AN¢= ¢. This follows from 1 by taking ¢ C A. 

1b. AU U =U, ANU =A. This follows from 1 by taking Ac U. 

le. AUA=A, ANA=A. (Idempotent property). This follows from 1 
by taking AC A. . 
Id. AU(ANB) = A, AN(AUB) = A. (Absorptive property). This 
follows from 1 by taking AN BCACAUB. 

2, AUB= BUA, ANB=BNA. (Commutative property). 

3. AU(BUC) =(AUB)UC, AN(BNC) =(ANB)NC: (Associative 
property). | 

4. AU(BNC) =(AUB)N(AUC), AN(BUC)=(ANB)U(ANC). 
(Distributive property). 

(c) Complementation. The complement of a subset A is a subset of 
U, denoted by A’ (or A‘°) and is defined by 

A={xeU:zc¢ A}. 
A’ contains all those elements of U which are not in A. 

Properties. 

5. AU A’ =U,ANA’' = ¢ for any subset A. 

6. (A’)’ = A for any subset A. 

7..De Morgan’s Laws. (AUB) = A'NB’ (AN BY =A’UB’. 

(d) Difference. The difference of two subsets A and B is a subset of 
U, denoted by A ~ B and is defined by 

~B= A:xz¢ B}. 
A-Bis : ee ae is ie ce of those elements of A which are 

not in B. A — B is the relative complement of B in A. The difference 

A -— B can be expressed as A- B=ANMB’. 


Examples (continued). 
2. Let U = {1,2,3,...,10} be the universal set and A = {1,3,5,7,9}. 
Then A’ = {2,4,6,8, 10}. 


3. Let A = {1,2,3,4,5,6},B 
Then A - B= {1,3,5},B~A 


{2,4,6,8,10} be subsets of the set N. 
{8, 10}. 


Hit 
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(e) Symmetric Difference. The symmetric difference of two subsets 
A and B isa subset of U, denoted by AAB and is defined by 
AAB = (A — B)U(B-— A). ; 
ASB is the set of all those elements which belong either to A or to 
B but not to both. 


Example (continued). 


4, Let A = {1,2,3,4},B = {2,4,6,8} be subsets of the set N. Then 
AAB = {1, 3,6, 8}. 
Properties. 


8. AAA = ¢ for all subsets A cu, 
9. AAB = BAA. | 
10. AA(BAC) = (AAB)AC. 


1.4. Family of sets, 


We have defined a set as a collection of its elements. If the elements 
be the subsets of a universal set then we have a set of sets or a family 
of sets. 


. Examples. 


L Let X be a non-empty set, The collection of all: subsets of X is a 
amily of sets. This family is called the power set of X and is denoted by 
P(X). 
lf x = {1, 2, 3} then P(X) = {¢, {1}, {2}, {3}, {1, 2}, {1, 3}, 
{2,3}, x}. 
If X contains n elements then P(x) contains 2” elements. 


2. Let I be the finite set {1,2,...,n} and F be the family of n sets 
Aj, Ao,...,An. F is expressed as {Ag :a€ I}. I is called the index set. 
The elements of F are said to be indexed by the index set I, 


3. Let J = N and F be the family of sets Aj, Ag,.. 


: +... F is expressed 
as {A, :n € N}. Here N is the index set. 


4. Let A be an arbitrary set. The family of sets F = {Ag : ae A}-is the 
collection of sets Ag, for each a € A. Here A is the index set. 

5. For each n € N, let In={weER:0<ze 2}. Then we have'a family 
of sets {In : ne N}. The union of the family is denoted by U I, and 
neN 
the intersection of the family is denoted by M In. 

: neEN 
Here ney in ={zE€R:0<2<1 and eaves = ¢. 
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1.5. Cartesian product of sets. 


Let A and B be non-empty sets. The Cartesian product of A and / 
denoted by A x B, is the set defined by 
Ax B= {(a,b):a€ A,beE B}. 
Ax B is the set of all ordered a Sie b), i aa area of the pa 
i A and the second being an i 
(eee aoe we be a finite collection of non-empty ete The ao 
sian product of the éollection, denoted by A, x Az x --+ x An, is 


defined by . _ 
Ay X Az * +++ X An = {(01,02,...,Qn) 1:0, EE Ai= 1,2,...,7}. 
In particular if Ay = Ag =--- = A, = A, then the Cartesian proc 
uct of the collection, denoted by A”, is the set of all ordered n tupk 


{(a1,02,...,0n):a; € A,i=1,2,...,n}. 


Examples. 
1. Let A= {1,2,3},B = {2,4}. 

Then Ax B = {(1,2),(1,4),.(2,2)s (254), (3,2), (3, 4)}; 

Bx A= {(2,1), (2,2), (2,3), (4,1), (4,2), (4, 3)}. 

2. Let A= Z,B = Z. Then Ax B is the set of all ordered pairs « 
integers. ; 
3. Let A= R,B=R,C=R. Then A x B x C is denoted by R° and 
is the set of all ordered triplets {(z,y,z):2€R,y € R,z € R}. 


4. IR” is the set of all ordered n-tuples {(@),%2,...,@%n) 1: a € Ri: 
1,2,...,n}. 


1.6. Relation on a set. 

Let A and B be two non-empty sets. Intuitively, a relation p betwee 
A and B is a rule that associates some or all the elements of A with som 

' element or elements of B. 

Definition. Let A and B be two non-empty sets. A relation p aa 
A and B is a subset of A x B. If the ordered pair (a,b) Ep then : 
element a of the set A is said to be related to the element bin B ae 
relation p. If (a,b) € (A x B) — p, then a is said to be not related to 


the relation p. 


Example. er 
= F lation p between A an 

1. Let A = {2,3,4,5}, B = {4,6, 8,9} A re 

defined by Ly, that an element a in A is related to an element 

in B if a is a divisor of b. 


+ 
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Then p+ {(2,4), (2, 6), (2, 8), (3, 6), (3, 9), (4, 4), (4,8)}.(2,.5)¢ AxB 
but (2,5) ¢ p since 2 is not a divisor of 5. 2 in. A is related to three 
elements in B, 3 in A is related to two elements in B, 4 in A ts related 
to two elements in B, 5 in A is related to no element in B. 


Few Let A be a non-empty set. A relation pon A is a subset of 
x A, 


related to b by the relation p. This is expressed by ap b. 
If (p,q) be an element of A x A and (p,¢) € p, then p is said to be 
not related to g by the relation p. This is expressed by p f q. 


Let X be a non-empty set. A relation pon X is said to be reflexive 
ifapaholds forallae X. * eS — oe 

p is said to be symmetric ifapb=>bpa fora, be X. 

p is said to be anti-symmetric ifa pbandb pa=a=bfor abe xX. 

p is said to be transitive ifapbandbpc=ape for a,b,cE xX, 


Examples. » 


1. Let a relation p be defined on Z by “a p 6 if and only if @ — 6 is 
even” for a,b € Z. Then a is reflexive, sy:nimetric and trausitiv {f but not 
anti-symmetric. : 


2. Let a relation p be defined on N by “a p bif and only if a is a divisor of 


b”. Then p is reflexive, anti-symmetric and transitive, but not symmetric. | 


1.7. Order relation on a set. 


Definition. Partially ordered set. 

A relation p on a non-empty set X is said to bea partial order relation 
if p is reflexive, anti-symmetric and transitive. 

A set X equipped with a partial order relation p is said to be a 
partially ordered set (or a poset) and it is denoted by (X, p). 


Note. A partial order relation is commonly denoted by the symbol < 
or > and read in usual manner. Thus a < b is read as “a is less than or 
equal to 6”. A partially ordered set X with a partial order < is denoted 
by (X, <). 


Examples (continued). 
3. (N, <) is a poset where “a < 6 means a is a divisor of b”, for a,beN. 


4. Let F be a family of sets. Then the set inclusion ¢ is a partial order 
on F and (F,C) is a poset. 


If (a,b) be an element of A x A and (a,b) € p, then a is said to be 
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Definition. 

A relation p on a set X is said to be a strict order relation if it is 
anti-symmetric and transitive and for which (a,a) ¢ p for alae X. 

If a partial order be denoted by <, then the corresponding strict order 
is ‘denoted by <. 

Two elements a and b in a partially ordered set. are said to be compa~ 
rable if one of them is related to the other, i.e., one of the relations a < b, 
b < a must hold. In a partially ordered set there may exist elements a 
and b which are not comparable. For example, in Ex.3, the integers 4 
and 6 are not comparable, because neither is a divisor of the other. 

If a partial order relation satisfies a fourth condition that ’any two 
elements are comparable’ then it is called a total order relation. 


Definition. Ordered set. 

A partial order < on a set X is said to be a linear order (or a total 
order) if any two elements of X be comparable, i.e., for a,b € X, either . 
a<borb<a — 

This property is known as the law of dichotomy and is expressed by 
saying that the elements of the set X are comparable under <. 

Translating in terms of strict order <, it says that for all a,b € X, 
either a < b, or a = b, or a > b. This property is known as the law of 


trichotomy. 
A set X together with a linear order < defined on it is said to be a 


linearly ordered set, or a totally ordered set. 
In a poset (X, <) a subset C' which is linearly ordered under the given 
order relation < on X is called a chain. 


A linearly ordered set (X,<) is said to be a well ordered set if every 
non-empty subset S of X has a least element. A least elément in the 
subset S is an element a in S such that a < s for each element s in S. 


Examples (continued). 


5. (N, <) is a linearly ordered set where a < 6 has its usual meaning. It 
ig also a well-ordered set. 


6. In (N, <) of Ex.3, the subset {1, 2, 4, 8,...} is a chain. 


Definition. 


Let (X,<) be an ordered set. Let Sc X. ; 
An element u € X is said to be an upper bound for S if s < u for each 
s € S. An element 1 € X is said to be a lower bound for S if l < s for 
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each s € S. 


A subset S of X is said to be bounded above if S has an upper bound. 
A subset S of X is said to be bounded below if S has a lower bound. 


In an ordered set (X,<) the empty set ¢ is bounded above and 
bounded below. Every element of X is an upper bound of ¢ and also 
every element of X is a lower bound of ¢. 

Let (X, <) be an ordered set and S be a subset of X bounded above. 
S is said to have a least upper bound (or a supremum) (in X) if there 
exists an upper bound «z* of S such that «* < u for every upper bound 
uof S, ; 

Let (X, <) be an ordered set and S be a subset of X bounded below. 
S is said to have a greatest lower bound (or an infimum) (in X) if there 
exists a lower bound z, of S such that / < x, for every lower bound | of 


S. 


Theorem 1.7.1. In an ordered set (X, <) if a subset S has a supremum 
z*, then x* is unique. 


Proof. If possible, let <*, xf be two suprema of S. 
As x* is a supremum and zj is an upper bound of S, 2* < zx}. 
As rj is a supremum and a”* is an upper bound of S, xz} < z*. 
It follows that zf = x*. 


Theorem 1.7.2. In an ordered set (X,<) if a subset S has an infimum 
ty, then z. is unique. 
Similar proof. 


equivalent: 

(a) Every non-entpty subset S that is bounded above, has a supre- 
mum. 

(b) Every non-empty subset S that is bounded below, has an infimum. 
Proof. We prove that (a) implies (b). 

Let S be a non-empty subset of X, bounded below. Let lo be a lower 
bound of S. Let T = {2:1 € X and / is a lower bound of S}, Then 
T is a non-empty subset of X because ly) € T. Moreover x € T and 
s€S = 2 < s. This shows that T is bounded above, Thus T is a 
non-empty subset of X, bounded above. 

By (a), T has a supremum. Let supT = L. 

' Then (i) t < £ for every t € T, since L is an upper bound of T; 

and (ii) since every s € Sis an upper bound of T and L = supT,L<s 

for every s € S. 


cqaien ordered set (X,<) the following statements are 
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(ii) shows that L is a lower bound of S and (i) shows that L > any 
lower bound of S, Consequently, L = inf S. 
We prove that (b) implies (a). 
Let S be a non-empty subset of X, bounded above. 
Let uo be an upper bound of S. Let T = {u:u € X and u is ar 
upper bound of S$}. Then T is a non-empty subset of X because up € T 
Moreover « € T ands € S§ = x > 58. This shows that T is boundec 
below. Thus T is a non-empty subset of X bounded below. 
By (b) T has an infimum. 
Let inf’ = U. Then (i) U < t for every t € T, since V isa lowe: 
bound of T; and (ii) since every s € S is a lower bound of T and U = 
infT,U >s foreveryseéS. . 


(ii) shows that U is an upper bound of S and (i) shows that U < an 
upper bound of S. 


Consequently, U = sup S. 


Definition. An ordered set (X,<) is said to be order complete if ever, 
noh-empty subset of X which has an upper bound, has a least uppe 
bound (a supremum), or equivalently, every non-empty subset of X whicl 
has a lower bound, has a greatest lower bound (an infimum). 


Note. In a later chapter we shall see that the set R is order complete 
but the set Q is not. 


1.8. Function. 


Let A and B be two non-empty sets. A function f from A to B is ; 
rule of correspondence that assigns to each element z in A, @ unique y i 
B. 

A is said to be the domain of f and B, the co-domain of f. We sa 
that f is a function or a mapping from A to B and we write f: A> B 

The unique element y in B that corresponds to z in A is said to be th 
image of x under f and is denoted by f(x). x is said to be a pre-imag 
(or an inverse image) of f(z). 

The set { f(z) : x € A} is said to be the range of f and is denoted b: 
f A i nn eel 

The set {x: f(z) = y} is said to be the pre-image set (or the invers. 
image set) of y and is denoted by f~(y). 

This is to emphasize that the inverse image set of an element y in £ 
may be a void set, or a singleton set, or a set containing more than one 
elements. 


© SP EC 
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Definitions. | 4 
A function f : A -— B is said to be injecti if cy 

or jective (or one-to-one) if x 

in A => f(2,) # f(x2) in B. ee 
A function f : A — B is said to be surjective if f(A) = B. 


A function f:A-— Bis said to be bijective if f is injective as well as 
Surjective. 


If ff: A — B is injective then each element of B has at most one 
pre-image, we 
If I : A — B is surjective then each element of B has at least one 
pre-image. 
Therefore if f: A — B is bijective then each element of B has exactly 
One pre-image. In this case the pre-image set of each element y in B, i.e. 
f~*(y) is a singleton set. 
Iff:A— Bis bijective, each element in A has a definite image in 
B and each element in B has a definte pre-image in A. Thus f sets up a 
one-to-one correspondence between the elements of A ana B. 


Examples. 


1. Let f :2Z— Z be defined by f(x) = 2z,2 € Z. f is injective but not 
Surjective. The range set is 2Z ( the set of all even integers) and it is a 
proper subset of the co-domain set Z. oo 


Here f(0) = 0, f(1) = 2, f(2)=4,..,. 


2. Let f : Z— Z be defined by f(x) =| 2 |,x € Z. f is not injective, 
since f(1) = f(—1) = 1. f is not surjective, since —1 in the co-domain 
set has no pre-image. i 


Here fT 11< 2h F(A) Sh sas 


3. Let f i 2 re Z be defined by f(z) = z+ 1,2 € Z. J is injective as 
well as surjective. Therefore f is bijective. 


Equality of functions. 
Two functions f and g are said to be equal if 


jf Bed and g have the same domain D, and (ii) f(z) = g(x) BOE all 


Example (continued), 


4. Let f : R — R be defined by f(x) =| 2 |,2 € Randg:R—=Rbe 


defined by g(z)=2,2>0 Then f=g. 
: = —7,2 <0. 
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1.9. Equipotent sets. Enumerable set. 


Let A and B be subsets of a universal set P(X), the power set of 
a non-empty set_X. A is said to be equipotent with B if there exists a 
bijective mapping f from _A to B. We write A ~ B. 

The relation of equipotence on the set P(X), is an equivalence rela- 
tion, because 

(i) for any subset A € P(X), the identity mapping 7: A —- Aisa 
bijective mapping and therefore A ~ A for all A € P(X). 

(ii) If A~ B for A,B € P(X), then there exists a bijective mapping 
f :A-— B and this ensures the existence of the bijective mapping f~! : 
B-— A, proving that B ~ A. 

(iii) If A ~ Band B ~ C for A,B,C € P(X), then there exist 
bijective mappings f: A - B and g: B — C and this ensures the 
existence of the bijective mapping g.f:A— C, proving that A~ C. 

In consequence of this equivalence relation on P(X), the set P(X) is 
partitioned into classes of equipotent sets. . 

The sets belonging to the same equipotence class are said to have the 
same potency or the same cardinal number. 

The cardinal number assigned to the equipotence class of finite sets 
each with n elements is n. The cardinal number assigned to the null set 
@ is 0. . 

The cardinal number of an infinite set is said to be a transfinite car: 
dinal number. The cardinal number of the set N is denoted by d. 


Definition. A set A is said to be enumerable (or denumerable) if A is 
equipotent with N. A set which is either finite or enumerable is said to be 
a countable set. Enumerable sets are also called countably infinite sets. 
When a set A is enumerable, there is a bijective mapping f:N— A. 

Corresponding to each € WN there is a unique element f(n) in A 
ao TES THSEE-Ot 7 Thus the elemente-of A can be described as” 

1), 77+ oF (),..-, OF AS 41,Q2,...,Qn,..., Showing that the ele- 
ments of A are indexed by the set Ny 


‘Examples. 


1. The cardinal number of the set {1,2,3,...,10} is 10. 
2. The cardinal number of the set S = {1,4,4,---} is d, because S is 
equipotent with N. S is an enumerable set. 


That there exist sets larger than the enumerable sets (i.e., the sets 
with cadinal number greater than d) has been established by George 
Cantor, a German mathematician, in his remakable theorem. 
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baer pae 1.9.1. Cantor’s theorem. 
© a non-empty set, th i jecti : 
Fae poaaee a ere 1s no surjection 6: A —+ P(A), where 
Proof. : 
of. Letae A. Let f:A-— P(A) bea Surjection. Then f(a) is an 


element of P(A), ie, f(a) i 
yp Ry 5 b A 
not belong to the ns : (a) x Subset of A. The element a may or may 


Let 5 = {a€ A:a¢ f(a)}. Since $ i 

: - Since S is a sub 

therefore there exists an element ag € A pics ya @ P(A) and 
We must have either ag € S$ or ao ¢ S. Serge ae 


2 : . = ao a nid definition of S), i.e.,a9 € S,a contradiction 
Qo Qo y definition of S), ie, a) 6 S.: icon. 
Therefore f does not exist and the proof is ence pe eee 


The theorem asserts th i 
! 2 € existence of larger and stil] i 
the sets with greater and still greater cardinal numbers acetal 


- We shall prove in a i 
con subsequent article that the set R is non enumer- 


Exercises 1 


1. If A,B,C be subsets of R, prove that 
| (i (49.8) U(BNC)U (CNA) = (AUB)A(BUC)A(CUA); 
(ii) (AN BOC)UANBNCYU(ANBNC)U(ANB'NC) = A, 
(iii) AN (BAC) = (AN B)A(ANC). 
2. Find we, In and ie Z,, where for each n € N, 


Vn WER <2 ee< 4}, Une (eRrcl+ dency oa) 


3. Let S be the set of all iti ivi 
Positive divisors of 30. i 
where a < b means a is a divisor of 6, for a,b a ie aes aoe 


4. Prove th i 
at the functions f : R = R are neither injective nor surjective 


(i) f(x) = 32 ii F 
: )=> 1c € R, (ii) f(c) = GEL r eR, (iii) f(z) = [],c2 ER. 
. aig the two functions f and g equal? Give reasons. 
(i) f : D— R defined by f(x) = sing ~ cosz,z Ee D, 
9: D — R defined by g(x) = V1 =sin2z, x € D,; 
; and Dee REO x ae Sy. 
(ii) f: DR defined by f(z) = 2tan-'2,2E€pD 
9: D-R defined by g(z) = tan7! 2r,2E D; 
and D={zreR:zr> 1}. 


2. REAL NUMBER: 


+ 


2.1. Natural numbers, 
The natural numbers are 1,2,3,... The set of all natural numbers 


denoted by N. 
We assume familiarity with the algebraic operations of addition a 


multiplication on the set N and also with the linear order relation < 
N defined by “a < 6 if a,b € N and a is less than 6”. 


We discuss the following fundamental properties of N. 
1. Well ordering property. 
2. Principle of induction. 
2.1.1. Well ordering property. Every non-empty subset of N ha 


least element. 
This means that if S is a non-empty subset of N then there is 
element m in S such that m < s for all s € S. In particular, N itself 


the least element 1. 
Proof. Let S be a non-empty subset of N. Let & be an element ol 


Then k is a natural number. : 
We define a subset T by T = {@ € S:a< k}. Then T is a non-em 


subset of {1,2,...,&}. 
Clearly, T is a finite subset of N and therefore it has a least elem 


say m. Thenl<m<k. 
We now show that m is the least element of S. Let s be any elen 


of S. 
If s > k then the inequality m < k implies m < s. 
Ifs < k then s € T; and m being the least element of T, we ! 


m< 8. 
Thus m is the least element of S. This completes the proof. 


2.1.2. Principle of induction. Let S be a subset of N such that 
(i) 1 € S, and 
(ii) ifkeSthenk+1l1eS. 
Then S=N. 
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4 


Proof. Lét T = N— S'. We prove that T = ~. 


Let T be non-empty. Then by the well ordering property of N, the 


non-empty subset T has a least element, say m. 
Since 1 € S and 1 is the least element of N,m> 1. 
Hence m — 1 is a natural number and m—1¢T. Som — 1leéeS., 
But by (ii) m-lES=>(m-1)+1€S, ie, me S, 


This contradicts that m is the least element in 7’. Therefore our 


assumption is wrong and T = . 
Therefore S=N. This completes the proof. 


Theorem 2.1.3. Let P(n) be a statement involving a natural number 


nh. 
If (i) P(1) is true, and 


(ii) P(k +1) is true whenever P(k) is true, 
then P(n) is true for alln EN, 


Proof. Let S be the set of those natural numbers for which the statement 
P(n) is true. 

Then S has the properties (a) 1 € S by (i) 

(b) KES+k+1eS by (ii). 

By the principle of induction $ = N. 

Therefore P(n) is true for all n EN. This completes the proof, 
Note. Let a statement P(n) satisfies the conditions 

(i) for some m EN, P(m) is true (m being the least possible) 


and (ii) P(k) is true > P(k + 1) is true for all k > m. 
Then P(n) is true for all natural numbers > m. 


Worked Examples. 


1. Prove that for each n &€ N,1+24+3+4+---4n= nine) for alln EN. 


The statement is true for n = 1, because 1 = 4051), 

Let the statement be true for some natural number k. 

Then 1+24+3+...4k= Ree and therefore © 

(1+ 24+3+4-.-+k)+(k+1) = AUED + (k 41) 

OF ER 2 Beet (eae 1) = EUs) | 

This shows that the statement is true for the natural number k +1 if 


it is true for k. By the principle of induction, the statement is true for 
all natural numbers. 


2. Prove that for each n 22,(n+1)! > 2”, 
The inequality holds for n ~ 2 since (2 +1)! > 22, 
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Let the inequality hold for some natural number k > 2. 
Then (k +1)! > 2* 
and (A+2)! = (k+2)(k+1)! 
> 2.2* since k+2>2 
or, (K+2)! > 2ktt, 

This ios that if the inequality holds for k(> 2) then it also holds 
fork +1. 
. By the principle of induction, the inequality holds for all natural 
numbers > 2. 

[Note that the inequality does not hold for n = 1.] 


2.1.4. Second principle of induction. 


Let S be a subset of N such that 
(i)1e€S,and (ii) if {1,2,3,...,k}.c Sthenk+1eS. 
Then S=N. 
. Let 7 = N—S. We prove that T = ¢. 
ae T be non-empty. Then T' will have a least element, say m, by the 
well ordering property of N. Since 1 € S,1¢T. 


i 1 
As m is the least element in T and 1¢T7,m> 1. 
By the choice of m, all natural numbers less than m belong to S. 


That is, 1,2,...,m—1 all belong to S. 

Then by (ii) m € S and consequently, m ¢ T, a contradiction. 
It follows that JT’ = ¢ and therefore S = N. 

This completes the proof. 


Worked Example (continued). 
3. Prove that for all n € N, (3 + V5)” + (3 — V5)” is an even integer. 
Let P(n) be the statement “(3 + V5)" + Sag V5)” is an even integer ”. 

P(1) is true since (3 + V5)! + (3 — V5)! = 6, open integer. 

Let us assume that P(m) is true for n = 1,2,...,k. 

: . (k+1) 
3+ V5)FT) + (3 — V5) 

Sn + b*+! wherea =3+ V5,b=3- V5 

= (a* + b*)(a + b) — (a*~) + BF Jab 

= 6(a* + b*) — 4(a*-! + bF-?), 

It is an even integer, since a* + b* and a*~! + b*—! are even integers. 

Hence P(k +1) is true whenever P(n) is true for rn = 1,2,...,k. 

. By the second principle of induction, P(n) is true for all natural 

numbers. 
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2.2. Integers. 


Addition and multipli i 
Pication are defined on the set N. Sub ion i 
: t 

ae ge on the set N in the sense that ifaeNandbe N anaes 
- Sas healed an element of N. The set N is enlarged by the inclusion of 
Ne e numbers of the form —n (called negative of nr) forallneN 

e new set is = the set of ail integers and is denoted by Z , 

= 0,1, 2,3,...,-1,—-2,—3 } 
; a ae ages . defined as the inverse of additon. For each 
ane ’ € = i 

pe ee a ,6€ Zthen a — is defined by a + (—b) and 


@ 
then 6 ‘8 not always an, element of Z. If the set Z could be enlarged by 


new enlarged set might be rich anou, 
mig gh to allow divisio i 
i isin of multiplication. But if @€ Zand b = 0 ice See ee 
ae Ny see § and therefore the enlargement of the set Z by 
numbers of the form #,a€Z,b € Z cannot be completed, 


2.3. Rational numbers. 


A rational number is of the f zg 
orm © where p and i 
g#0. The set of all rational numbers 4s dencted by o. oe 


Evidently every integer is ; bi 
Pete . g a rational number. The set Z is a proper 


We now describe some fundamental properties of the set Q. 
- Algebraic properties of Q. 
2. Order properties of Q. 
3. Density property of Q. 
2.3.1. Algebraic properties of Q. 


Addition and multi licatio ¢ 
Pee aetna p ion are defined on the set Q Satisfying the 
Al. a+be€Q for all a,bEQ, 


- AQ, (a+b) +ce=a+(b+0) for all a,b,c Ee Q, 


A3. there exists an ele t0i 
Woe oS ment 0inQ@ (called the zero element) such that 


A4. for each a in i i 
ers Q there exists an element —a in @ such that at 


A5. a+b=b-+a for all a,beEQ, 
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Mi. a.b € Q for alla,be Q, 

M2. (a.b).c = a.(b.c) for all a,b,c € Q, 

M3. there exists an element 1 in Q (called the unity) such that a.1 = 
for alla EQ. 

M4. for each element a 4 0 in Q there exists an element 4 in Q su 
that a.4 = 1, 

4 
M5. a.b = b.a for all a,b € Q, 


D. a.(b+ec) =a.b+ a.c for all a,b,c EQ. 
1 


~—a is the additive inverse of a. It is called the negative of a. 
the multiplicative inverse of a. It is also called the reciprocal of a. T 
reciprocal of a exists provided a # 0. The zero element 0 and the un 


1 are unique elements. 


A2 states that addition is associative on Q. A5 states that addit! 
is commutative on Q. M2 states that multiplication is associative 
Q. M5 states that multiplication is commutative on Q. D states | 
distributive property. Multiplication is distributive over addition. 


The set Q is said to form a field under addition and multiplicatio: 


2.3.2, Order properties of Q. 
On the set Q, a linear order relation < is defined by “a < 6 if: 

Q,b € Q and a is less than b ”and it satisfies the following conditions 
Ol. If a,b € Q then exactly one of the following statements holds 
a <b, ora =), or b < qa; (law of trichotomy) : 
O2.a<bandb<csa<c for a,b,c € Q; (transitivity) 
03.a<b=S>a+c<b+c fora,b,cEQ; 
O4.a<band0<c=> ac < be for a,b,c EQ. 

Note 1. a < bis equivalently expressed as b > a (b is greater than c 
The law of trichotomy states that a rational number a is one of 


following: a<0,a=0,0<a.ie,a<0,a=0,a>0. 
A rational number a is said to be positive if a > 0 and is said tc 


negative ifa < 0. 

2. If a,b,c € Q and a <c, c < b both hold, we write a<c <b. We 
that c lies between a and b. 

8. The field Q together with the order relation defined on Q satisfy 
O1-04 becomes an ordered field. 
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2.3.3. Density property of Q. 


af ‘ . 
ae f . and y be any two rational numbers and z< y, there exists a 
jona. number r such that x < r<y. That is, between any t 
rational numbers there exists a rational number. one 


ry => try <y+y, by O83 
=> drt Fa 

; 2 y) <5 (2y), by O4 
ice., g(@+y) <y. 


Again,z<y = T+2 <z2+y, by O03 
1 
=> 3(27) < (z= +4), by O4 
i.e., Z <3(x+y). 


Therefore we have x < s(e@+y)< y. Then r = 3(x + y) 


We observe that between i 
two rational numbers x and wh . 
vate See another rational number A(x +y). Again alae pee 
2\0 TY) ( since z < 3(@ + y)) there exi i 
> exists another rati 
the process can be continued indefinitely, aliansicane 
“: We say that between any two rational numbers x and y (where z < y) 
cri pea emarieed many rational numbers. This is expressed by saying 
ese 1s dense and thi i , 
6 is property of OQ is called the density property 
ad mate of this density property of Q, between any two rational num- 
« and y we can interpolate infinitely many rational numbers. 


2.3.4. Geometrical representation of rational numbers 


io eae represented by points on a Straight line. Let 
ected une. We take a point O on the line. O divi 
xX : ivides th 
re ae two parts. The part to the right of O is called the positive aide 
n : € part to the left of O is called the negative side. 
Mee ae a apes . to the right of O. Let O represent the ra- 
mber zero an represent the rational i 
the distance OA as the unit di ieee 
istance on.some chosen scale each i 
rational 
eed is gaa are by a unique point on the line. Firet of all, the 
Bers <,3,--+ are represented by the poi yi 
Points Az, Az,--. ] 
Re the right of O where OAz = 20A,OAz = 30A,--- and te hesere 
egers —1,—2,--- are represented by the points A’, Aj... Lyi t 
left O such that OA, = OA,OA = 204A... aoa te eens 
To represent a positive ratio 
TO re] nal number 
Positive integers, we measure p times the aia ieee vs O 
2 e ri ; 
and get a point B and then measure the qth part of the dctaces OB se . 


REAL NUMBERS 19 


r. If r be a negative rational number (—s) then the point P’ to the left 
of O (where OP’ = OP and P represents s) represents r. 

Thus every rational number can be made to correspond to a point 
on the line. If a point that corresponds to a rational number be called 
a rational point then we observe that between any two rational points 
there lie infinitely many rational points. If all the rational numbers be 
plotted as points on the line it appears that the whole line is covered by 
rational points i.e., the whole line is composed of only rational points. 

A little further examination will show that such a view point is not 
tenable. 

If we take a point D to the right of O such that OD is the length of 
the diagonal of the square on the side OA, then D‘is not a rational point 
as can be established by the following example. 


Example. There does not exist a rational number r such that r? = 2. 


If possible, let p and g are integers such that (p/q)*? = 2. It may be 
assumed that p and g have no common factor other than 1. 

Now (p/q)? = 2 = p? = 2q? = p” is even => p= is even, because if p 
be odd then p? is also odd. 

Let p = 2m, where m is an integer. 

Then p* = 2q? = 2m? = q? => q? is even = q is even. 

Thus we arrive at a contradiction to the assumption that p and gq have 
no common factor other than 1. 

Therefore there is no rational number whose square is 2. 

The point D, therefore corresponds to a new type of number, called 
an irrational number. 

The next theorem shows the existence of many irrational numbers. 


Theorem 2.3.5. Let m be a non-square positive integer. There does 
not exist a rational number r such that r? = m. 


Proof. Since m is a non-square positive integer, there exist two con- 
secutive square integers A? and (A+ 1)? such that A? <_m < (A+1)?. 

If possible, let r = p/q (where p and g are positive integers prime to 
each other) be such that r? = m. 

Then \? < (p/q)? < (A+1)? 

or, A < p/gq<A+1 

or, Ag <p <Aq+q 

or,O<p-—Ag<q.. «. (i) 
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m(p — Aq)? mp? ~ 2\mpq + dA?mq? 


mq? — 24mpq + A?p?, since mq? = p? 
= (mq — Ap)?. 

Som = (Ae)? 

Thus m = (p/q)? > m = (BaP 2. 


| 


Since p and q are prime to each other and (p/q)?, (Be Ae)? are two 
representations of ™m, we must have p — Ag > g and this contradicts (i), 

So our assumption that r? = m is wrong and the theorem is done. 
2.4. Real numbers. 

The set containin 


g all rational as well as irrational numbers is called 
the set of all real nu 


mbers. The set of all real numbers is denoted by R. 
We now describe some fundamental properties of the set R. 

1. Algebraic properties of R. 

2. Order properties of R. 

3. Completeness Property of R. 

4. Archimedean property of R. 

5. Density property of R. 


2.4.1. Algebraic Properties of R, 


Addition and multi 
following properties : 

Al. a+0€R for all a,b in R; 

A2. (a+ b)+ema+ (b+ c) for all a,b,c in R; 

A3. there exists an eleme 
a+0=a for alla in R; 

A4. for each a in 


plication are defined on the set R satisfying the 


“ 


nt 0 in R (called the zero element) such that 


R there exists an element —a in R such that a+ 


(—a) = 0; 
A5. a+b=b+a for all a,b in R; 
~ 
M1. 2.6 € R for all a,b in R; 


M2. (a.b).c= a.(b.c) for all a,b,c in R; 
M3. there exists an el 


ement 1 in R (called the unity) such that a.1 =a 
for alll a in R; 


M4. for each element 


a #0 in R there exists an element 2 in R, such 
that a.+ = 1; 


M5. a.b = b.a for all a,bin R; 


Oe nn TIE, SSO OR pa 
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| b,c in R. 

D. a.(6+c) =a.b+ a.c for all a, , 

—a is ae sh inverse of a: It is also called a ae of a.1/ 
is the multiplicative inverse a. It is also called the reciprocal of a. 

The reciprocal of a exists provided a ~ 0. 

0 ity 1 are unique. 
he zero element 0 and the uni a 

z is said to form a field under the operations- addition and multipl 
aes and multiplication are both commutative and associative o 
the set R. Multiplication is distributive over addition, 


: Then 
Theorem 2.4.2. Let a,b,c eé R. 7 . 
i ddition); 
i = implies b = ¢ (cancellation law for a i 
a ae — ‘ ne os ae b = c (cancellation law for multip! 
1 . 
cation). 
. Gi)a+b=a+e. 
sede ae since a € R. Therefore ~a+ (a+b) = —-a+(a+e) 
“or, (-a+a)+b=(-a+a)+c, by A2 
or, 0+b=0-+c, by A4 
or, b=c., 
ii) a.b = a.e. : 
ee R, since a # 0. Therefore (4).(a.b) = (4).(a.c) 
or, (2.a).b = (4.a).c, by M2 
or, 1.b = l.c, by M4 


or, b= c. 
Theorem 2.4.3. Let a ¢ R. Then 
(i) 2.0 = 0, 
(ii) (—1).a = —a, 
(ili) —(—a) =a, 


(iv) 1/(1/a) = a, provided a 4 0. 


Proof. (i) We have 0+0=0 in R. 
Then a.(0 +0) pre a 
.0 = a.0, 
ee FA i ee —(a.0) + [a.0 + ve = (—a.0) + 4.0 
or, [—(a.0) + a.0] + a.0 = 0, by A2 and 
or, 0+a.0=0, by A4 
or, a.0 = 0, by A3. 


(ii) We have 1+ (—1) =Oin R. 
Then [1 + (—1)].a=0 
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or, a+ (-1).c = 0 
~a€R. Therefore —a + [a+ (~1).e] = -—a 
a] =-a+0 
or, (~a@+a)+(-1).a= ~a, by A2 and A3 
or, 0+ (~1).a = —a, by A4 
or, (-1).@ = ~a, by A3. 


(iti) We have a+ (~a) =0, by A4, 

Since —a € R,-a + {—(—a)} =0, by A4. 
Therefore -a +a = —a+ {~(~—a)}. 

or, a = —(—a), by cancellation law for addition. 


(iv) Since a # 0,1 € R and a.(2) =1. 

aa oe w because 7 =0=>1=0, 
ince + #0,1/(1/a) € R and 1.41/(1 = 

Therefore 1.a = 4.{1/(1/a)}. ° bea 


P 1 
Since i 40, a= 1/(1/a), by cancellation law for multiplication. 
Theorem 2.4.4. Let a,b,c € R. Then a.b =0 implies a = 0, orb =0 

Proof. Let a 40. Then +€Randlg =}, 


a.b=0=> 1 (ab) =1o>5(1.0)5-0 = 
Therefore a# O>b= 0. aw) Se 
Contrapositively, b Z#O>Da=0. 


Therefore either a = 0 or 6 = 0. 


Theorem 2.4.5. Let a,bé R. Then 
(i) a.(—b) = (—a).b = —(a.b), 
(ii) (—a).(—b) = ab. 
Proof. We have b+ (—b) = 0 in R. 
Therefore a.[b + (—b)] = a.0. 
or, 2.6 +a.(—b) = 0, by D and theorem 2.4.3 (i) 
—(a.6) ER. Therefore ~(a.b) + fa.b+ a.(—b)] = —(a.b) 
or, [~(a.b) + a.8] + a.(—b) = —(a.b), by AD _ 
or, 0+ a.(—b) = —(a.b), by A4 
or, a.(—b) = —(a.b), by A3. 
Again ~a+a=0. 
Therefore [—a + a].b = 0.b. 
Proceeding similarly, we can prove (-—a).b = —(a.b). 
Therefore a.(—b) = (—a).b = —(a.b). 


(ii) Let p = ~a. Then peR. 
(—a).(—b) = p.(—-b) = ~(p.b), by (i) 
= —[(—a).b) = —(—(a.b)) = a.b, by theorem 2.4.3 (iii). 
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2.4.6. Order properties of R. 
‘On the set R, a linear order relation < is defined by “a < bifaé 
IR, 6 € R and a is less than 6” and it satisfies the following conditions : 
Ol. If a,b € R, then exactly one of the following statements holds ~ 
a<b, ora=b, or b < a (law of trichotomy); 
O2.a<bandb<c=>a<_ce for a,b,c € R (transitivity); 
O3.a<b=a+c< b+e for a,b,ceE R; 
O4. a<bandO0<c= ac < be fora,b,cER. 
Note. a < bis equivalently expressed as b > a (b is greater than a). 
The law of trichotomy states that a real number a is one of the fol- 
lowing: a<0,@=0,0<a.ie,a<0,a=0,a>0. 
a is said to be a positive real number if a > 0. 
a is said to be a negative real number if a < 0. 
We use the symbol a > 0 to mean that a is either positive or zero; 


a <0 to mean that a is either negative or zero. 
If a,b,c € R and-a < c, c < 6 both hold, we write a < ec < 6 and say 


that c lies between a and b. 


Note. The field R together with the order relation defined on R satisfying 
01-04 becomes an ordered field. — 
Remark. On a field (F,+,.), in general, an order relation is defined 
with the help of a positive set in F’. A subset P of F’ is called a positive 
set if : 

QjaeP,b€ P=at+be Pandaode P, 

(2) if c € F then exactly one of the following statements holds- 

cé€P,c=0, -ceP. 
The positive set P is used to define an order < in F. 


Definition. If a,b € F, then a < b (a is less than b) if and only if 
b-aeéP. , 
a< bis same as b> a (b is greater than a). 
From definition it follows that a > 0 if and only ifa—Oe P, ie, 
aéP. 
The order properties 01-04 can be deduced from the above definition. 
Ol. Let a,bé F. Thena—-ode F. 
Therefore by (2) exactly one of the following statements holds- 
a-béP,a-b=0, -(a-bEP 
ie,a~b>0,a—b=0, —(a—b) >0 
ie, b6<a,b=a,a<b. 


Analysis-3 
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O2. Let a < band b< ce, 
Then b~aé P andc~bé P and by (1), (6-a)+(c-b EP 
or,c—-aé€ Prie,a<ce. 


O3. Let a,b,c é Fanda< 6b. Thenb-—aeéP., 
Therefore (b+ c¢)—(a+c)€ Pie, ate<b+e. 
O4. Leta<bandc>0. Thenb—ae€ PceéE P. 
By (1), (b-a)jee P 

or, bec — ac € P, i.e., ac < be. 

The field R is an ordered field, The positive set in R is called the set 
of all positive real numbers and is denoted by RT. 
Theorem 2.4.7. Let a € R. Then 

(i) a>O => ~a< 0; 

Gii)a<O0=> -a>0. 

Proof. (i) a € R and a+ (—a) = 0, by A4. 

By the law of trichotomy, either —a < 0 or -a= (0), or —a > 0. 

Let -a > 0. 

~a>O,aeRs —-a+a>a, by 03 

=> 0 > a, a contradiction. 

Let ~-a=0. Then a+ (—a) =a+0—a, 

and also a+ (—a) = 0, by Ad. 

Therefore a = 0, a contradiction. 

We conclude that —a < 0. 

(ii) Similar proof. 

Theorem 2.4.8. Let a,b €¢ R. Then 
G)a>0,b>O>a+b>Q0, 
Gija<0,b6<0>a+5<0, 

(iii) a>0,b>0=> ab> 0, 

(iv)a<0,6<0> abd>0, 

(v)a>0,b<0>ab<0. 

Proof. (i)a>Oandbe€R>a+b> bb, by O83 
a+b>bandb>0>a+6>0, by 02. 

(ii) Similar proof. 

(iii) a> 0,b > 0= ab > 0.6, by O04 

ie., ab > 0, 
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(ivja <0,b<0 a<0,-b>0 

a.(—b) < 0(—b), by 04 

—ab <0 

—(—ab) > 0, by Theorem 2.4.7 (ii) 
ab >0, by Theorem 2.4.3 (iii). 


$eYdsd 


(v) Similar proof. 
Theorem 2,4.9. Let a,b,c,d€ Randa>b,c>d. Thenat+e>b+d 


Proof. a>bandceR+at+c>bte, by 03 
c>dandbé€ R=> bd+e> b+ d, by 03 
ate>b+candb+c>b+idsa+e>b+d, by O02. 


Corollary. Let ai,a2,...,@n;01,b2,...,0, € R and a; > 06; for i = 
1,2,...,7. 
Then a; + @g +:+-++ an > b) +: bg +--+ + dy. 


Theorem 2.4.10. Let a,b,c,d€ Randa >0,b>0,c>0,d>0. The 
a>b,ce> d= ac > bd. 


Proof. a > band c > 0 = ac > be, by 04 
e>dandb>0 = bc > bd, by 04 
ac > be and be > bd => ac > bd, by O2. 


Corollary 1. Let a1, @2,...,@nj 01, bo,...,0n € R and a; > 0,5; > O ft 
G1 Qos gM 
Then a; > bj => @)09...Qn > b1b2... by. 


Corollary 2. Let a,b€ Randa>b> 0. Then a” > b” for allneN. 
Theorem 2.4.11. If a € R and a ¥ 0, then a? > 0. 
Proof. Since a # 0, either a < 0 or a > 0, by O1. 


Case I. Let a < 0. Then —a > 0, by Theorem 2.4.7 (ii) 
By O04, a.-a<0.—a. Therefore —a? < Q. 
This implies a? > 0, by Theorem 2.4.7 (ii) 


Case II. Let a > 0. 
By 04, a.a > a.0. Therefore a? > 0. 


Combining the cases, we have a” > 0 for all a 4 0. 
Corollary. 1 > 0, since 1 = 1.1 = 1?. 
Theorem 2.4.12. Let a € R. Then 
(ij)a>Os4>0, (li)a<0>1 <0. 
Proof left to the reader. 
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Theorem 2.4.13. n> 0 for allneEN. 


Proof. The statement holds for n = 1, since 1 > 0. 
Let us assume that the statement holds for n = k, where k EN. 


Gi) ife,c € R andc> 0, then jal <c#—-ce<a<c; 
(iv)-lal < a < jal for alla ER. 


Then k >0.k >Oand1>0=k+1>0, by Theorem 2.4.8. Proof.(i) 

This shows that the statement holds for k +1 if it holds for k. seas ey Bit Sea ee SUH len A)iee =I a 

By the principle of induction, the statement holds for all 2 EN. Case IT. Leta <0. Then —a > 0 and | -a |= -a=|a|. 
Deduction. For alln € N, + > 0. Case III. Let a=0. Then ~a = 0 and | —-a|=0=| al. 


It follows that | — a| = |al. 


(ii) Case I. Let one or both of a,b be 0. Then ab = 0. 
In this case jab] = 0 and |al|b| = 0. Therefore |ab/ = |al|d|. 


Theorem 2.4.14. Let a,be R. Thena<bo>a< one <b. 


Proof.a<bsa>ata<ca+t+b 
= 2a<at+b 


=> $.2a < z(a + b), since 4 € R and 3 >O Case IT. Let a > 0,6 > 0. Then ab > 0 and |ab| = ab, la| = Q, 
— ge ath |b] = b. Therefore |ab| = |al|d. 
ae 
Alsoa<b=a+b<b+b Case IIT. Let a < 0,b > 0. Then ab < 0 and jab| = —ab, jal = —a, 
=> a+b < 2b |b] = b. Therefore jad| = jaljdl. 
=> 3(a +b) < }.2b, since $ € R and 4 > 0 Case IV. Let a>0,b <0. 
=> Ott < b, Similar proof. 
Therefore a < 3{a + 4) < 6. Case V. Let a < 0,b < 0. Then ab > 0 and | ab |= ab,| a |= —a, 
Corollary. There is no least positive real number. |b |= —b. Therefore [ab = jal|dj. 
If possible, re a be the least positive real number. Then a > 0. Combining the cases, we have |ab| = ja|]d}. 
0<a=>0< ja s a by the theorem. Deduction. | a? |=| a |* for allae R. 


This shows ‘hag 52 is a positive real number and 3a <a inaieaies 


that a is not the jeaat positive real number. (iii) Let ja] <c. Then ifa > 0, a < cand ifa < 0, -a < ¢ and this 
implies —c <a. Therefore la] <c= —-c<a<e. 
It follows that there is no least positive real number. : 
Conversely, lec > QO and -c<a<e, 
h - : 
2.4.15. Absolute value. ones ibe nave GeO ee ond Se ee 
Combining, we have ja] < c. 


Let a € R. The absolute value of a, denoted by | a |, is defined by Caroliary se KR andes Chien Ge ee as eaSe 


lal = a, ifa>OoO 
= 0, ifa=0 (iv) Let a > 0. Then — | a |< 0 and a =] a |. 
= --a, ifa<0. Therefore — | a |< a=|a |. 
Let a= 0. Then — | a |=a =] a |. 
1 = —2|=2 = Q. 
Nowexewple, tel 8s) | Olas 8 Leta <0. Thena=—!a/anda<la|l. 
It follows from definition that | a | is a non-negative real number. Therefore — | a|=a<|a|. 
[a |= 0 if and only ifa=0. Combining the cases, we have —|a| < a < |al. 


Theorem 2.4.16. Theorem 2.4.17. (Triangle inequality) 


(i) | -a |=|@ | for alla eR; For alla,be R, la + d| < jal + |b]. 
(ii) | ab |= |a||b| for all a,b < R; Proof. We have —ja| < a < ja} and —|b| <b < |d]. 
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Then —(Ja|+,}b|)<Sa+b<fa|+|d| 
This implies |a + b| < |a| + |b|, since -e <a < c= lal <e. 


Corollary 1. |a — 6| < |a| + |b] for alla,be R. 


Proof. Replacing b by —b in the triangle inequality we get the inequality. 


Corollary 2. | {aj — {d| |< Ja — dj. 
Proof. |a| = |a- b+} < Ja ~ bj + |B]. 
or, |a| ~ |b] < |a — BI. 
Again |b] = |b—a+aj| < |b— a] + |a| 
or, [bj — |a| < |b — al = |a— dl. 
So we have —|a — b| < Jal — |b] < ja — dj. 
This implies | |a| — |b| |< ja — b|, since —-c <a < c= lal <c. 
Corollary 3. Let a1,a2,...,@n € R. 
Then | a1 + @2+---+an [<S[ai | + [ae2]+---+] an |. 
Theorem 2.4.18. If a,b € R, 
max{a,b} = 1{a-+b+ |a—b|}, 
min{a,b} = }{a+b-|a—b]}. 
Proof. max{a,b} =a ifa>b 
=bifa<b 
= $(a+b)ifa=b. 


min{a,b} = bifa>b 
=aifa<b 
= 4(a +b) ifa= b. 
It follows that 


ifa>b max{a,b} — min{a,b}}=a-—b=|a—-b], 
ifa<6 max{a,b} — min{a,b} = b—a=| ab |, 
ifa=b max{a,b} — min{a,b} =0=|a—b|. 
Also ifa>b6 max{a,b} + min{a,b} =a+6, 

ifa<b max{a,b}+ min{a,b} =b+a, 

ifa=b max{a,b} + min{e,b} = $(a+b)+4(a—-b)=a+b. 
Therefore we have max{a,b} + min{a,b} = a+b for a,b ER; 

max{a,b} — min{a,b} =|a—6| fora,bER. 
Consequently, max{a,b} = 4{a+6+|a—b|}; 
min{a,b} = ${a+b—{a—b|]|} forall a,bER. 
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Worked Examples. 

1. Solve the equation | 24% |= 3. 
| Jao > Be = 3, 
#2 =3574+2=6r-3532=1 
aie =-392+2=-66+350= d. 
Therefore x = 1, 4. 


2. Find the solution set of the inequality | ots |< 1. 


The solution set is the union of two sets S; and S_ where 
S; = {2:22-6>OQand-1< gt < 1} 

Sy ={x:2e-6<O0and-1< 21% < 1}. 

If 22 —6 > 0, then 


-1< #3 <1e-2r+6<2+3< 20-6 sents (i) 
If 22 — 6 < 0, then 
-1< #8 <1e2-6<24+3<-22+6..... (ii) 


From (i) z > 3 and x > 1 and « > 9 simultaneously. 
From (ii) x < 3 and « < 9 and xz < 1 simultaneously. 


Therefore S; = {2 € R: x >9} and Sg={zeER: 2 <1}. 
So the solution set is {et ER: 2 >9}U{e@eER:ax<]}. 


2.4.19. Completeness property of R. 


Definition. Let S be a subset of R. A real number w is said to be « 
upper bound of S ifa € S = 2 <u. A real number / is said to be « 
lower boundof SifxE S>uarl. 

Let S be a subset of R. S is said to be bounded above if S has ;: 
upper bound. S is said to be bounded below if S has a lower bound. 

In other words, a set S C R is said to be bounded above if there exis 
areal number u such that z € S > x <u; S is said to be bounded belc 
if there exists a real number / such that re Sa >, 

S is said to be a bounded set if S be bounded above as well as bound: 
below. 


Examples. 


1. Let S = {1, 5 x, -+-}, S is bounded above, 1 being an upper bour 
S is bounded below, 0 being a lower bound. 


2. Let S={xER:1 <2 <2}. S is bounded above, 2 being an upr 
bound. S is bounded below, 1 being a lower bound. 
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3. Let S = {x €R:1< 2 < 2}. S is bounded above, 2 being an upper 
bound. S is bounded below, 1 being a lower bound. 


4. Let S = ¢. Every real number z is an upper bound of the set S. 
Every real number z is a lower bound of the set S. S is a bounded set. 


Definition. Let S be a subset of R. If S be bounded above, then an 
upper bound of S is said to be the supremum of S (or the least upper 
bound of S) if it is less than every other upper bound of S. If S be 
bounded below then a lower bound of S is said to be the infimum of S 
(or the greatest lower bound of S) if it is greater than every other lower 
bound of S. 

If a set S C R be bounded above then S has an upper bound. If u be 
an upper bound of S then obviously each of u+ 1,u+2,--- is an upper 
bound of S. Therefore for a set S bounded above, there exist infinitely 
many upper bounds. 

It is not possible to ascertain if S has a least upper bound. It is 
a deeper property of the set R that if S be a non-empty subset of R, 
bounded above, then the set of all upper bounds of S has a least element. 
We shall take this property of R as an axiom, called “the least upper 
bound axiom”. This property is also called the supremum property of R. 


Statement of the property. 
Testy APP 


Every non-empty subset of R that is bounded above has a least upper 
bound (or a supremum). 

A similar approach can be made in respect of a non-empty subset of 
R that is bounded below and we can obtain the greatest lower bound 
property of R, or the infimum property of R in the following form. 

Every non-empty subset of IR that is bounded below has a greatest 
lower bound (or an infimum). | 

We can establish that these two properties are paneled: in the sense 
that one of these implies the other. However, we assume the supremum 
property of IR as an axiom and call it the completeness property of R and 
treat the other property (the infimum property) as a theorem. 


For a non-empty set 5, bounded above, the supremum of S is denoted 
by sup .S. sup S may or may not belong to S. For a non-empty set S, 
bounded below, the infimum of S is denoted by inf S. inf S may or may 
not belong to S. 

If S happens to be a non-empty finite set, then sup S and inf S both 
exist and belong to S. They are said to be the maximum and the minimum 
of S respectively and are denoted by max S and min S. 


Theorem 2.4.20. Let S be a non-empty subset of R, bounded below. 
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Then S has an infirnum. 


Proof. Let lg be a lower bound of S. Let T = {1 ¢ R: 1 is a lower bound 
of S}. Then T is a non-empty subset of R because /, € T. 

Moreover, z € T ands € S =a < s. This shows that T is bounded 
above. 

Thus T is a non-empty subset of R, bounded above. By the supremum 
property of R,T has a supremum. Let supT = L. 


Then (i) t < Z for every t € T, since L is an upper bound of T. 
and (ii) since every s € S is an upper bound of T and L=supT, 
L <9 for every s€S. 


(ii) shows that L is a lower bound of S and (i) shows that dee > any 
lower bound of S. Consequently, Z = inf S. 


Therefore S has an infimum and the proof is complete. 


An ordered field is said to be a complete ordered field if the complete- 
ness property (i.e., the supremum property, or the infimum property) 
holds in it. Thus R is a complete ordered field. : 


The ordered field Q of all rational numbers does not have the supre- 
mum property. For example, the set S = {1,1+4,1+4+ 4,:°:} which 
is a subset of Q, is bounded above, because each element of the set is less 
than 3. But there is no.rational number which is the supremum of the 
set S. (The supremum of the set is e, an irrational number.) 


It is this completeness property that distinguishes R from Q and that 
transforms R from an algebraic system into a structure rich in abundant 
materials of analysis. 


Theorem 2.4.21. Let S be a non-empty subset of R, bounded above. 
An upper bound u of S is the supremum of S if and only if for each 
positive « there exists an element sin S such that u-e<s <u. 


Proof. Let u = sup S. Let us choose « > 0. Then u — € is not an upper 
bound of S. Therefore there exists at least one element of 5S, say s, such 


that s >u-e. 

Since u = sup S and s € S, we have s < u. Consequently, u-e<s <u. 
Conversely, let u be an-upper bound of S such that for each chosen € > 0, 
there is an element, say s, of S such that u-e«<s <u. 


We prove that u is the least upper bound of S, i.e., no upper bound 


of S is less than w. 
If possible, let ug be an upper bound of S such that uo < wu. 
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Let «= $(u— uo). Thene >Oandu—e=ug +e. 

By the stated condition, there exists an element in S, say s’, such 
thatu-—e<s’ <u. 

or, s’ > ug + € and this shows that ug can not be an upper bound of 
S. Hence u is the least upper bound of S. 


2.4.22. Properties of the supremum and the infimum. 


Let S be a non-empty subset of R, bounded above. Then sup S exists. 
Let Mf = sup S. Then M € R and M satisfies the following conditions : 

(Gi) 2éeSsa< M, and 

(ii) for each € > 0, there exists an element y(e) in S such that M—e < 
ys M. 


Let S be a non-empty subset of R, bounded below. Then inf S exists. 
Let m = inf S. Then m € R and m satisfies the following conditions : 

(i) céS>x2>m, and 

(ii) for each « > 0, there exists an omens y(e) in ~§ such that m < 
yYom+re. 


Note. The symbol y(e) indicates dependence of y on the choice of «. 


Worked Examples (continued). 


3. Prove that the set N is not bounded above. 


The set N is a non-empty subset of R, since 1EN. - 

Let N be bounded above.. Then N being a non-empty subset of R 
bounded above, sup N exists by the supremum property of R. Let u = 
supN. Then (i) c€N => @ < u, and 

(ii) for each ¢ > O there exists an element, say y in N such that 
Uur-emysu. 

Let us choose « = 1. Then there exists an element /& in N such that 
u-l<k<su.u-1<k > k+1>4. 

' Since & is a natural number, k+1 is also a natural number. k+1> u 
implies that u is not an upper bound of N. 


Thus we arrive at a contradiction. So our assumption that N is 
bounded above is wrong. Hence the set N is not bounded above, 


4. Let S be a non-empty subset of R, bounded above and T = {-r:2r€ 
S}. Prove that the set T is bounded below and inf T = ~supS. 


sup S exists. Let u=supS. Thenz€S>2x<u. 
Let y € T. Then —y € S and therefore —y < u, ie, y > —u. This 
implies that —u is a lower bound of T. Therefore the set T is bounded 
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below. 
Let us choose ¢ > 0. Since u = sup.S, there exists an element p in S 
such that u-e <p<u. Therefore -u<—-p<-—-ute. «. (i) 


Let g = —p. then g € T. 

(i) shows that for a pre-assigned positive ¢ there exists an element g 
in T such that -u <q < —u+e. 

This proves that +u = inf 7. Therefore inf T = —supS. 


5. Let S be a non-empty bounded subset of R with supS = M anc 
inf S = m. Prove that the set T = {| x —y |: 2 € S,y € S} is boundee 
above and-supT = M —m. 


zEesSam<ae<eM,yeSaem<ysM. 
Thereforem—M<x-y<M-—m,ie.,|2—-y|< M—m.. 


This shows that the set JT’ is bounded above, M — m being an uppel 
bound. 

Let a € S. Then | a —a Je T showing that T is non-empty. By thi 
supremum property of R, supT’ exists. 


We now prove that no real number less than M —™m is an upper bounc 
of T. 

If possible, let p < Mf — m be an upper bound of T. 

Let (M —m)~p=2e. Thene >Oandp+e=M—m-—e. 

Since sup S = M, there exists an element 2 € S such that 
M-é&<acemM. 

Since inf S = m, there exists an element y € S such that 
msy<mts§ 

Now z-y>M—m-—e,ie,2-y>opte. 

This shows that p is not an upper bound of T. 


Therefore no real number less than M — m is an upper bound of T 
That is, supT = M~—m. 


6. Let A, B be bounded subsets of R such thatre A,yEBousy 
Prove that sup A < inf B. 


Since A,B are non-empty bounded subsets of R, sup A, inf B exist 
Let sup A = a*, inf B= b,. 

Let 6 € B. Then zx € A> az <b. This shows that 6 is an uppe 
bound of A. Since sup A = a@* and 6 is an upper bound of A it follow: 
that a* < b. 

Now a* <b for allbe B. Tuciebees a* is a lower bound of B. Sinc« 
inf B = b, and a” is a lower bound of B it follows that a“ < by, ie. 
‘sup A < < inf B. : 
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G Let S be the subset of Q defined by S={xEQ:z2>0 and eee 2 
ow that S is a non-empty subset of Q bounded ab ; 
ie babe above but sup S does 


S is non-empty, since 1 € S. S is bounded above, si i 
3 i €, since 2 is a 
bound of the set. dal 


If possible, let sup S € @ and supS =u. Thenu>Oandue Q. 
By the law of trichotomy, exactly one of the following holds : 
u? > 2,u? = 2,u2 <2. 
Case 1. Let u? > 2. Then u2 —2> 0, 
Let us take another rational number r = 4t3z | Then r > 0. 


3+-2u 
pay, 4tSu _ 2(u?-2 
u r= y-ftie = 2) > 0. ThereforeOQ<r<u.., ... (i) 


2_ 5. (4+3u)?—2(342u)? 2_9 
OS ge (3+2ujy2°~——O= @raye> 0. 
.Therefore r > 0 and r?2 > 2 


(ii) shows that r is an upper bound of S and (i) shows that wu is 
not the supremum of S. This is a contradiction to the assumption that 
u = sup S. Therefore u? > 2. 


Case II. u? = 2. We have seen that there exists no rational number r 
such that r? = 2. Therefore u? ¥ 2. 


Case III. u? < 2. 
Let us take again the rational number r ~4+3% Then r > 0 and 


3+2u" 
2(2—-u? 
r-u =?*G-) 5 0. ThereforeO<u<r.. .., (iii) 
Q~y2 
2-7? = Gra)? > 0. Therefore r > 0 and r? <2... ... (iv) 


(iv) shows that r € S. 


From (iii) it follows that u belongs to S$ and uw is less than an element 


ie = Therefore u is not the supremum of S', a contradiction. Therefore 
u ; 


None of the three possibilities provided by the law of trichotomy can 
hold. Hence our assumption that sup S is a rational number is wrong. 
Therefore no rational number can be the supremum of S. 


Note 1..This example shows that the supremum property which is an 
important property of R is not satisfied in the subset Q of R. 


2. If we regard this set S as a subset of R, then by the supremum 
property of IR, sup S exists as a real number. 


REAL NUMBERS 35 


2.4.23. Archimedean property of R. 


If z,y € R and x > 0,y > O, then there exists a natural number n 
such that ny > x. 


Proof. lf possible, let there exist no natural number 7 for which ny > z. 
Then for every natural number k, ky < z. 

Thus the set S = {ky : k € N} is bounded above, x being an upper 
bound. S is non-empty because y € S. 

By the supremum property of R, sup S exists. Let sup S = b. 

Then ky < 6 forallkeEN. 

b—y <bsince y > 0. This shows that b— y is not an upper bound 
of S and therefore there exists a natural number p such that 
b-y.< py <b. This implies (p+ 1l)y> 6... ... (i) 

But p€ N= p+16e€N and therefore (p+ lye S. 

(i) shows that 6 is not the supremum of S, a contradiction. 

Therefore our assumption is wrong and the existence of a natural 
number n satisfying ny > x is proved. 


Important deductions. 
(i) If z € R, then there exists a natural number 7 such that n > a. 
Case 1. ¢ > 0. 


Taking y = 1, by Archimedean property of R there exists a natural 
number nm such that n.1 > 2 and herice the existence is proved. 


Case 2. 2 <0. Thenn=1. : 
(ii) If « € R and z > QO, then there exists a natural number n such that 
O< 2 <x. ; 

Taking y = 1, by Archimedean property of R there exists a natural 


number 7 such that na > 1. 
Since n is a natural number, m > O and therefore 3 > 0 and also 


1 <2. Therefore we have 0 < 2 < z. 
(iii) If « © R and « > 0, there exists a natural number m such that 
m-l<ae<m, 

Taking y = 1 and z > 0, by Archimedean property of R there exists 
a natural number n such that 7.1 > 2,ie.,n> 2. 

Let S={kEN:k >}. Then S is non-empty subset of N, since 
n €S. By the well ordering property of the set N, S has a least element, 
say m. Since mé Sym> x. 
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As m is the least element in S,;m—1}%a2,i¢,m—-l<za. 
Hence 7m —1l<2< mm. 


(iv) If « € R, then there exists an integer m such that. m—1<2<m. 
Case 1. x > 0. 

This is (iii) 
Case 2. 2 = 0. 

In this case m = 1. 


Case 3. x < 0. 

First we assume that x is not a negative integer. 

Then —zx > 0. By case 1, there exists a natural number m’! such that 
mi —-1<—-x2<m’. 

—x<m! = —m' <2 and m —~1<—-rs2< —m’ +1. 

Therefore —m’ <2 < —m’+1. 


Let m = —m’'+1. Since m’ is a natural number, m is an integer < 0. 
So we have m—1<2< mm. 

If however, a: is a negative integer, then zg = m— 1. 

Combining, we have m—1<a< m™. 


Note. An ordered field is called an Archimedean ordered field if the 
Archimedean property holds in it. Thus R is an Archimedean ordered 
field. Q is also an Archimedean ordered field. But Q is not a complete 
Archimedean ordered field, while R is so. 


Worked Examples (continued). 


8. Show that there exists a unique positive real number zx such that 
Pa. 


Let S={s €R:s > 0 and s? < 2}. S is a non-empty subset of R, 
since 0 € S. S is bounded above, 2 being an upper bound. 

By the supremum property of R, sup S exists. Let z = sup S. Clearly, 
x >0. 1¢€S and 1 is not an upper bound of S and therefore x > 1 also. 
We shall prove that 2? = 2. 


If not, let 2 > 2. Then a2 > 0. 
By Ar aie property of R, uae exists a natural number m such 


thatO< i <4 mae . Therefore 22 < x? — 2. 


oa = we 22 
@- yy? = eet ae 
> et => 2. 


_ «2-2 >0,sincez>1. (x— +4)? > 2 shows that 22 ts an upper 
bound of S which contradicts that sup S = 2. 
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Therefore x? 4 2... ... (i) 


Let 2? < 2. Then 2— 2? > 0 and dae >0 
By Archimedean property of R, there exists a natural number k such 


that O<i< ae } (2a +1) < 2-22, 


(+E? = tees) 
= $(22 +1) < 2. 
This shows that a 4- + € S and as x+ ¢ > x, x fails to be the 
supremum of S. 
Therefore x? ¢ 2... ... (ii) 
From (i) and (ii) c € R and x? = 2. 
We prove that x is unique. 


Eee us assume that there exists another real number y such that y > 0 
and y? = 2. 


Now « > 0 and x? = 2; y > O and y? = 2. 
This implies x? = y?. 
Let2>y. Thenz>0,2 >y> 2? > ay 
andy >O,2 >y=>azy> y?. 
It follows that z? > y?, a contradiction. 
Let z<y. Thenz >0,2< y= x? pats 
and > 0) cys ry <y?. 
It follows that 2? < y?, a contradiction. Consequently, x = y. 
This proves that 2 is a unique positive real number such that x? = 2. 


Note. z is denoted by /2.\/2 is therefore an irrational real number. “ 


9. If mn be a positive integer > 2 and a be a positive real number, show 
that there exists a unique positive real number zx such that 2” = a. 

Let S={s€R:s>0 and s” <a}. 

Let ¢ = 73. Then 0<t<1 and also0 <t<a. 

This implies t? <t <a. 

t > Oand t*<a-=>teéS, proving that S is non-empty. 

Let u=1l+a. Then u>ilandu>a. 

This implies u™ > u > a. 

Since u” > a and u > 0,u is an upper bound ofS. 


Thus S is a non-empty subset of R, bounded above and hence sup S$ 
exists. 


Let x = sup S. Clearly, z > 0. We-prove that 2” = a. ‘ 
. If not, either 2” > a or x” < a. (by the law of trichotomy) 


Case 1. Let 2” > a. Then fees errs 0. 


i 
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: ‘ ‘ 
By Archimedean property of R, there exists a natural number m such 


+ ata 
that 0 < <(ipa)"—2" 


on, a a> Af(a") + (Sar? +--+ CL 


Te. 
mae = Merk tt CUO) at 
Sere (ee + (Gat Pe] 
> ag -(¢g*-ab=a. - 
This shows that 2 — 3 is an upper bound of S and this contradicts 
that 2 = sup S. 


Case 2. Let z” <a. Then anita 0. 
By prep ined property of R, there exists a natural number k such 


a-—a™ 
that 0 <1 eae 


or, aa” > Z(t? a+ G)2 m-2 4... (")] 

(2+ zt)” = 2” os eye z +R: no os see giten ee =e 

. EU(7)# Nore de + (] 

< 2 ; (a — a2") =a. 
This shows that x + 3 € S and this contradicts that s = sup S. 
In view of the cases 1 and 2, we have x” = a. 
We prove that z is unique. 
If possible, let y 4 2 and y” =a. 

Now y>0,z2>Oand y 42> y” Az". 
Therefore y” 4 a and z is unique. 


Note. This unique positive real number is denoted by V/a. 


2.4.24. Density property of R. 


1. If x,y are real numbers with x < y then there exists a rational number 
r such thatr<r<y. 


2. If z,y are real numbers with x < y then there exists an irrational 
number s such that zr <s< y. 


Proof. 1. y—x > 0. By Archimedean property of R, there exists a 
natural number n such that 0 < 4 <y-2z 

or, ny —nxr > 1 

or, ne+i<ny... .. Gd) 


nx € IR. By deduction (iv) of Archimedean property, there exists an. 


integer m such that m-l<na<m.... ... (ii) 
mo—-l<inz=>nr+1lo>m. 
Therefore m <nz+1< ny from (i). Also nz <_m™ from (ii). 


REAL NUMBERS BS 


Therefore nz << m< ny 
o,z< Bcy. 


Since m is an snieeer and nm is a natural abe: ™ jis a rationa 
number. 


Let r= 2. Then the rational number r is such that 7 <r < y. 


2. /2z,/2y are real numbers and /2z < V2y, 


By Density property 1, there exists a rational number 7 such that 
V22 <r < V/2y. Without loss of generality, we assume r 4 0. 
Then z < a <y. 


Let s= a: Then s is an irrational number satisfying x < s < y. 


2.4.25. Geometrical representation of real numbers. 


The real numbers can be represented by points on a straight line. Let 
X’X be a directed line. We take a point O on the line. O divides the 
line into two parts. The part to the right of O is called the positive side, 
the part to the left of O is called the negative side. Let us take a point 
A to the right of O. 


Let O represent the real number zero and A represent the real number 


_one. Taking the distance OA as the unit distance on some chosen scale, 


each real number can be represented by a unique point on the line; a 
positive real number by a point lying to the right of O and a negative 
real number by a point lying to the left of O. A point that represents a 
rational number is called a rational point and a point that represents an 
irrational number is called an irrational point. By the density property 
of R, between any two points on the line there lie infinitely many rational 
points as well as infinitely many irrational points. 

Having a complete representation of the set R as points on the line, 
the question comes -“Does there exist any other point on the line that 
does not correspond to a real number?” The answer to the question is 
provided by Cantor-Dedekind axiom which states that there is a one-to- 
one correspondence between the set of all points on a line and the set of 
all real numbers. 

Therefore each point on the line corresponds to only one real number 
and conversely, each real number is represented by only one point on the 
line. 


Note. It will be convenient for us to suppose that a straight line is 
composed of points which correspond to all the numbers in the set R. 
The points on the line can be looked upon as images of the numbers in 
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R. In view of the one-to-one correspondence between the two sets ( the 
set of points on the line and the set of numbers in R) we shall use the 
word “a point” for “a real number” and vice versa. 


Definition. The aggregate of all real numbers is called the arithmetical 
continuum and the aggregate of all points on a straight line is called the 
linear continuum. 


2.4.26. Extended set of real numbers. 


It is often convenient to extend the set R by the addition of two 
elements oo and —oo. This enlarged set is called the extended set of real 
numbers and is often denoted by R*. 

In the extended set IR* we define — 


for allz € R,x +00 = co + 2 = 00 
z+(-0o0o) = (-co)+ 2 = —00; 
for alla >0O0,z.co = cog=co and 
z.(-co) = (-co).¢% = —oo; 
for alla <0,27.00 = oco“w=-co and 
a(-co) = -co.z =o; 
CO + 00 = co, (—0o) + (—co) = —co 
oo.co = 00, (-—00).00 = 00.(—00) = —00, (—00).(—00) = oo. 


oo + (—0co), (—00) + co, 0.00, 00.0, 0. — 00, —00.0 are not defined. 
R* is not a field. It is not even an algebraic system since addition 
and multiplication are not fully defined on the set. 


The order relation in R* satisfies the inequality —co < x < oo for all 
zeER. 

If x bea positive real number, then 0 < x < oo. 

If z be a negative real number, then —co < z < 0. 

If S be a non-empty subset of R having no upper bound, we define 
sup S = co. If S be a non-empty subset of R having no lower bound, we 
define inf S = —oo. 

Therefore for every non-empty subset S in R,sup S and inf S both 
exist in R* and inf S < supS. 


If S be the empty set, we have sup S = —oo and inf S = oo. 


The advantage of the extended set of real numbers is that we can 
speak of sup S and inf S of any type of subset S of R. 
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Exercises 2 


1. Use the principle of induction to prove that 

(i) ifa> —-1,0 +2)" >1+n2 for allneN; 

(ii) 32" — 1 divisible by 2"*? for all n € N; 

(ili) if ur = V2 and wnyi = V2+ Un for all n > 1, then ua < 2 for al 
neéeN; : - 

(iv) Ung2 fun = ek 1 for allne€ N, where un == (2+ V3)" + (2— V3)” 
2. Show that there does not exist a rational number r such that r? = 5. 
3. Show that the following numbers are irrational numbers. 

(i) 1+ V2 + V3, (ii) 1 — V2 + V8, (iii) 1+ V2 - V3, (iv) 1- V2 - V2. 
4. Show that log,)7 is not a rational number if m is any integer not a powei 
of 10. . 


5. Let a,b € Rand ab> 0. Prove that shee s > 0 and b> 0, or a < 0 anc 
b< 0. 
6. Ifa,be€ R and O<a-—b<e holds for every positive ¢, prove that a = b, 
7. IfaeRandO<a<s 1 for every natural number n, prove that a = 0. 
8. he the solution set of the inequality 

@ Be <3, (i) <4, it) 25> b +a, 


(ivy) 2 sts -|<2, (v)| 2] «<3. 


9. Prove aa Seeieeere s et ies iad ai for all 
zy,zeR. , 


10. Find supA and inf A, where 
(i) A={xweER:2? <1}, (ii) A={xeER: 32? + 8x —3 < 0}, 
(ii) A= {4 + immneN}, (iv) A={SS™ nen}. 


The 
ll. If y be a positive real number show that there exists a natural number 


m such that 0< 1/2" <y. 
12. Let S bea bounded subset of IR and T be a non-empty subset of S. Prove 
that inf S < inf T <supT < supS. 


13. Let S and T be two non-empty bounded subsets of R and U = {x +y: 
xéS,yéT}. Prove that supU =supS + supT, infU = inf S+ inf T. 


14. Let S bea non-empty subset of R, bounded below and T = {—x2: 2x € S}. 
Prove that the set T is bounded above and supT = — inf S. . 


A 
« 
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15. Let S be a bounded subset of R with sup S = M and inf S =m. Prove 
that the set T= {m—y:a2 € S,y € S} is a bounded set and supT = M — m, 
inff=m-—-M. 
16. A and B are non-empty bounded subsets of R. Prove that 

(i) sup AU B= max{supA,sup B}, (ii) inf AU B = min{inf A, inf B}. 
17. Let S be a non-empty subset of R bounded below. A lower bound 1 of S is 


such that for each natural nuimber 7 there exists an element s, in S satisfying 
Sn <1+ 4. Prove that / = inf S. 


18. Show that the subset S = {zs €Q:a2>0 and zx? > 2} is a non-empty 
subset of Q, bounded below; but inf S does not belong to Q. 

[| Hint. Assume inf S =1 € Q. Take r = are @ and show that either 
O<cr<lifl®>2,or0<l<rifl? <2. ] 


19. Show that there exists a unique positive real number x such that x2? = 5. 


* 


* 


De 
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3. SETS IN R 


3.1. Intervals. 
Let a,béRanda< b. 
The subset {x € R: a < & < b} is said to be an open interval. The 


points a and b are called the end points of the interval. a and 6 are not 
points in the open interval. This open interval is denoted by (a, 5). 


The subset {r € R: a < x-< 6} is said to be a closed interval. The 
end points a and 6b are points in the closed interval. This closed interval 
is denoted by [a, bj. 


The subsets {x € R:a <2 <b} and {x €R:a< 2 <b} are said to 
be half open (or half closed) intervals. One of the end points is a point 
in the interval. These half open intervals are denoted by (a, b] and [a, b) 
respectively. 

The subset {x € R: t > a} is an infinite open interval. This is 
denoted by (a, oo). 

The subset {xc € R: x > a} is an infinite closed interval. This is 
denoted by [a, oo) 

The subset {x € R: & < a} is an infinite open interval. This is 
denoted by (—oco,a). 

The subset {x € R: x < a} is an infinite closed interval. This is. 
denoted by (—oo, a]. 


Av hen both the end points of an interval belong to R, the interval is 
said to be a bounded’ interval. 

Therefore the intervals (a, b), [a, 5], (a, |, [a, 6) are all bounded inter- 
vals. hk 
The intervals (a, 00), [a, 00), (—co,a),(—o0, a] are unbounded inter- 
vals. : 


If a = b, the closed interval {a,a] is the singleton set {a}. 


The set R is also denoted by (—0co,co). This is an unbounded interval 
without end points. : 
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3.2. Neighbourhood. 


Let c€ R. A subset S C R is said to be a neighbourhood of c if there 
exists an open interval (a,b) such that ec € (a,b) Cc S. 

Clearly, an open bounded interval containing the point c is a neigh- 
bourhood of c. Such a neighbourhood of c is denoted by N(c). 

A closed bounded interval containing the point c may not be a neigh- 
bourhood of c. For example, 1 € [1,3] but [1,3] is not a uneighbonmoed 
of 1. 

Let c € R and 6 > 0. The open ‘ivenval Co — - ae 2 e 5y is said to 
the d-neighbourhood of ¢ and is denoted by|N(c,6).! Clearly, the d- 
neighbourhood of c is an open interval symmetric about c. 


Theorem 3.2.1. Let c€ R. The union of two neighbourhoods of c is a 
neighbourhood of c. 


Proof. Let S; CC R,S2 C R be two neighbourhoods of c. Then there 
exist open intervals (a1,01),(@2,b2) such that c € (ai,b:) C S; and 
c¢ € (a2; b2) C So. 
Then a; < bi,a2g < b1;a1 < b2,a2 < bg. Let ag = min{a,,a2}, b3 = 
____ max {by;b3}. Then (a1, 6:) U (a2, b2) = (ag, 63) and c € (a3, bs). 
Now (a;,5,) C Sy US2 and (a2,b2) CS, US, 


=> (a3, b3) = (a1, 61) U (a2, b2) C $1 U Se: 
iu Thus ¢ € (a3,63) C SU Se. 
oe we This proves that S$; U S_ is a neighbourhood of c. 


“ Note. The union of a finite number of neighbourhoods of c isa. hi- 
oh 4 bourhood of ec. 


re Theorem 3.2.2. Let ¢ € R. The intersection of two neighbourhoods of 
‘ , ¢is a neighbourhood of c. 
4% Proof. Let 5; Cc R,Se C R be two neighbourhoods of c. Then there 
wa exist open intervals (a1,5,),(a2,b2) such that ¢ € (a,,b1) C S) and 
ce (aa, b2) Cc So. 
Then a; < d),a9 < by; a, < be, a2 < ba. : 
Let ag = max{a1,a2}, bs = min{b1,b2}. Then (a1,61) M (a2,b2) = 
(a3, b3) andceé (a3, 63). 
Now (a3, b3) = (a1, 6,) Nn (a2, b2) Cc (a1, by) c Sy 
and (a3,63) = (41,61) (a2,b2) C (a2,b2) C Se 
=> (az, b3) CSN Ss. 
Thus ¢ € (a3, 63) C Si M Se. 
This proves that S,;  S2 is a neighbourhood of c. 


Note. The intersection of a finite number of neighbourhoods of a point 
. ‘ - 
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c is a neighbourhood of ec. 
ww” The intersection of an infinite number of neighbourhoods of a point 
ce may not be a. neighbourhood of c. 


For example, for every n € N, (-4, 3) is a neighbouhood of 0. 


A a ae +) = {0}. This is not a neighbourhood of 0. 
3.3. Interior painee 
Let S be a subset of R. A point z in S is said to be an interior point 
of S if there exists a neighbourhood N(z) of x such that N(x) Cc S. 
The set of all interior points of S is said to be the interior of S and 
is denoted by int S (or by S°). 


Examples. 
1. Let S = {1,$,3,+-+ -+:}. je? 

Let « € S. Every neighbourhood of x contains points not belonging 
to S. So x can not be an interior point of S. Therefore int S = ¢. 
2. Let S=N. . 

Let z € S. Every neighbourhood of x contains points not belonging 
to S. So x can not be an interior point of S. Therefore int S = ¢. 


3. Let S=Q. 

Let x € Q. Every neighbourhood of x contains rational as well as 
irrational points. So 2 can not be an interior point of Q. Therefore 
int S = ¢. 


4, Let S= {x €R:1 <2 <3}. Every point of S is an interior point of 
S. Therefore int S = S. 


v5. Let S = R. Every point of S is an interior point of S. Therefore 
int S= S, 


_S. Let S = ¢. S has no interior point. Therefore int S = ¢. 


3,4. Open set. 


Let S CR. S is said to be an open set if each point of S is an interior 
point of S. 


Examples. 


1. Let S= {l,$,$,-°°: 
not an open set. 


»-}. No point of S is an interior point of S. S is 


2. Let S = Z. No point of S is an interior point of S. S is not an open 
set. . 
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3. Let S = Q. No point of S is an interior point of S. S is not an open. 


set. 


4. Let S={xeER:1 <2 < 3}, Each point of S is an interior point of 
S. S is an open set. 


5. Let S={x#eER:1< 2 < 3}. 1 and 3 belong to S but they are not 
interior points of S.. S is not an open set. 


6. Let S = R. Each point of S is an interior point of S. S is an open 
set. 


7. Let S = ¢. S contains no point. Therefore the requirement in the 
definition is vacuously satisfied. S is an open set. 


ywTheorem 3.4.1. Let S C R. Then S is an open set if and only if S = 
int S. 


Proof. We prove the theorem for a non-empty set S because if S = ¢ 
then @ = int ¢ holds and also ¢ is an open set. 

Let S be a non-empty open set and let x € S. Then z is an interior 
point of S. 


Thus zé€ S = 2€ int S. Therefore S C int S... ... .. (i) 
Let y € int S. Then y € S by the definition of an interior point. 
Thus y € int S= y € S. Therefore int S.C SS... ... 1. (ii) 


From (i) and (ii) we have S = int S. 


Conversely, let S bea non-empty set and S= int Ss. 

Let x € S. Then x € int S, since S = int S. 

Thus every point of S is an interior point of S and therefore S is an 
open set. 

This completes the proof. 


xeTheorem 3.4.2. The union of two open abt in R is an open set. 


“" Proof. Let Gy and Gz, be two open sets in R. 
Let « € Gy UG2. Then x € G, or x E€ Go. 


Let x € G,. Since G, is open set and x € Gj, z is an interior point 
of Gi. Therefore there exists a neighbourhood N(x) of x such that 
N(xypc Gi. 

N(w) coc Gi = N(x) CG, UG». 

This shows that x is an interior point of G; UG2. 

Since x is arbitrary, every point of G, U G2 is an interior point of 
Gi U G2. Therefore G; U Gg is an open set. 


If however, x € Go, we can prove in a similar manner that G, UG» is 
an open set. This completes the proof. 
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et eprom 3.4.3. The intersection of two open sets in R is an open set. 


“Proof. Let G,; and Gz be two open sets in R. 
Case 1. G; NGo = ¢. Since ¢ is an open set, G1 1 G2 is an open set. 


Case 2. Gi: NG2 #¢. Let x € G,NG2. Then x € G; and z€ Go. 
Since G; is an open set and x € Gi,z is an interior point of Gy. 
Hence there exists a positive 6, such that the neighbourhood 

N(x, 61) CG. 

Since Gp is an open set and x € Go,z is an interior point of G2. 

Hence there exists a positive 62 such that the neighbourhood 
N(a, 62) Cc Go. 

Let 6 = min{6,,62}. Then 6 > 0. 

N(x,6) C N(a,61) C G1 and N(z,6) C N(x, 52) C Go. 

Consequently, N(a,6) C Gi Ge. 

This shows that x is an interior point of G; 1G2. Since a is arbitrary, 

Gi G2 is an open set and this completes the proof. 


Theorem 3.4.4. The union of a finite number of open sets in R is an 


mt: 


‘-" open set. 


Proof. Let Gi,G2,...,Gm be m open sets in R. 

Let G=G,UG2_U::-UG»m. 

Let z € G. Then x belongs to at least one of the sets, say G,. Since 
G, is an open set and x € Gx, is an interior point of G,. Hence there 
exists a neighbourhood N(z) of x such that N(x) C Gx. 

N(x) CG, = N(a) CG. 

This shows that x is an interior point of G. Since = is arbitrary, G is 
an open set. This completes the proof. 


Theorem 3.4.5. The intersection of a finite number of open sets in R 
is an open set. 


Proof. Let G1,G2,...,Gm be m open sets in R. 
- Let G=G NGen:::AGm 


Case 1. G = ¢. Then G is an open set, since ¢ is an open set. 


y 
| 
Case 2. G4 ¢. Let x € G. Then x € G; for each i = 1,2,. f 
Since G, is an open set and w € Gj, there exists a positive ob. a 
that N(a,d1) C Gy. 
Since Go is an open set and 2 € Ge, there exists a positive 62 such 
that N(z,d2) C Go. 


ea 


&, 
in 
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Since Gm is an open set and x € Gn, there exists a positive 6, such 
that N(2,6dm)C Gm 
Let 6 = min{61,62,..-,ém}. Then 6 > 0. 
N(z, 6) Cc N(a, 5;) cGy, 
ss a ); Gc sheik 82) Cc Ge 


Nic, 5). c - N(x, Em) Cc Gm. 
Consequently, N(x7,6) C GiNG2nN::-NAGm=G. 


This shows that z is an interior point of G. Since z is arbitrary, G is 
an open set. This completes the proof. 


~Theorem 3.4.6. The union of an arbitrary collection of open sets in R 
“ is an open set. 


Proof. Let {Ga : a € A}, A being the index set, be an arbitrary collection 


of open sets in R. Let G= U Gy. 
aca 


Let z € G. Then zx belongs to at least one open set of the collection, 
say Gy, (A € A). 

Since G, is an open set and z € G),z is an interior point of G). 

Therefore there exists a neighbourhood N(z) of z such that N(x) c 
Gy. N(x) Cc Gy = N(x) CG. 


This shows that x is an interior point of G. Since z is arbitrary, G is 
an open set and the proof is complete. 


Note. The intersection of an infinite number of open sets in R is not 
“ necessarily an open set. 


Let us consider the sets G; where 
G,={xeER: -l<2z<1} 
Saar pee 


“8 


A Gn = {2 eR: a fae i 


Bach G;, is an open set. A GC, = Ligy This is not an open set. 


Let us consider the sets a where 


G,={rER:-l<2<1} 
ae ae as Se aoe 


c Gn = (eR: <n <e<n) 


Each G; is an open set. a G; = G,. This is-an open set. 
i= 
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From these two examples we conclude that the intersection of an 
infinite number of. open sets in R is not necessarily an open set. 


Theorem 3.4.7. Let S be a subset of R. Then int S is an open set. 
Proof. Case 1. int S = ¢. Since ¢ is an open set, int S is an open set. 


Case 2. int S #4 ¢%. Let x € int S. Then = is an interior point of S. 
Therefore there exists a neighbourhood N(x) of z such that N(x) c S. 

Let y € N(x). Then N(x) is a neighbourhood of y also and since 
N(x) c S, y is an interior point of S. 

Thus y € N(x) => y € int S. Therefore N(z) C int S. 

This shows that x is an interior point of int S. 


Thus z € int S = a is an interior point of int S. 
Therefore int S is an open set. This completes the proof. 


Theorem 3.4.8, Let S C R. Then int S is the largest open set contained 
in S, 


Proof. By the previous theorem, int S is an open set and int S Cc S, by 
definition. 

Let P be any open set contained in S. 

Let 2 € P. Since P is an open set, x is an interior point of P. 

Therefore there exists a neighbourhood N(x) of x such that N(x) C 
P, But N(x) Cc P=> N(x) cS, since Pc S. 

This shows that z is an interior point of S, i.e, 2 € int S. 

Thus sé P= 2 €é int S. Therefore P Cc int S. 


Since P is arbitrary, int S is the largest open set contained in S. 


Note. int S is the union of all open sets contained in S. 


Worked Examples. 


“1. Prove that an open interval is an open set. 


Let J be an open interval. Four cases arise. 


Case 1. I = (a,b) for some a,b € R, with a < 6. 

Let c € I. Then I itself is a neighbourhood of c, say N(c) and 
N(c) ¢ I. This shows that c is an interior point of J. Thus every point 
of I is an interior point of J and therefore J is an open set. 


Case 2, I = (a,c0) for some a € R. 

Let ce J. Thena<c<oo. Letdé€ (c,oo), Thena<c<d. 

The open interval (a,d) isa neighbourhood of c, say N(c) and Nfc) c 
I. This shows that c is an interior point of /. Thus every point of J is 
an interior point of f and therefore J is an open set. 
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Case 3. J = (—oo,a) for some a é R. 
Similar proof. 

Case 4. I = (—co, 00). 
Similar proof. 


2. Let S = (0,1] and T = {4 :n=1,2,3,...}. Show that S—T is an 
open set. 

s-T=(4,)U4, U4, dU 

S — T is the union of an infinite number of open intervals. Since an 
open interval is an open set, S —T being the union of an infinite number 
of open sets is an open set. 


We have seen that an open interval is an open set in R and the union 
of any collection of open sets is an open set in R. Therefore the union of 
an arbitrary collection of open intervals is an open set in R. 


The following theorem deals with the converse problem and it depicts 
the structural composition of a bounded open set in R. 


Theorem 3.4.9. A non-empty bounded open set in R is the union of a 
countable collection of disjoint open intervals. 


Proof. Let -G be a non-empty bounded open set in R. Let z € G. Since 
G is an open set, there is an element yp < x and an element z, > x such 
that (yo, 2) C G.and (2,2,.) CG. 

Let A= {y: (y,2) CG}, B= {z:(z,z) CG}. 

Then A is a non-empty set, since y, € A; A is bounded below, since 
G is bounded below. Let a = inf A. 


Similarly, B is a non-empty set bounded above. Let b = sup B. 

Then a < x < b and I, = (a,b) is an open interval containing x. We 
prove I, CG. 

LetweEl, anda<xu<cw <b, 

Since b = sup B, there exists an element z’ € B such that w < 2’ < b. 

Therefore (x, 2’) C G, since z’ € B. Therefore w € G. 

If however, wé J, anda<w<-2 <b, then alsow €G. 

Thus w € J, = w € G and therefore J, C G. 


We provea €G,b¢G. 


If 6b € G, then for some positive e,(b — «,b + €) C G, since G is an. 


open set. Let d< ¢. Thenb<6+6<b6+e€ andb+6€ G contradicting 
the definition of b. Therefore b ¢ G. Similarly, a ¢ G. 


Let G be the collection of open intervals {7, :2<¢€ G}. Let H = U, In. 
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LetxzeéG. Thenzé/, andi, Cc H. 
Thuszé€ G=oae¢édH. ThereforeGc H. 
Letyée A. Thenyeé dy andl, cG. 
Thus y € H = y € G. Therefore H CG. 


' Consequently, G= H= U_g. 
zéEG 


We prove that two distinct intervals in the collection G are disjoint. 

Let (a,b), (c,d) be two intervals in this collection with a point p in 
common. . 

Thenc<banda<d. 

Since c ¢ G, c does not belong to (a,b) and therefore c < a. 

Since a ¢ G, a does not belong to (c,b) and therefore a < c. 

e<aanda<c>a=c. Similarly 6 = d. 

Therefore two distinct intervals of the collection are disjoint. 

Thus G is the union of disjoint collection of open intervals {Iz :2 € 
G}. 

- We show that the collection is countable. 

Let G’ be the collection {J, : a € A} where Ig is an open interval and 
A is the index set. : 

Let \ € A. Then J, is an open interval of the collection G’. 

Let x € Jy. Then there exists a positive 6 such that (c—6,2+6) C Ih. 
There exists a rational number ry such that z-6 <r, <2+4. Therefore 
r, EON). 

Let us define a function f: A — Q that assigns A(e A) to r,(€ Q). 

Since J,,’s are disjoint, the function f is injective. 

Since @ is an enumerable set and f is an injective function, A is at 
most enumerable. Hence G’ is a countable collection. 

This completes the proof. 


3.5. Limit point. 

Let S be a subset of R. A point p in R is said to be a limit point (or 
an accumulation point, or a cluster point) of S if every neighbourhood of 
p contains a point of S other than p. 

Therefore p is a limit point of S if for each positive e, 

[N(p,e) — {p}] NSA. 

N(p, €)—{p} is called the deleted e-neighbourhood of p and is denoted 
by N‘(p,€). N(p) — {p} is called the deleted neighbourhood of p and is 
denoted by N’(p). 

Therefore p is a limit point of S if every deleted neighbourhood of p 
contains a point of S. 
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i. Note. A limit point _ of S may or may not belong to S. When we say 


that a set SC R has a limit point we mean that some real number p is 
a limit point of S and no assertion is made as to whether p belongs to S 
or not. 


3.6. Isolated point. 

Let S be a subset of R. A point z in S is said to be an isolated point 
of S if.a is not a limit point of S. 

Since x is not a limit point of S, there exists a neighbourhood N(a) 
of x such that N’(x) NS = ¢. Since x € S, N(x) MS = {2}. 

Therefore x is an isolated point of S if for some positive «, N(a,€) 
contains no point of S other than z. 


Examples. 
1. Let S = {1,3,3,4,----++}. 

Every point of S is an isolated point of S. 

We prove that 0 is a limit point of S. Let «e > 0. By Archimedean 
property of R there exists a natural number m such that 0 < 2 <€. 

2 € Sand 3 € N’(0,e). Thus the deleted ¢ neighbourhood of 0 
contains a point of S and this holds for each positive e. 


Therefore 0 is a limit point of S. 
2. Let S = Z. 

Every point of Z is an isolated point of Z. Therefore no point of Z is 
a limit point of Z. 

Let x € R—Z. Then there exists an integer m such that m-1l <2 < 
m. Let € = min{|x — m|,|z — m—1|}. Then the neighbourhood N(z, «) 
of x contains no point of Z and therefore x can not be a timit point of Z. 
3. Let S=Q. 


No point of S is an isolated point of S. Every point z € R is a limit 
point of Q, since each deleted neighbourhood of x contains a point of Q. 


4. Lett S=R. 
No point of S$ is an isolated point of S. Every point x of R is a limit 
point of R, since each deleted neighbourhood of x contains a point of R. 


Theorem 3.6.1. Let S C R and p be a limit point of S. Then every 
neighbourhood of p contains infinitely many elements of S. 


Proof. Let ¢ > 0. Since p is a limit point of S, the deleted neighbourhood 
N’(p,€) contains a point of S. That is, N’(p,e) NS ¥ ¢. 
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Let B = N'(p,e) MS. We prove that B is an infinite set. 

If not, let B contain only a finite number of eleinents of S, say 
1, &2,+--,Am- 

Let .6) =| p — ay |, 62 =| p — ae |,--- 

Let 6 = min{61,d2,... 
1,2,...,m. 

It follows that a (p,6)NS = $ and this disallows p to be a limit point 
of S. 

Thus B is an infinite set. In other words, N(p,¢€) contains infinitely 
many elements of S, This proves the theorem. 


,om =] 2 — am |. 


, Om}. Then 6 > 0 and a ¢ N(p,6),i = 


Worked Examples. 
1. Show that a finite set has no limit point. 


Let S be a finite set and S = {x1,22,...,2m}. Let p € R. pcan 
not be a limit point of S because if p be a limit point of S then every 
neighbourhood of p must contain infinitely many elements of S, whicli is 
an impossibility since S contains only a finite number of elements. 

Therefore S has no limit point. 


2. Show that the set N has no limit point. 


Let p € R. Let « = §. Then the eneighbourhood N(p,}) of p 
contains at most one natural number and p cannot be a limit point of N, 
because, in order that p may be a limit point of N, each neighbourhood 
of p must contain infinitely many elements of N. 

It follows that N has no limit point. 


Note. By similar arguments it can be established that the set Z has no 
lunit point. 


3. Let S be a subset of R. Prove that an interior point of S$ is a limit 
point of S. 


Let z be an interior point of S. Then there exists a positive 6 such 
that the neighbourhood N(2,6) of x is entirely contained in S. 
Let us choose € > 0. 


Case 1. 0<€ <6. 
Then N(z,e) C N(z,6) c S and therefore N’(2,6) NS 4 ¢. 
Case 2. € > 6. Then N(x, 6) ¢ N(z,€). 
N(z,6) C S and N(x,6) C N(a2,€) => N(z,6) Cc N(z,e) NS. 
Then clearly, N’(z,e) 1S 4 ¢. 


In both the cases N’(x,e€) 7S % ¢@ and this proves iat z isa limit 
point of S. 


pe cai eS eect tres cnet 
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% Theorem 3.6.2. Bolzano-Weierstrass theorem. 

, Every bounded infinite subset of R has at least one limit point (in R). 


Proof. Let S be a bounded infinite subset of R. Since S is a non-empty 
bounded subset of R, sup S and inf $ both exist. Let s* = sup S and 
s, sinfS. ThenzeSo>s,<2< 8s". 7% 
Let H be a subset of R defined by H = {x € R: g is greater than 
infinitely many elements of S}. ane oo 
“Then s* € H and so Z is a non-empty subset of R. 


Let h € H. Then A is greater than infinitely many elements of S 
and therefore h > s,, because no element < s, exceeds infinitely many 
elements of S. 

Thus Hf is a non-empty subset of R, bounded below, s,. being a lower 
bound. So inf H exists. 


Let inf H = €. We now show that € is a limit point of S. 
Let us choose ¢ > 0. 
. Since inf H = é, there exists an clement y in H such that € < y < €+¢«. 
_ Since y € HA, y exceeds infinitely many elements of S and consequently 
€ + € exceeds infinitely many element of S. 
Since € is the infimum of H, £—e does not belong to H and so ~e can 
exceed at most a finite number of elements of S. Thus the neighbourhood 
_ (€—€,£+€) contains infinitely many elements of S. 


This holds for each e > 0. Therefore € is a limit point of S. 
This completes the proof. 


ast. Derived set. 


Let S CR. The set of all limit points of S is said to be the derived 
set of S and is denoted by S’. 


Examples. 
i. Let S be a finite set. Then S’ = ¢. 
2. Let S=N. Then S’ = ¢. ‘ 
3. Let S=Z. Then S’ = ¢. 
4. Let S=Q. Then S’=R. 
5. Lett S=R. Then S’=R. 
- 6. Let S = ¢. Then S’ = ¢. 
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Theorem 3.7.1. Let A,B be subsets of R and AC B. Then A’ c B’. 
Proof. Case 1. A’ = ¢. Then A’ c B’. 


Case 2. A’ # ¢. Let pe A’. Then pis a limit point point of A. 
Let « > 0. Then N(p,€) contains a point of A, say q, other than ps 
q@A=>qeB. Therefore N’(p,e) contains a point ¢ of B. 


Since ¢ is arbitrary, p is a limit point of B. Therefore peé B’. Thus 
pe A'=pée B’ and therefore A’ Cc B’. 


‘This completes the proof. 


Theorem 3.7.2. Let ACR. Then (A’)’ c A’. 
Proof. Case 1. (A’)'! = ¢. Then (A‘)’ c A’. 
Case 2. (A’)’ # ¢. Let -p € (A’)’. Then p is a limit point of A’. 
Let ¢ > 0. Then N(p,€) contains a point of A’, say q, other than p. 
_Since q € A’, gq is a limit point of A. Therefore N(p,¢€) being a 
neighbourhood of g also, contains infinitely many points of A. 


Since N(p,€) contains infinitely many points of A, p is a limit point 
of A. That is, pe A’. . 
Thus p € (A’)’ = p € A’ and therefore (A’)’ c A’. 


This completes the proof. 


~ 


Theorem 3.7.3. Let A,B CR. Then (ANB) c A'NB’. 
Proof. ANBCA=(ANBY CA’, since ACBSA'C B’, 
ANBCB=(ANB) cB, since ACB=S Ac B', 
It follows that (AN BY c A’N B’. 


Note. (AM B)’ 4 A’N B’, in general. 


For example, let A = {0,1, 5, 4,---}, B= {0,-1, —3,-4,- ++}. Then 


A! = {0}, BY = {0}. AN B = {0}, A’ B’ = {0}, but (AN BY = ¢, 


Corollary. Let Ai, A2,...,Am be subsets of R. Then (Ay Agn---n 
Am) C ALN ARN: NAL, 


Theorem 3.7.4. Let A and B be subsets of R. Then (AUBY = A’UB’. 


Proof. AC AUB= A’ C (AUB), since AC B= A'c B’ 
BCAUB=B'c(AUB)’, since AC B= Ac B’. 
It follows that A’U BY C (AUBY ... w. . (i) 
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So there exists a positive €; such that N’(p,é,) MA = ¢ and there 
exists a positive €g such that N’(p,e.) 1 B= ¢. 
Let € = min{e,,€2}. Then e > Oand N'(p,e)NA = ¢, N'(p,€)NB = ¢. 
Therefore N’(p,e) (AU B) = [N’'(p,e) OM AJULN’ (p,e€)9 B] = @. 
This disallows p to be a limit point of AUB. Sop ¢g (AUB). 
Thus p € A'UB’ > pe€ (AU BY. 
Contrapositively, p € (AUB) =>peéA’UB', 
Consequently, (AUB) Cc A‘UB’... ... ... (ii) 
From (i) and (ii) it follows that (AU B)’ = A’U B’. 
This completes the proof. 


Corollary. Let A, A2,...,Am be subsets of R. Then (Ai U Ag U---U 
Amy = AL UAZU---UAl,. 


Worked Examples. 


1. Let S be a bounded subset of R. Prove that S’ (the derived set of 8). 
is bounded. 


Case 1. Let S be a finite subset of R. Then S’ = ¢ and it is bounded. 


Case 2. Let S be an infinite subset of R. By Bolzano-Weierstrass | 


theorem, S’ is a non-empty subset of R. 

Let supS = m*. Then x € S > a < m*, Let ¢c > m*. Let us choose 
€= cae . Then 7* + € = c—e and the e—neighbourhood (c—€,c+e) of 
¢ contains no point of S. Therefore c cannot be a limit point of S, i.e., 
c€ 8. 

Thus c > m* = c ¢ S’. Contrapositively, c € S’ =» c < m*. This 
shows that m* is an upper bound of S’, i.e., S’ is bounded above. 


Let inf S = m, and let d < mx. 
By similar arguments, d cannot be a limit point of S, i.e., d ZS’. 
' Thus d < m, = d ¢ §’. Contrapositively, d ¢ S’ = d>m,. This 
shows that om, is a lower bound of S’, i.e., S’ is bounded below. 
Therefore S’ is a bounded subset of R. 


2. Let S'be a non-empty subset of R bounded above and s* = sup S. If 
s* does not belong to S prove that s* is a limit point of S and s* is the 
greatest element of S’. 

Let € > 0. Since s* = sup S, 

(i) 7 € S =x < s* (since s* ¢ S) and 

(ii) there is an element y in S such that s*-—e<y< 8”. 
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We have s* —e <y <'s* < st +e, 

Thus the e-neighbourhood (s* — e, s* + €) of s* contains a point y of 
S other than s*. Since « is arbitrary, s* is a limit point of S, 

Let t > s* and € = fs" Then ¢ > 0 and s*+e=t—e. Since s* = 
sup S, no point of S is greater than S”, Therefore the neighbourhood 
(t—¢,¢+ €) of t contains no point of $ and so ¢ is not a limit point of S. 
Consequently, S* is the greatest element of S’. 


3. Let S = (a,b) an open bounded interval. Prove that S’ = (a, 5], 
Case 1. Let x € (a,b). Then 2 is an interior point of S. 

By worked Example 4, page 53, x is a limit point of S. 
Case 2. Let x = a. 

Let us choose € > 0. 

Let 6 = min{e,b — a}. Then 6>Oanda<a+$ <a+S5<a+e, 

a<a+$<a+d<b. 

ac a+ <ate=sa+$eN"(a,e). 

a<a+$<bsatfes. ; 
: pasos at $ € N(a,6é)NS. As N(a,e)ns sé %, a is a limit point 
of S, 
Case 3. Let x = b. 

In a similar manner we can prove that } is a limit point of S, 
Case 4. Let x > bd. 

Let us choose ¢ = oe Thene > Oandb+exzz—e, 


The neighbourhood (1—e, z+) contains no point of S and this proves 
that x is not a limit point of S. 


Case 5. Let x < a. 
Let. us choose € = “57. Thene>Oandr+e=a—e. 


The neighbourhood (x~e, £+€) contains no point of S and this proves 
that x is not a limit point of S. 


From the above cases, we conclude that S$’ = {a, b). 


4. Let S = [a,], a closed bounded interval, then S’ = S. 
The proof is similar. 


5. Find the derived set of the set 5 = {2 :n€N}. 
Here S$ C (0,1] = B, say. Therefore S’ C B’ = (0, 1]. 


First we prove that 0 is a limit point of S$.” 


Let € > 0. By Archimedean property of R, there exists a natural 
number p such that 0 < 4<e. Then -e<1 <e, 
Pp 


‘ 
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This shows, that the e-neighbourhod of 0 contains a point 7 of S, 
other than 0. So 0 is a limit point of S. 

Let c € (0,1]. Then ¢ > 0. Let us choose a positive ¢ such that 
c-—e>0Q. = 

By Archimedean property of R, there exists a natural number k such 
that 0 < ¢ <c-e. Then + <c—eéforallai>k. 

It follows that at most a finite number of elements of S$ lie in the 
neighbourhood (c — €,¢e+ €) of c. So c cannot be a limit point of S. 


Thus 0 is the only limit point of S. That is, S’ = {0}. 


Ye Let $= {E+ him N,n € N}. 


12 (i) Show that 0 is a limit point of S. 


(ii) If k € N, show that ; is a limit point of S. 
(iii) Find S’ ( the derived set of S$). 


(i) Let « > 0. By Archimedean property of R, there exist natural 
numbers p,g such that 0< 4 < §,0< ; < £. 

Then 0 < Bae. 

This shows that the e-neighbourhood (—e,¢) of 0 contains a point 


; + of S, other than 0. So 0 is limit point of S. 


(ii) Let ¢ > 0. By Archimedean property of R, there exists a natural 
number s such that 0 <1 <e. 

Then ~—e <t< € 

or, tre <i; = t< tte. 


This shows that the e-neighbourhood of z contains a point i i 2 of 


S, other than i. So } is a limit point of S. 


(iii) Let T = {0} U{4:neN}. ThenT cS’. 

Now Sc (0,2]. This implies S’ C {(0, 2}}’ = (0, 2]. 

We prove that T = S’,i.e., no point of [0,2] —T is a limit point of S. 

(0,2) -T = {2} UN, URU--- where J; = (1,2), In = (4, 7-44), for 
te OP a ; 

2 cannot be a limit point of S, because the neighbourhood (2—§, 2+ 5) 
of 2 contains no point of S, other than 2. 

Let ce€ J,. Thenl <c< 2. Let us choose € > O such that 1<c—e< 
ete < 2. 

c~1-—e>0. By Archimedean property of R, there exists a natural 
nurnber p such that 0 < - <c-—l-e. 

Then tape ee ee 22. 
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lim > pm ta S1lti foralln>1. 
lfn> pat S1+2 foralm>1, 


It follows that only a finite number of elements of $ lie in the neigh- 
bourhod (l~e, 1+) of c. So c cannot be a limit point of S. 


Let c € Ip, k = 2,3,.... Then E<O< gk. 

Let us choose « > 0 such that t<c-é<ct+ec< eo: 
; — 

C~ Ff 


% — € > 0. By Archimedean property of R, there exists a natural 
number p such that 0 < g<e~f-e. 
Aad ae 1 1 
‘ aa +p <e-e<ct+e< gh andi < py 


zt, ie., p > k, since 


Ifm<sk—-1,+4+2> 4 foralln>1. 


™ 


Ifim>k, +s Eth foralln>p. 


kt7 


lfn<gk—-1,i+4> 4 forallm>1. 
lin >k, i +4 < & +4 for allm> p. 
lt follows that at most a finite number of elements of S lie in the 
neighbourhood (¢ — ¢,c+ €) of c. So ¢ cannot be a limit point of S. 
Thus ¢ € [0,2] — T = cis not a limit point of S. 


Hence S'= Tie, S’= {0} U{L :- ne N}. 


yet S= {(-1)™"+2:meEN,neEN}. 


tay (i) Show that 1 and —1 are limit points of S. 


“ (ii) Find S’ (the derived set of S$). 


(i) Let A = {(-1)?™4+2:meEN,neEN}, B= {(-12"2 41: me 
N,n € N}. Then S = AUB and therefore S’ = A’U B’. ig 
A={1+1:n6€N}. We prove that 1 is the only limit point of A. 


Let € > 0. By Archimedean property of R, there exists a natural 
number p such that 0 < : <«. Therefore ~e < 2 <e, 


or, l-e<1l+i<cl+e. 


This shows that the e-neighbourhood (1 — ¢,1 +) of 1 contains a 
point 1+ 7 of A, other than 1. So|1 is a limit point of A. 
AC (1, 2]. This implies A’ c [1, 2]. 


2 cannot be a limit point of A, because the neighbourhood (2-4, 2+2) 
of 2 contains no point of A other than 2. 


Let c € (1,2). Let us choose a positive e such that 1 < c—e < c+e < 2. 
Thenc-—1—e>0. 
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By He cumedeee property of R, thers exists a natural number p such 
that 0 < 4 <ec~l1-—e, Then oe <ec-é€. 

en for alln > p, 1+ 2 <1+4 5 SC e. So the neighbourhood 
(ec —€,¢ + €) of c contains at most a finite number of elements of A and 
hence ¢ cannot be a limit point of A. Therefore A’ = {1}. 

B= {-1+ 2 :m€N}. We prove that —1 is the only imit point of 
B. 

Let ¢ > 0. There exists a natural number g such that 0 < : <€, 

Therefore —e < . <€,or, -l—-e<—-1+ : <—lt+e. 

This shows that the e-neighbourhood (—1—«,—1+¢) of —1 contains 
a point —1+ : of B, other than —1. So —1 is a limit point of B. 

Bc (-1,0]. This implies B’ c {-1,0]. 

0 cannot be a limit point of B, because the neighbourhood (-3, 3) 
of 0 contains no point of B other than 0. 


Let, ¢ € (—1,0). Let us choose a positive € such that -1 <c—é< 
e+e <0. Thence+1—e>0. 


By Archimedean property of R, there exists a natural number g such 
thatO<i<ec+1~—e. Then oe é See 6 


Therefore for alln > q, —1 +2 —1 ee <c-€é, 


This shows that the aeeheouenead (c—€,c+€) of c contains at most 


a finite number of elements of B and hence c cannot PS a limit point of 
B. Therefore B’ = {-1}. 


Therefore S’ = A’U B’ = {1,—-1}. 


3.8. Closed set. 


Let S be a subset of R. S is said to be a closed set if S’ CS. (ie., if 
“S$ contains all its mit points.) 


Examples. 


1. Let S = {1,5,4,4,--:}- 0 is a limit point of S. AsO ZS, S is nota 
closed set. 


2. Let S={xER:i1i <a < 3}. Each point of S is a limit point of S. 
1 and 3 are also limit points of S but 1 ¢5,3 ¢ 8. Therefore S is not a 
closed set. 


3. Let S={xER:1< 2 < 3}. Each point of S is a limit point of S. 
Here S’ = S. As 8S’ cS, S is a closed set. 
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4. Let S=Z. Then S’ = ¢. So S’c S and S is a closed set. 
5. Let S =N. Then S’ = ¢. So S’ Cc S and S is a closed set. 


6. Let S be a finite set, say S = {@1,42,..-, Am}. Then S’ = ¢. So 
S’ c S and S is a closed set. 


7. Let S=Q. Let x € R. Every neighbourhood of x contains infinitely 
many elements of Q@. Therefore z € Q’. Hence S’ = R. Here S’ is not a 
subset of S. S is nof a closed set. 


Note that the set Q is neither an open set nor a closed set in R. 
8. Let S=R. Then S’=R. So S’ C S and S is a closed set. 
9. Let S=¢. Then S’= ¢. So S’C S and S is a closed set. 


10. Let S be asubset of R. Then (S’)’ c S’, by theorem 3.7.2. Therefore 
S’ is a closed set. It follows that the derived set of S is a closed set. 


Theorem 3.8.1. The union of a finite number of closed sets in R is a 
closed set. 


Proof. Let | ae 7 Fy, be m closed sets in R. Let F= FRU FPQU-- el 
Fin- 
Since F; is eee set, F] C Fy fori =1,2,...,m. 

Pls (F,UFQU-UF,) = FL UFZU--- UF!. 
FOC, = PLCR Rc Py Fic Ba YC kn > FLOR. 
Therefore FJ UFZU---U FY cF,ie, PCF. 

As F’ c F, F is a closed set and the theorem is done. 


Theorem 3.8.2. The intersection of a finite number of closed sets in I 
is a closed set. 


Proof. Let F\, Fo,..., Fm be m closed sets in R and let F = Fy N For 
OF mp. 
Since F; is a closd set, F/ Cc F; fori = 1,2,...,m. 
Fl = (FUN F29-+:N Fp) CFL N FEN: A Fh. 
PIN FEN: AFL CFI CHK. 
PLO FZ: NFL CFR C Fo. 


PIN FE9- AF CFL C Fh. 
Therefore FIN FUN: NFL CR NF2N::-AF, =F. 


It follows that FY C FIN FUN: OF, CF. 
As F' C F, F is a closed set and the theorem is done. 
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Theorem 3.8.3. The intersection of an arbitrary collection of closed 
sets in R is a closed set. 


Proof, Let {Fy : « € A}, A being the index set, be a collection of closed 


sets in R. ‘Then (F2)' Cc F, for each a € A. Let F = 0, Fa- 
aE 


Case 1. F’ = ¢. Then obviously F’ c F. 


Case 2. F’ 4 ¢. Let p € F’. Then p is a limit point of F. 
Let us choose € > 0. Then N’(p,e) contains a point, say q, of F. 
gE N'DeoOF = qe N'(pe)OF, for eacha eA. 


This implies p is a limit point of Fy for each a € A. 
Since each Fy is a closed set, p € Fy for each a € A. 
Hence pé 0, Fa ie, PEF. 

ae 


Thus p € F’ =» p € F and therefore F’ c F. 
- This proves that F is a closed set and the theorem is done. 


Note. The union of an infinite number of closed sets in R is not neces- 
sarily a closed set. 


Let us consider.the sets F;, where 


Each F; is a closed set. ie) Fy, = F, and this is a closed set. 
i= 


Let us consider the sets F;, where 
Fy={xeER:l<2z< 2}, 
ert aha t<x<3- 3}, 


R= {eR 


Each F, is a closed set. u F,={xéER:0< 2 < 3}. This is nota 
closed set. a 


These two examples establish that the union of an infinite number of 
closed sets in R is not necessarily a closed set. 


Theorem 3.8.4. Let G be an open set in R. Then the complement of 
G (in IR) is a closed set in R. 
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Proof. Case 1. G = ¢ (an open set in R). The complement of ¢ in R is 
R and R is a closed set. 


Case 2. G # ¢. Let x € G. Since G is an open set, x is an interior 
point of G. Therefore there exists a neighbourhood N(z) of « such that 
Ni(2)c G. 
That is, N(x) 7 G* = ¢ where G° is the complement of G. 
This implies that x is not a limit point of G*. That is, x ¢ (G°)’. 
ThusxeG= a ¢ (GS). 
Contrapositively, ¢ € (GS)! => a2 ¢G.ie,rEeG*. 
_ Therefore (G°)’ C G* and this proves that G° is a closed set. 
This completes the proof. 


Theorem 3.8.5. Let F be a closed set in R. Then the complement of 
F (in R) is an open set in R. 


Proof. Case 1. F = R (a closed set). Then the complement of F in R 
is @ and @¢ is an open set. 


Case 2. F is a proper subset of R. Then F* ~¢ ¢ where F® is the 
complement of F. 

‘Let « € F*. Since F' is a closed set and x ¢ F,zx is not a limit 
point of F. Therefore there exists a neighbourhood N(x) of x such that 
NXP = 6. 

Sincea ¢ F, N(x) NF = ¢. That is N(x) Cc FS. 

Thus z € FS => N(x) Cc FS. 

This shows that x is an interior point of F*. Since x is arbitrary, F° 
is an open set and the theorem is done. 


Worked Examples. 


If S be a non-empty closed and bounded subset of R. then prove that 
p S and inf S belong to S. 


Since S is a non-empty bounded set, by the supremum property of 
R, sup S and inf S both exist. Let sup S =m”, inf S = m,. 

Let us assume that m* ¢ S. 

Since sup S = m",x2 € S > x < m”* and for eae gee positive 
€, there is an gicnient y in S such that m* —e < y < m*. Therefore 
m—ecy<m* +e. 

This shows that N’(m*,e) NS 4 ¢. It follows that m” is a limit point of 
S.m* ¢ S and m* € S’ => S is not a closed set, a contradiction. 


Hence m* € S. In a similar manner it can be proved that m, € S. 


64 REAL ANALYSIS 


F Prove that a finite subset of R is a closed set. 


Let S = {a),a2,...,@m} where a, < ag < ag <-:: < ay. Then S 
can be expressed as the complement of the union of m+ 1 open intervals 
(—o0, a1), (@1,@2),->-,(@m—1,4m), (Qm, oO), 


Since each open interval is an open set. and the union of a finite 
number of open sets is an open set, S is the complement of an open set. 
Therefore S' is a closed set. 


3. Prove that a closed and bounded interval is a closed set. 

Let J = |a,b) be a closed and bounded interval. Then J can be 
expressed as R — [(—o00, a) U (8, co)]. 

(—oo, a) is an open interval and so it is an open set. 

(b, oo) is an open interval and so it is an open set. 

The union (—co,a@) U (6,00) is an open set. Therefore J being the 
complement of an open set, is a closed set. 


Note. The closed intervals (—oo, a], [a, 00) are closed sets. 


3.9. Adherent point. 


_ Let S be a subset of R. A point z € R is said to be an adherent point 
-of .S if every neighbourhood of x contains a point of S. 


It follows that x is an adherent point of S if N(z,e) AS # ¢ for every. ; 


€> 0. 


The set of all adherent points of S is said to be the closure of S and 
is denoted by S. 


Froni definition it follows that S c S for any set SCR. 


_ Theorem 3.9.1. Let S be a subset of R. Then S = SUS’, S’ being the 
derived set of S. 


Proof. Let x € S. Then every neighbourhood of x contains x, a point of 
S. Therefore x is an adherent point of S. 

Thus z¢€ $= 2¢€S5 and thereforeS cS... ... (i) 

Let « € S’. Then zx is a limit point of S. Hence every neighbourhood 
N(x) of x contains a point of S other than z, i.e, N(x) NS 4 ¢. 

Therefore x is an adherent point of S, i.c., 2 € S. 

Thus « € S’ =» x € S and therefore S’C S ... ... (ii) 

From (i) and (ji) SUS’CS.. ... (iii) 

Letty €@SUS". Then y ¢€ S andy ¢ S’ 

Since y ¢ 8’, there exists a neighbourhood N(y) of y such that N’(y)M 
S = ¢ and also since y € S, N’(y)NS=¢3 N(y)NS = ¢. 


SETS IN R 65 


This shows that y is not an adherent point of 5. 
Thereforey SUS = y¢€5S. 


Contrapositively, y € 5 > y € SUS" and therefore $ C SUS"... (iv) 
From (iii) and (iv) S = SUS’ and this completes the proof. 


Theorem 3.9.2. Let S be a subset of R. Then S is a closed set if and 
only if Sef. 
Proof, Let S be a closed’set. Then S$’ c S: 
SUS =S,ie;S=S. 
Conversely, let S be a subset of R such that 5 = S. Then S = SUS’. 
- This implies S’ c S and therefore S is a closed set. 
This completes the proof. 


Theorem 3.9.3. Let S be a subset of R. Then 5 is a closed set and it 
is the smallest closed set containing S.- 


Proof, (SY = (SUS)! = 8’ U(S")’, since (AU BY = AU Bt 
= S$’, since (S’)) cS’ 
asus =s. 
This proves that S is a closed set. 
Again, 5 = SUS’ DS. Therefore S$ is a closed set containing 5. 
Let P be any closed set containing S. 
S'c P implies 8’ ¢ P’ C P, since P is a closed set. 
Sc PandS’CPS3SUS' CPyiie, SCP. 
Since P is arbitrary, S is the smallest closed set containing §. 
This completes the proof. 


Note. 5 is the intersection of all closed supersets of S. 


Worked Example. 


1. Let A be a non-empty subset of R and d(z, A) = inf{|z—y|:y € A}. 
Prove that d(x, A) = 0, if and only if z € A. 


Let d(x, A) = 0. Then inf{J2—-y|l:yeA}=0. 

Therefore | x — y |> 0 for all y € A and for a pre-assigned positive ¢, 
there exists a point a in A such that 0 <|r—a|<e. 

This shows that the e-neighbourhood of x contains a point a of A and 
this holds for each « > 0. Therefore x € A. 


Conversely, let x € A. Then z € AUA’. 
If « € A then d(x, A) = inf{je—y|: ye A} =9. 
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If x € A’, then for a chosen positive ¢, there exists a point y € A such 
that y € N(w,e). Therefore 0 <| c—y |< € and this holds for each € > 0. 
So inf{|z«—y|:y¢ A} =0. 


Theorem 3.9.4. Let ‘A, B be subsets of Rand AC B. Then Ac B. 
Proof. Since BC B, ACBS>ACB. 


Thus B is a closed set containing A. But A is the smallest closed set 
containing A. Therefore A C B and the proof:is complete. 


Theorem 3.9.5. Let A, B be subsets of R. Then AUB = AUB. 


Proof. AC AUB = AcAUBandBCAUB=> Bc AUB, by 
Theorem 3.9.4. Therefore AUB CAUB... (i) 


AcAcAUBandBCBCcAUB. Therefore AUBC AUB. 
Because A and:B are closed sets, AU B is a closed set containing 
the set AU B. oe AUB is the smallest closed set containing AU B. 
Therefore AUB c AUB... (ii) 
From (i) and (ii) it follows that AUB = AUB. 
This completes the proof. 


Corllary. Aj UA, U--- OA, = A; UAQU-:)-U AQ. 
Theorem 38.9.6. Let A, B be subsets of R. Then AN BC ANB. 


Proof. ANBCASANBCA.ANBCBSANBCB. 
Therefore AN BC ANB. 


Note. The equality AN B= ANB ia not hold. 
For ‘example, let A = {1,3 9>:- -}, B = {-1,-4,-4,...}. Then 
AN B= ¢,ANB = {0}. ANB ANB. 


Definition. Closed set. A set S C BR is said to be a-closed set if 
Scs. 
With this definition of a closed set, the theorems 3.8.1 and 3.8.2 will 


have the following alternative proofs. 


Theorem 3.9.7. The union of a finite number of closed sets in R is a 
closed set. 


Proof. Let Fi, F2,...,Fin be m closed sets in R and F = 0 F;. 


Since F; is a closed set, F; Cc F; for i = 1,2,...,m. 
F=F, UFU---UF,. | 


er ob Ga ec 377 
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Therefore F, Uf) U---U Fn C F, ie. F c F, showing that F is a 
closed set. This completes the proof. 


Theorem 3.9.8. The intersection of a finite number of closed sets in R 
is a closed set. 
Proof. Let Fy, Fo,... 


Since F; is a closed set, F; c F; fori =1,2,...,m. 

P= FON FN: -OFm CARN FLN--- Fp. 

Fin k,n: Fn CF, CF, for each i = 1,2,...,m and therefore 
PRnkn-- nF, Cc Fie, FCF. 
Therefore F is a closed set. This completes the proof. 


, Fm. be m closed sets in R and F = ia) F;. 


Another definition of a closed set. 


A set SC R is said to be a closed set if R — S is an open set. 


Theorem 3.9.9. A set S C R is closed if and only if S$’ cs. 


Proof. Let S be a closed set in R. Then R—S is an open set, by definition. 
Let x € R—S. Then z is an interior point of R— S. Therefore 
there exists a neighbourhood N(x) of x such that N(x) C R—S, ie., 
N(2) NS = @: 
It follows that x is not a ‘limit point of S, ie., c ZS’. 
ThuszéeR-S=2r¢S’. 


Contrapositively,zé S’ => r¢@R-S,ie,reS. 
This proves that S’ Cc 8. 


Conversely, let S be a subset of R such that S’ Cc S. 

Let zc € R—S. Then x ¢ S and therefore x ¢ S’ since S’ CS. 

Thus there exists a neighbourhood N(z) of x such that N(x) NS = ¢ 
and therefore N(x) Cc R—S. 

Thus €R-S = N(x) CR-S. 

So x is an interior point of R — $, proving that R — S is an open set. 
Therefore S is a closed set. 


This completes the proof. 


Remark. Since R is an open set , ¢ being the complement of R, is a 
closed set. Since ¢ is an open set, R being the complement of @, is a 
closed set. 

Therefore the set R is both open and closed; the set ¢ is both open 
and closed in R. 
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We are now in search of subsets of R which are both open and closed 
in R. The next theorem throws light on our search. 


Theorem 3.9.10. No non-empty proper subset of R is both open and 
closed in R. 


Proof. If possible, let S be a non-empty proper subset of R which is both 
open and closed. Since S is a proper subset of R, there exists an element 
cin R—S. Therefore S C (—co,c)U(c,c0). 

Since S is non-empty, at least one of SM (—oo,c) and SNM (c, co) is 
non-empty. 

Let A = SM(--co,c) # ¢. A is bounded above, c being an upper 
bound. Therefore sup A exists. Let a = sup A. Then a < c. 


For each e« > 0, there is an element 6 in A such that a—e <b<a. 
bE ASOES. 


Therefore each e-neighbourhood of a contains a point of S. 
So a € S and since S is closed, a € S. Therefore a.< c. 


Since S is open and a € S, for some positive 6,(a —d,a+6) CS. 


Let d < min{6,c - a}. Thena+d<a+é6anda+d<ce. 
Thereforea+déS anda+dé (—ow,¢c). 
Therefore a + d € A and this contradicts the definition of a. 


Hence our assumption is wrong and the theorem is established. 


' 8.10. Dense set. Perfect set. 


Definition. Let S be a subset of R. A subset T’ c S is said to be dense 
inSifSc Ty: 

In particular, S is said to be dense in R (or dense, or everywhere 
dense) if every point of R is a limit point of S, or equivalently S’ = 


Definition. Let S be a subset of R. S is said to be dense-in-itself if 
Scs'. 


Definition. Let S be a subset of R. $ is said to be a perfect set if S is 
dense-in-itself and closed, i.e., if S = 9. 


Examples. 

1. The set Q is dense in R, since Q’ = R 

2. Let $= {x ER:1i<a2< 2}. Then Sc S’. S is dense-in-itself. 

_3. The set Q is dense-in-itself, since Q Cc Q’. The set R is dense-in-itself. 
4. LetS={xt@eER:1 <2 < 3}. Then S is a perfect set. 


wa) If Ke N, show that 


SETS IN R 69 


Exercises 3 


Give an example of an infinite set S ¢ R such that 

(i) S has no limit point, (ii) S has only one limit point, 

(iii) S has three limit points, (iv) S has four limit points, 
(v) Sis a pone subset of the derived set S$’. 

Let S={m+ii:me N, n € N}. Find the derived set of S. 
Let S = {(- yr + 4): . e€ N}. 

(i) Show that —1 and 1 are limit points of S_ 

(ii) Find the derived set of S. 


Let $= Siisue 1" +i:meN ne N}. 


rte 


(i) Show that 0 is a limit point of S. 


(ii) If & € N. show that } is a limit point of S. 


azcy is a limit point of S. 

Verify Bolzano-Weierstrass theorem for the set $C R. 

(i) S = {(-1)"(1+ 4):ne€N}, (ii) age —))" sn € N}, 
(iii) S={se:n EN}, (iv) S= (i :n © N}. 

Let S={sr + A: meN neEN}. 

(i) Show that 0 is a limit point of S. 

(ii) If & € N, show that 3 is a limit point of S. 

(iii) Find S’.( the derived set of S). 


ast 


. Give an example of a set S C R such that 
(i) S is neither open nor closed in R, 
(ji) S is both open and closed in R, 
(iii) S is a proper subset of the derived set S’, (iv) S= S’. 
Prove that the set S is an open set, where 
(i) S={2eR:22?-5¢4+2<0}, (ii) Sa {ee R: 22? -5r4+2> 0}, 
Gii) S = A-— B where A= (0,1), B= {sr ine N}; 
(iv) S = {rz € R: sina ¥ O}. 
Examine if the set S is closed in R. 
G) S={xeR:sinz=0}, (ii) S={reR: sin + == O}, 
wat) S={i+7:meN,nreN}, (iv) S= {(-1)"+i:meN, ne N}, 


(v) Ss O In where In = {c € R: (4)" <a <1}. 


tum) 
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10. Let Gc R be an open set and FC R bea closed set. Prove that -G — F- 
is an open set and F' — G is a closed set. 


11. Let G be an open set in R and S be a non-empty ‘finite subset of G. 
Prove that G — S is an open set. 


12. Let G be an open set in R and S bea subset of IR such that GN S = ¢. 
Prove that GN S’ = ¢. 


[Hint. GNS=¢>SCGQ=2>S' c (GY) = S' Cc Gsince G* is closed in 
R)=>Gns'’=¢1] 


13. Let S be a bounded subset of R and supS = 6,infS = a and a # b. 
Prove that [a, b] is the smallest closed interval containing the set S. 


14. (i) Let S be a non-empty subset of R bounded above and s* = ae If 
s* ¢ S, prove that s* € S’ and s* = supS”, S" being the derived set of S. 

(ii) Let S be a non-empty subset of R bounded below and s.« = inf S. If 
s« ¢ S, prove that s. € S’ and.s, = inf S’, S’ being the derived set of S. 
15. If S be a non-empty bounded subset of R prove that sup S € § and 
inf S €.S. ; 
16. Let SCR. Prove that 

{i) (S)° = ($°)°, i.e., the complement of the closure of S is the interior of 
the complement of S; 

(ii) (S°)° = (S°), ie., the complement of the interior of S is the closure of 
the complement of S. 
17. Aset SC R is said to be a discrete set if S’ = ¢ (i.e. if S has no limit 
point). 


A set S C R is said to be an isolated set if SS’ = ¢ (ie., if each point 
of S is an isolated point). a 


(i) Prove that every discrete set is an isolated set, but not conversely. 

(ii) Give an example of an infinite discrete set S CR. 

(iii) Give an example of a bounded discrete set SC R. 

(iv) Can there be an infinite bounded discrete set S C R? 
18. Let SCR. A point z € R is said to be a boundary point of S if every 
neighbourhood N(x) of x contains a point of S and also a point of R— S. 

If a boundary point of S is not a point ‘of S prove that it is a limit point 
of S. Prove that a set S c R is closed if and only if S contains all it boundary 
points. 


3.11. Nested intervals.— 


If ii. +m € N} be a family of intervals such that J,41 C J, for all 
nm é€N, then the family {J,} is said to be a family of nested intervals. 
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Examples. 


1. Let, ={rER:0<2< 1), 
Then J; = (0,1), I2 = (0,3), Js = (0,4),--- +> 
yD Ip DIg Ds+- +s 
{I, :n € N} is a family of nested open and bounded intervals. 


2. Let In ={xeER:2>n}. 

Then Jy D Ip D Ig Divteiees 

{In : n € N} is a family of nested open infinite intervals. 
3. Let rn = {2 ER:-+ <2 < 2}. 

Then J) Dlg DI3 D-+:->- 

{In : n € N} is a family of nested closed and bounded intervals. 
4, Let I, ={x ER: a2 < 3}. 

Then J) D Ig DI3 Diss ss: 

{In : n € N} is a family of nested closed infinite intervals. 


Theorem 3.11.1. (Theorem on nested intervals) 


If {[c [@n, bn] : n € N} bea family of nested closed and bounded intervals 
then a lens by] is non-empty. 


eueehenre: if inf{(b, —an) : ne N} = 0, then therg is one and only 
one point x such that x € a [ans a Pa 


Proof. {ai,b,] =) [a2, ba] =) [a3, b3] SD Sea 

Then a1 < @2 [a3+-+S an S++ Sbn S++ Sb3Sb2 Sd}. 

The set A = {a; : i € N} is a non-empty subset of R bounded.above, 
b; being an upper bound. By the supremum property of R, sup A exists. 
Let supA =z. Then ay, < 2 foralln EN. 


We now establish that 6, > az forallnEeN. 

If not, let b,, < x for some MEN. 

Since x is the lub of the set {a,,a2,a3,...} and by, < x, there is an: 
element a, such that b,, < a, < x. 

Let q = max{m,k}. Then by < by, and ax < ag. 

Consequently, by < bm < ax < Gg. 

This shows that b, < ag, a contradiction, since [a,,b,] is an interval 
of the family. 

Hence b, > x for alln € N and therefore Qn <2 <b, forallneN. 
That is, 2 € ban fan, dn]. 


This proves that A lan, b,] is non-empty. 
a 
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Second part. If possible, let x’ € A [ans bn]: 

Then an <2 < bn, Qn SU’ < dy for alneéeN. 

Therefore an — bn < 2-2’ < bn — Gn. 

or, 0 <}a—2’ |< bp - Gn for alln EN. 

Let « > 0. Since inf{(b, — an): 2 €N}=0,bn —Gn 2 0 for alln Ee N 
and there exists an element 6, ~ @m of the set (corresponding to some 
natural number m) such that 0 < bm — Gm <€. 

Therefore 0 <| x — a’ |< «. Since € is arbitrary, r= 2’. 

This proves that z is unique and the proof is complete. 

Note 1. The set B = {b; : i € N} is a non-empty subset of R bounded 
below. If inf B = y, then y € A ans bn). 
T= 


Note 2. If {In : n € N} be a family of nested open bounded intervals 


then a I, may not be non-empty. 
n= 
For example, if In = (0,4), then ian I, = ¢. 
T= 


Note 3. If {J, : 7 € N} bea family of nested closed unbounded intervals 
then i I, may not be non-empty. “ 
n= 


For example, if J, = [n,0o), then (as In=¢. 
tC 


‘Utilising Nested intervals theorem we now give an alternative proof 
of Bolzano-Weierstrass theorem (Theorem 3.6.2). 


Another proof of Bolzano- Weierstrass theorem. 
Every bounded infinite subset of R has at least one limit point (in R). 


Proof. Let S be a bounded subset of R containing infinite number of 
elements. Since S is a non-empty bounded subset of R, sup S and inf S 
exist. Let a, =infS, b) = supS. 

Then z€ Sa, <x < by, ie, x € [a1,b,]. Thus S is contained in 
the closed and bounded interval J; = [a:, 61]. 


Let c, = %$4. Then at least one of the closed intervals [ai, cr}, [1,21] 
must contain infinitely many elements of S. Because, otherwise, S' would 
be a finite set. We take one such subinterval containing infinitely many 
elements of S and call it Ip = [ae, ba]. 

Ig C Jy and | Ip |= Pia 81 


Let co = a2tbe | Then at least one of the closed intervals [@2, c2], [c2, bg] 
must contain infinitely many elements of S. We take one such subinterval 
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containing infinitely many elements of S and call it Jz = [a3, b3]. 
Ig C Ip Ci, and | Jz |= BE. 


Let cg = aatPs | Continuing in a similar manner we obtain a family 
of closed and bounded intervals {Z,} such that 


(i) I, DIg DIg D--+ +e 

(ii) | In |= gxtv(bi = 21), for each n € N 

(iii) I, contains infinitely many elements of S, for each n EN. 

So {In :n € N} is a family of nested closed and bounded intervals: 
and inf{(bn —an):n EN} =0. 

By the nested | intervals theorem, there exists precisely one point x 
such that {x} =: Alan, bry]. 

a= 


We now prove that x is a limit point of S. 

Let « > 0. Since inf{(bn — an) : mn € N} = 0, there exists a natural 
number 7m such that 0 < bm — am <«. 

Since x € J, and by — Am < €,lm C N(x, €). 

‘Since Ij, contains infinitely many elements of S, N(x, ¢) contains in- 
finitely many elements of S and this happens for each ¢ > 0. 

Therefore z is a limit point of S. 


Thus S has a limit point and the theorem is done. 


Theorem 3.11.2. (Cantor’s intersection theorem) 


Let Fy, Po, F3,... ... be a countable collection of non-empty closed 
and beunded subsets of R such that Fy > Fh D F3 D::- --- 


Then the intersection fF is non-empty. 
t==1 


Proof. Case 1. Let the collection be a finite collection containing m 
non-empty closed and bounded subsets F), fo,..., fim such that FY > 
fg>°::-2>Fyp. 


“ mm 
Then obviously, pay Ff, = F,, and this is non-empty by hypothesis. 


Case 2. Let the collection be countably infinite. Without loss of gen- 
erality, we we assume that no two sets of the collection are equal sete 
because if there exists some block (or blocks) of equal sets, the inetetsec- 
tion of the whole collection remains same if we replace a block of equal 
sets by any one set of the block, and re-index the distinct elements of the 
collection as £1, Fo, F3,... 


{Then Fy, — Fy) is non-empty for each k EN. 
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f 


Since the collection contains infinitely many non-empty closed sets, 
each F;, contains infinite number of elements , because, if we suppose, on 
the contrary, that F; is a finite set containing p elements for some 7 € N 
then Fj, must be és a contradiction to hypothesis. 


Let us take a point a, in Fi — Fo,2q in Fh ~— Fy,...,2, in FR —- 
Pie ae cae 
Then we obtain an infinite set of points S = {2,,70,2%3,... ...}. 


Clearly, S C Fy. 

Since F, is bounded, S is an infinite bounded subset of R and by 
Bolzano-Weierstrass theorem S has a limit point x € R. 

We prove that xz is a limit point of each F,,k = 1,2,3,...... 

Let x be not a limit point of F,, for some m € N. Then there exists 
a positive « suth that the neighbourhood N(zx,«) of z contains at most a 
finite number of points of Fy. 

That is, N(z,¢€) 1 Fm is a finite set. 

Since {@m,%m+1,0m42; --- --+} C Frm, N(2,6E)N {2m,0m4i, 
Zm+2,---} is a finite set. 

Consequently, N(z,¢) 7S is a finite set. 

This disallows x to be a limit point of S. So our assumption that x 
is not a limit point of Fi, is wrong. 

Thus zx is a limit point of F,, for every m € N and since Fy, is a closed 
set, z € F,, for every meEN. 

That is, x € 5 F, and this proves that the intersection 5 F, is 


non-empty. This completes the proof. 


Corollary. If I,, be the closed and bounded interval [a,, by] and [a1, 6] D 
[a2,bo] D+-+ ees then the intersection Alans bn} is non-empty. 
hes 
This is “Nested intervals theorem”. 


3.12. Decimal representation of a real number. 


Let x € [0,1]. If we divide [0,1] into 10 equal subintervals, then x 
lies in at least one of the subintervals [%, “t+] where a is one of integers 
0,1,2,...,9. 

If x be a point of division, then two values of a are possible. We 
choose ae of then and call it a,. Then 


% <a¢ < “tl, where 0 < a; < 9. 


The ee interval [%4, “4*] is again divided into 10 equal subinter- 
vals. Then z lies in at least one of them and 


"Sh 4 22 <a < B+ BH where 0 < a; < 9,i=1,2. 


‘, 
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The process is continued and we obtain integers a1,a2,@3,'°: with 
0< an <9 for all n € N such that 
OL 4 2 tet Oe Ses Bt ete + Sgt 1 for allneN. 
We write 2 = .@102Q3°°- --- ed call ita decimal representation of x. 


Conversely, we now show that.every decimal of the form .a,aga3--- --- 
is the decimal representation of some real number in [0, 1]. 

Let J) = [0,1], Jo = [%, MH) Js = [5 + fe 1 + BI, 
Troi = [$9 + ie ++ + ioe 1G + de + 4 Stl] 


We obtain a family of closed and bounded intervals {I,} soliahying 


the conditions (i) Inqi C In for alln € N and 


(ii) | In |= Toe=T: 
By the theorem on nested intervals, there exists a unique real number 
a such that z € I, forn € N. Then 
24 ete + Oe Ses B+ t+ + BH forallneN... -@ 
Therefore xz € [0,1] and the inequality (i) shows that 0.a,a2a3--- is 


the decimal representation of the real number 2. 


The decimal representation of z € (0,1) is unique except when z is a 
point of subdivision at some stage. 

Let 7 be the least positive integer for which 2 is a point of subdivision 
at the nth Btage, i.e., x is an end point of the subinterval In41. 

Then « = ie De some positive integer m < 10" not divisible by 10. 

If we choose a, such that xz is the left end point of the subinterval 


Inert; then 4h Tae +* ig =axand a, =0 forallk>n+l. 


In this case 2 = .@1@9--+a,000--- 


If we choose a,, such that x is the right end point of the subinterval 


Inga, then z = + #e +--+ + fw anda, =9 forallk >n+1. 


In this case x = .a,a@2°+-an,999°-- 


[For example, if 2 = {35,2 = .437000---, or z = .436999---] 


’ The decimal representation of 0 is 0.000--- 


The decimal representation of 1 is 0.999 - 

Ifa > 1,then there exists a natural eee psuch thatp<2< Par At 

Therefore z —- p € [0,1]. Then = p.a,aga3-++: where .@;a24@3-°: is 
the decimal representation of x — p. 

A decimal p.a,a2a3-:- is said to be a periodic. decimal (or a re- 


curring decimal) if hier exist natural numbers m and k such that 
On = G@n+m for all n > k. The smallest natural number m with this 
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property is called the period of the decimal. In this case the block of 
digits a,Q441°++@kim-—1 is repeated once the Ath digit is reached. 


[For example, the decimal 0.235636363 --- is periodic with repeating 
block 63.] 


A decimal p.a1a243 »+- is said to be a terminating decimal if there 
exists a natural number & such that a, = 0 for alln > k&. A terminating 


decimal can be regarded as a periodic decimal with the repeating block 
0. 


Theorem 3.12.1. A positive real number is rational if and only if its 
decimal representation is periodic. 


Proof. Let x be a positive rational number. Let z = p/q where p,q are 
natural numbers relatively prime. In the process of long division of p 
by gq, the quotient gives the decimal representation of p/q. Each step 
in the division process gives a remainder which is an integer r satisfying 
O<r<gq-—1. Therefore after at most g steps, some remainder will occur 
a second time or the remainder will be zero. 


If some remainder recurs then the digits in the quotient will begin to 
repeat in blocks and we obtain a periodic decimal representation. 


If the remainder be zero at some step, then the quotient gives a ter- 
minating decimal representation. j 


Conversely, let x = p.aja2a3:-+ be a periodic decimal with period m and 
the period starts from the kth stage. 
Then x = p.ajaq:-+d, +++ where an = Gnim for alln > k. 
10*~-ly = payag: ++ ag—1.0h0K41°°: and 10*t™—-1z = 
PA1QQ°°* Ok4+m—1-2kimGkimsl **' * PA1G2°**Ak+m—-1-Ekak+1°°° 
We have (10*+™—! — 10*-1)a = payag- ++ @k4m~—1 — PQ142 +++ Ap-1. 
AS p01@2°+*Qk4m—1 — PGQ1@2++*a_-1 is an integer and 10&+™~! — 
10*-! is an integer, x is a rational number, and the theorem is done. 


Corollary. A non-terminating non recurring decimal represents a posi- 
tive irrational number. 


3.13. Enumerable set. 


Let S be a subset of R. S is said to be enumerable (or denumerable) if 
there exists a bijective mapping f:N— S,i.e., iS and N are equipotent 
sets. : 

A set which is either finite or enumerable is said to be a countable 
(or, an at most enumerable) set. 
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An enumerable set is als called a countably infinite set. 

If a set § is finite and contains n elements, its elements can be de- 
scribed aS @1;@2,..-,@n, the elements being indexed by the finite set 
{1,2,...,n}. 

If S is enumerable, there exists a bijective mapping f:N— S$ and 
f assigns to each element n € N an element f (n) in S. The elements 
of S can be described as f(1), f(2),.-.,f(m),..., OF aS @1,@2,---,4ns-s 
showing that the elements are indexed by the set N. 


Note. Since an enumerable set is equipotent with the set N, the cardinal 
number of an enumerable set is d. 


Examples. 


1. The set N is enumerable, because the mapping f : N — N defined by 
f(n) =n,n €N is a bijection. 


2. The set S = {2,4,6,...} is enumerable, because the mapping f : N— 
S defined by f(n) = 2n,n € N is a bijection. 


3. The set S = {12,2?,3?,...} is enumerable because the mapping f : 
N— S defined by f(n) = n?,n EN is a bijection . 


4. The set Z is enumerable, because the mapping f : N ~ Z by 
f(n) = in, ifn be even 


¥(1—n), ifm be odd, 


is a bijection. 
Theorem 3.13.1. An infinite subset of an enumerable set is enumerable. 


Proof. Let S be an enumerable set and T be an infinite subset of S. Since 
S is an enumerable set, its element can be described as a), @2,@3,+.. .-- 

Since T is an infinite subset of S,7 contains infinite number of a’s 
and the suffixes of the elements of TJ’ form an infinite subset P of N. By 
the well ordering property of N, P contains a least element, say /1. 

ay, € T. Let T, = T — {a,,}. Then Tj is an infinite subset of 
S and the suffixes of the elements of T; form an infinite subset P; of 
N. Therefore P; contains a least element say v2. Gy, € Th. Let Tz = 
T — {ay,,;4y,}. Then T> is an infinite subset of S. Proceeding with 
similar arguments, we obtain the elements a,,,@y,)--- 


Let us define a mapping f : N — T by f(n) = au,,7 € N. To prove 
that -f is injective, let p,q €¢ N andp <q. 
Then f(p) € {Gpys@ug;o+-s@aguy} ond f(g) € T — {Gy 5 Ope» 
- 1 Opg—3y }- as ol . 
Therefore f(p) 4 f(q) and this proves that f is injective. 
$ ‘ 


ie 


— re 
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To prove that f is surjective, let a, € T for some natural number r. 
There are at most r — 1 elements in T whose suffixes are less than r. 
So a, is one of f(1), f(2),..., f(r). Therefore f is surjecive. 


Therefore f is a bijection and T is enumerable. 


Corollary. A subset of an enumerable set is either finite or enumerable. 


Theorem 3.13.2. The union of a finite set and an enumerable set is 
enumerable. 


Proof. Let S be an enumerable set with elements a,,a2,@3,... ... and 
T be a finite set with elements b),02,...,bm. 


Case 1. SNT = ¢. 
Let us define a mapping f:N— SUT by 
f(a) = bi, i=1,2,...,m 
f(m4+t) =a, 1=1,2,3,... 
Then f is a bijective mapping. This proves that SUT is enumerable. 
Case 2. SNTF ¢. 
Let S$; = S—T. Then $8; UT=SUT and S;NT=¢. 
S; is an infinite subset of the enumerable set S and therefore Sj is 
enumerable. By case 1, S,; UT is enumerable. 
That is, S UT is enumerable and the theorem is done. 


Theorem 3.13.3. The union of two enumerable sets is enumerable. 


Proof. Let 51,52 be two enumerable sets and let 
Sy = {a1, a2, a3, see eee }, So = {b1, be, bs,... wna 


Case 1. 5; NS2= ¢. 
Let us define a mapping f: N —- S$, US2 by 
f(m) = a(n4i1ys2, if n be odd 
= bra, if n be even. 
Then f is a bijection and therefore S, U Sg is enumerable. 


Case 2. 51:NS24#¢ : 
Let Aj = Si, Ag = So— Sj. Then Ai U Ag = Sy US2 and A,iNAe = p. 
Ag is a subset of S2. So Ag is either finite or enumerable. If Ag is 
finite then A; U Ag is the union of an enumerable set and a finite set and 
therefore it is enumerable. 
If Az is enumerable, then A, U Ag is enumerable by Case 1. 
Therefore S; U Sg is enumerable and the proof is complete. 


Theorem 3.13.4. The union of an enumerable number of enumerable 
sets is enumerable. 
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Proof. Let S,,S2,S3,... bé an enumerable family of enumerable sets. 
Let Si => {@11,@12, Q13,-++,QAln)-: .} 
So = {a21,@22, a23, +++ yQQny-s .} 


Sr = {@n1,4n2,@n3, see yOnnys> .} 


Case 1. Let 5; S; = ¢@ for all 7, 7. 
Let A= o S;. Each element of A is of the form am,,, where m,n EN. 


t=1 

Let us define a mapping f : A—N by f(amn) = 2.3”. 

f is injective because for two distinct elements Qmn,@pq © A,(m,n) # 
(p,q) => 273” A 2°37. 

f(A) is a proper subset of N, because there are elements in N (for 
example 5, 7, 11) which have no pre-image in A. 

Let f(A) = Ni. Then f : A — JN, is a bijection. 

Since JN is an infinite subset of N, Ni is enumerable and since A is 
equipotent with N,, A is enumerable. 


Case 2. Let the sets {S;} be not pairwise disjoint. 
Let us define sets A; by 
A, = S}, Az = Sp — 51, Ag = S3 — ($1 US2),+++ + , 
Ay = S, — (81 US2U-- US Ee? 
Then Ax C Sx for all k, o Ai = o S; and Ain A; = ¢@ for all i, 7. 
Since Ay C ok Ax is éicher finite. ott enumerable 
Therefore U A; is enumerable. 


This completes the proof. 


Examples. 
1. The set Q is enumerable. 


Let P be the set of all positive rational numbers, P’ be the set of all 
negative rational numbers. Then Q@ = PUP’ U {0}. 

The sets P and P’ are equipotent since the mapping f : P — P’ 
defined by f(x) = —2z,2z € P is a bijection. 


P can be described as the union Jo, Ax, where 


A={hti pe eas } 
Ag = {5,$555° ee } 
Ax = {%, 25%; Sea } 


“~e: 
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Each A; is enumerable. P being the union of an enumerable number 
of enumerable sets is enumerable. 

Since P is equipotent with P’, P’ is also enumerable. 

Therefore P U P’ is enumerable. 

@ being the union of an enumerable set and the finite set {0}, Q is 
enumerable. 


2. The set of all algebraic numbers is enumerable. 


[A real number is called an algebraic number if it is a root of a 
polynomial of the form a,x" + a,;x2"7!4--+-+ a, where ao,@1,...,@n are 
all integers and ag # 0. 

For example, V2 is an algebraic number, since V2 is a root of the 
polynomial 2? —2. Every rational number . is an algebraic number since 
it is a root of the polynomial gx — p. 

Not every irrational number is algebraic. e is not an algebraic number, 
m is not an algebraic number.] 


Let f(z) = agz™ + ajx"-! +--+ +n be a polynomial with integral 
coefficients. Then every real root of f(z) is an algebraic number. 

Let us define the height h of the polynomial f(z) by 

h=n+tlao| + ]ai1|+--+-+|an |. Then & is a positive integer > 1. 


Corresponding to every positive integer A, there exists a finite num- 
ber of polynomials with integral coefficients with height hk. Since each 
polynomial of degree n has at most n real roots, the number of algebraic 
numbers corresponding to a positive integer h (as height of a polynomial) 
is finite. ; 

Therefore for every positive integer h, there corresponds a finite num- 
ber of algebraic numbers. 

The set of all algebraic numbers is the union of an enumerable number 
of finite sets and therefore it is enumerable. 


ioe 3.13.5. The set R is not enumerable. 


oof. Let I = [a,b] be a closed and bounded interval. 

First we prove that J is non-enumerable. 

Let J be enumerable. Then the elements of J can be expressed as 
T1529, U3, 6-5 wee F 

We divide J into three subintervals [a,c], [c,d], (d,b] by the points 
c= 2a+b — ahee At least one of these subintervals does not contain 
2,1. We choose it and call it 4 = fa, 8]. 


TI, does not contain x, and { J, |= 24%. 


We divide Z, into three subintervals [a1,c1],[c1,d1],[d1,0:) by the 
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points c, = 2arth. dy = ait 2b) At least one of these subintervals does 
not contain 22. We choose it and call it Ig = [ae, bel. 
Iz contains none of 21,22;I2 C I) C I and | Iz |= 23%. 


We divide Jz into three subintervals in a similar manner. Continuing 
this process we obtain a family of closed-and bounded intervals {1,:n¢€ 
N} such that for each n € N, 


(i) J, contains none of 21,22,...,2n; 

(ii) Ing1 C In, and 

(iii) | In |= (ea) and consequently, inf {| J, |:n¢eN}=0. 

By the theorem on nested intervals (Theorem 3.11.1) there exists one 


and only one point @ such that {a} = alt I,. Therefore a € [a, 5]. 
Nm 


But by the construction of J,, A tn contains none of 2,22, 
Tus 


Le ,ie., a ¢ {21,2%2,23,...} 

Thus @ being an element of [a,] escapes enumeration. So our as- 
sumption that [a,b] is enumerable is not tenable and so [a, 6] is not env- 
merable. 

Now [a, }] is an infinite subset of R. Therefore R is not enumerable 
because every infinite subset of an enumerable set is enumerable. 

This completes the proof. 


Another proof. Let J = {z€R:0<2< 1}. 

First we prove that J is non-enumerable. If not, let J be enumerable. 
Then the elements of the set can be described as 21, %2,73,... ... 

We consider the decimal representation of each number in J. The 
integral part of each of them is 0. 

Each irrational number in the set has a unique representation as an 
infinite decimal. Each rational number has either a finite decimal repre- 
sentation, or a recurring decimal representation. 

A finite decimal can be expressed as an infinite decimal in two ways 
- either by using 9’s or by using 0’s. For example, .23 can be expressed 
as .22999--- or as .23000--- 

If we stick to the recurring decimal representation by using 9’s only 
and ignore the second type (by using 0’s) then every real number in J 
can have a unique non-terminating decimal representation. 


Let Lt = 0.2332%12%13 oR BNR 
By = 0.%912Q9%03°°+ ++: 


23 = 0.x231232%33°°+ °° 
tee - where 0 < ai; < 9. 
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By our assumption every real number in J must have a place in the 
enumeration %1,7%2,2%3,--. ... 
Let us consider the real number a = 0:a)a2a3°-:- +>+ 
wherea, = lif te, #1 
= Qife, =1. 
Now a is different from each x; because a differs from a; in the ith 
decimal place. 
Therefore a does not belong to {21,%0,%3,......}. BubO<a<l. 
Thus a belongs to I but does not belong to {a,22,%3,.-. .--}, 2 
contradiction. Therefore J is not enumerable. 
Now J is an infinite subset of R. Therefore R must be non-enumerable, 
because every infinite subset of an enumerable set is enumnerable. 
This completes the proof. 


Corollary. The set S$ of all irrational numbers is non-enumerable. 


Note. The set R has a cardinal number different from that of the set N. 
The cardinal number of the set R is denoted by c. It is also called the 
power ( or, the potency ) of the continuum. 


Worked Examples. 


1. Prove that the set of all open intervals having rational end points is 
enumerable. 


Let the set of all rational numbers be enumerated as 
{z1,%2,%3,. Sova -}. 

The set of all open intervals having x, as the left end point is the set 
of open intervals of the form (%,,2,) such that x, > x,. 

The set A, = {x, € Q: x, > x1} is a proper subset of Q. 

Since Q is enumerable, the set A, is at most enumerable. But A, is 
clearly an infinite set so that A, is enumerable. 

Thus the set of all open intervals having x; as the left end point is 
an enumerable set, say Jy. 

The set of all open intervals in question is the set J; Ulg U/g U-:- 

This being the union of an enumerable collection of enumerable sets, 
is enumerable. é 


Thus the set of all open intervals having rational end points is enu- 
merable. 


2. Let S be a subset of R such that no point of S is a cluster point of S. 
Prove that S is a countable set. 


Let c € S. Since xz is not a limit point of S, there exists an open 
interval I, = (az, bz) containing x such that I, contains a finite number 
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of points of S. 
Let us choose rational numbers r,,s, in J, such thata, <r; <2< 
Sz < bz. Then Jz = (rz, $z) is an open interval containing x and having 


rational end points. Also J, S being a subset of I, S contains a finite 
number of points of S. 


The set of all open intervals having rational end points being an 
enumerable set, we can enumerate them as Jy, Jo,J3,-+° ++ 

Each point o S is contained in some J,(k € N) and J; 0S is a finite 
set. Also SC u (Je MS). 


Thus S is conratied in the countable union of finite sets and therefore 
S is a countable set. 


Exercises 4 


1. Give an example of a family {I, :n € N} of non-empty closed intervals 


such that J; D Je DJs D--- and aie! 
n=) 


2. Give an example of a family {7, : n € N} of bounded open intervals such 


that I) D> I2DIsD---and A In =o. 
nal 


3. Let J, = fan, bal and 1; D Ig DIg D- 

If w= sup{an : n € N}, G = inf{b, : n € N} prove that 

(i) a, 6] = an Inifa#B, (ii) {a} = A In ifa= Z. 
4. Let S be an enumerable subset and T be a non-enumcrable infinite subset 
of IR. Prove that 

G) SUT is non-enumerable, (ii) SOT is at most enumerable, 
(iii) S ~ T is at most enumerable, (iv) T — S is non- enumerable. 


6. Prove that Nx N is an enumerable set. Deduce that if § be an enumerable 
set, then S x S is enumerable. 


7. Prove that the set of all circles in the plane having rational radii and 
centres with rational co-ordinates is enumerable. 


8. Prove that the set of all transcendental numbers is a non-enumerable set. 
[A real number is said to be transcendental if it is not algebraic.] 


9. Show that each of the following sets has the cardinal number c. 
G) A={réER:0<2 < oo}, (ii) B={w@eER:0<2< 1}. 

Hint. (i) The mapping f : R > A defined by f(z) = e”,a € R is a bijection. 
(ii) The mapping f : R — & defined by f(x) = Sar € R is a bijection. 
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3.14. Point of condensation. 


Let S be a subset of R. A point z € R is said to be a point of 
condensation of S if every neighbourhood of x contains uncountably many 
points of S. 

It follows that every point of condensation of a set S is a limit point 
of S, but not conversely. 

Tt also follows from the definition that a countable set cannot have a 
point of condensation. 


The set of all points of condensation of a set S is denoted by Sj. 
Examples. 


1, Let S={e ¢R:1< 2 < 3}. Then every point of S is a point of 
condensation of S. Here 5S, = S. 


2. Let S={reER:1l<2< 3}. Then S,={xrER:1 <2 < 3}. Here 
Sc Se. 


3. Let S = Q. The set S being an enumerable set, S, = ¢. 


Theorem 3.14.1. Every uncountable subset S of R has at Tea one 
point of condensation in S. 


Proof. Suppose S has no point of condensation. Let x € S. Then x 
is not a point of condensation of S and there exists am open interval 
I, == (az,b,) containing xz such that 7, contains a countable number of 
points of S. 

Let us choose rational numbers rz, in J, such that a, <r, <a2< 
S_ < bz. Then Je = (rz, Sx) is an open interval containing z and having 
rational end points. Also J, 9S being a subset of I; 9S is a countable 
set. : 
The set of all open intervals having rational end points being an 
enumerable set, we can enumerate them as J), Jo, J3,...... 

Each point of S is contained in some J,(k € N). We conclude that 


Sc wv (Je OS). Further, each J, 7S is countable. 
=1 
Thus S is a subset of a countable union of countable sets and therefore 
S is a countable set, a contradiction to the hypothesis. So our assumption 
is wrong and there is at least one point of condensation in a 
This completes the proof. 


Corollary. If no point of S is a condensation point of S then S is a 
countable set. 


Note. This theorem is analogous to Bolzano-Weierstrass theorem but 
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stronger in the sense that the condition of boundedness is not required for 
the existence of a point of cofidensation. Moreover, Bolzano-Weierstrass 
theorem assures the existence of a limit point which may not belong 
to the set but this theorem assures that some point of condensation is 


‘actually contained in the set. 


Theorem 3.14.2. For every set Sc R, S—S, isa countable set. 
Proof. Case 1. Let S ~ S, + @. Then S — S. is a countable set. 


Case 2. Let S-—S, # ¢ Let x € S—S,. Then z is not a point 
of condensation of S. So there exists a neighbourhood N(x) of x such 
that N(x) S$ is a countable set. Consequently, N(x) MS contains only 
countably many points of S — S, and as such x cannot be a point of 
condensation of S — So. 

Thus no point of S — S, is a point of condensation of S — S,. 

By Theorem 3,14.1, S ~ S, must be a countable set. 

This completes the proof. 


Corollary. As S = (S — S,) U(SNS,) it follows from the theorem that 
if S be an uncountable set then SMS, is uncountable. 

That is, if S be an uncountable set, S contains uncountably many 
points of condensation of S. 


Theorem 3.14.3. For every set S C R, S, is a closed set. 
Proof. Case 1. Let S, = ¢. Then S,; is a closed set. 


Case 2, Let S, A ¢. Let x € §, and N(x) be a neighbourhood of zx. 
Then N(x) contains at least a point, say y of S.. 

Since y € S, and N(x) can be considered as a neighbourhood of Yy, 
N(x) contains uncountably many points of S and as s such zx happens to 
be a point of condensation of S. 

Thus z € S, = 2 € S, and therefore $. c So. 

But by definition, S$, ¢ 5, and therefore $, = S,. This proves that 
S, is a closed set. 


3.15. Borel set. 


We have seen that the union of an infinite collection of closed sets in 
IR may not be a closed set in R; the intersection of an infinite collection 
of open set may not be an open set in R. 

If however, the infinite collection be an enumerable collection, then 
we have a special type of sets. 


Definition. The union of an enumerable collection of closed sets in R is 


‘ 
x 
* 
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said to be an F, set. 
The intersection of an enumerable collection of open sets in R is said 
to be a G5 set. 


Examples. 
1. Q is an F, set. 


Since the set of all rational numbers is enumerable, Q can be described 
as the set {v1,%2,%3,... ...}. 

Therefore Q can be expressed as the union of an enumerable collection 
of closed sets {r,}, {zo}, {ag},+-- ++ 

So Q is an F; set. 


2. A closed and bounded interval [a, bj is a Gg set. 


The interval [a, b] can be expressed as the intersection A (a—4,b+4). 
n=1 


For each n € N, (a — 4,b+ +) is an open set. 


Thus [a, }] is the intersection of an enumerable collection of open sets 
in R. So fa, &] is a Gg set. 


3. An open bounded interval (a,b) is an Fy set. 


The interval (a,b) can be expressed as the union U fa+4,b— 4}. 


: n=l 
For each n EN, {a+ 4,6 — 2] is a closed set. 


Thus (a,b) is the union of an enumerable collection of closed sets in 
R. So (a,b) is an Fy set. 


Theorem 3.15.1. (i) The union of a countable collection of F, sets is 
an Fy set. 
(ii) The intersection of a countable collection of Gg sets is a G5 set. 


Proof. (i) Let {F,, Fo, F3,...} be a countable collection of F, sets in R. 
Let F = Aes Fy. 
= 

Since F; is an F, set, Fy = Fi. U Fig UsFig Uses eee where each Fj; is 
a closed set in R. : 

Thus F is the union of a countable collection of enumerable number 
of closed sets. 

It follows that F is the union of an enumerable collection of closed 
sets in IR and therefore F' is an Fy set. 


(ii) Let {Gy, Go,Gs,... ... } be a countable collection of Gs sets in R. 
Let G@= U Gi. 
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Since each G; is a G5 set, Gi = Gin NGig N Gig M-+- +++ where each 
Gi; is an open set in R. 

Thus G is the intersection of a countable collection of enumerable 
number of open sets. 

It follows that G is the intersection of an enumerable collection of. 
open sets in R and therefore G is a G5 set. 


Note. Every open set in IR can be expressed as the union of an enumer- 
able number of closed sets in R. 

Every closed set in R can be expressed as the intersection of an enu- 
merable number of open sets in R. 


Theorem 3.15.2. (i) The complement of an F, set in R is a Gs set. 
(ii) The complement of a G5 set in R is an Fg set. 


Proof. (i) Let F be an Fy set and F = Fy UF, UF3U-----: where each 
F, is a closed set in R. 
R-~-F=R-—(FiUPLUF3U--:) 
=(R-FI)N(R- FL) A(R-F3)N--- 
Each R — F; is an open set in R. Therefore R — F is the intersection 
of an enumerable collection of open sets. 
So R — F is a Gs set and the theorem is done. 


(ii) similar proof. 


Definition. A set that can be obtained as the union and intersection of 
an enumerable collection of closed sets and open sets in R is said to be a 
Borel set. 


Examples. 
1. A Gs set is a Borel set. An F, set is a Borel set. 


2. The union of a countable collection of Gs sets is a Borel set. This is 
denoted by Gogg. 


3. The intersection of a countable collection of F, sets is a Borel set. 
This is denoted by F«. 
3.16. Cover, open cover. 


Let S be a subset of R. A collection C of sets {Ag : a € A}, A being 
the index set, is said to be a cover (or a covering} of Sif Sc v, Ag. 
to 4 


If G be a collection of open sets {Go :a € A},A being the index set, | 
such that Sc an G, then G is said to be an open cover of S. 
e 
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A family G of open intervals {I[, : a € A}, A being the index set, is 
said to be an open cover of S if Sc vr, Ens 
[e4 


Worked Examples. 
1. Let C be the collection of closed intervals J, = {rv € R:0<2a<n}, 
where n € N. Show that C is a cover of the set S = {x € R: x > O}. 


Let cé S. Thenc > 0. There exists a natural number m such that 
m—1<c¢<m. [Archimedean property of R, deduction 3]. 


ox 
m—-l<ec<m>cé€Im. Thereforece SaecéEln=ce Utn 
The 


and therefore SC Ui In. 
n= 
Hence the collection C is a cover of the set S. 
2. Let G be the collection of open intervals I, = {7 € RR: -n<2a<n}, 
where n € N. Show that the collection G is an open cover of the set Q. 


Let x € Q. Then |az| > 0. There exists a natural number k such that 
jz| < k, i.e., 2 € I, and therefore x € io In. 


zEeQser7eE non Te me epee ee a: Deen 
This proves taat the collection G is an ack cover of the set Q. 


3. Let G be the family of open intervals J, = {tc € R: 4 < a < 2}, 
n= 1,2,3,.... Show that G is an open cover of the set S= {xe R:0< 
z< il}. 

Let c € S. Then 0 < c < 1. By Archimedean property of R, there 
exists a natural number & such that 0 <j <c. 

Since the sequence {2"} is a strictly increasing sequence of natural 
numbers, there exists a natural number m such that 2" > k. Then 
O< si <i<c 

cea vee en one 

c€S>0<ce<1l > <ce<2>ceE In. 


cE S=>ceE U. ZI, and therefore S Cc U, an 
n= n= 
This proves that the collection G is an open cover of the set S. 


4. Let G be the family of open intervals {I, :n € N}, where [, = {x € 


R: 4 < az <n}. Show that the family G is an open cover of the set 


S={xeR: a > 0}. 


Let c € S. Then c > 0. There exists a natural number m such that 
m-~1<0¢e<m. [Archimedean property of R, deduction 3]. 
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m-lse<cm=ceéE In. Thereforece Ss>cé€ln=cé U In 
Cet 
and therefore 5S Cc OL oe 


Hence the Salleviok G is a cover of the set S. 


Sub cover. 


Let S be subset of R. Let C be a collection of sets in R that covers 
S. If C’ be a subcollection 6f C such that C’ also covers S then C’ is said 
to be a sub cover of the cover C. 


If the subcollection C’ contains a finite number of sets of C and C’ 
covers S then C’ is said to be a finite sub cover of the cover C. 
Worked Examples (continued). 


5. Show that there is a subcollection of the family G of Ex.2 that can 
cover the set Q. 
Let G’ = {Ion :n € N}. Then G’ is a sub collection of the family G. 
Let  € Q. Then |z| > 0. There exists a natural number & such that 
|x| < 2k, ie., x € In, and therefore x € U Ton: 


zéegQ=> 


This proves that the collection G’ is an open cover of the set Q. So 
G’ is a subcover of G, 


ze oC Ion and therefore Q ¢ U Ton. 
r= = 


6. Show that there is no finite subcollection of the family G of Ex.2 that 
can cover the set Q. 


Let us assume that there is a finite subcollection G’ of G such that G’ 
also covers the set S. 

Let G’ = {I,,,1-,,..-,J,,,}. Then ri,7r2,.. 
and @c i,,UI,,U---Ud,,,. 

Let p = max{r1,72,...,%m}. Then p is a natural number and [, = 
{eER:-p<2<p}. 

Nowe © ide © Taste 
Ip. 

consequently, QC I, ... ...i) 

But p € Q and p ¢ J,. This contradicts (i). 

Therefore G has no finite subcover. 


-)Tm are natural numbers 


c f, and therefore J,,UI,,U-- -Ul,,, C 


7. Show that there is no finite subcollection of the family G of Ex.3 that 
can cover the interval I = (0,1). 
4 
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4 
Let us assuine that there is a finite subcollection G’ of G such that G’ 
also covers I. 
Let G = (Ip, ,Jng,---,Jrm }. Then ri,r2,...,T%m are natural numbers 
and fd, 4 Us a. 


Let p = max{ri,fa,...,fm}- Then p is a natural number and J, = 
{zER:-p<a2 <p}. 

Now J,, C Ip, Ir, C Ip,--+sIrm C Ip and therefore J,,UI,,U>+-Ul;,, € 
is. : 

consequently, J . 5 ee err G) 


But & el and $ a ¢Z Ip. This contradicts (i). 
Therefore there is no finite subcollection of G that can cover J. 


8. Show that there is no finite subcollection of the family G of Ex.4 that 
can cover the set S=zéER:22>0. 


Let us assume that there is a finite subcollection G’ of G such that ¢’ 
also covers the set S. . 

Let G’ = {Ip,,Ipn,---.Jr,,}. Then r1,7r2,...,?%m are natural numbers 
and $C JI,, Ul, U-:- UT, 

Let p = max{r1,7T2,-..;Tm} and gq = min{ri,72,..-,Tm}- 

Then J,, UT,, Urs Ul,,, = {zER:-2 <a<pbandSc{reER: 
=“ <2 <p}. 

But p¢ Sandp¢ {xr €R:—-4 <x <p}. This shows that 9’ cannot 
cover the set S. 

Therefore no finite subcollection of G can cover S. 


Theorem 3.16.1. Heine-Borel theorem. 


Let S be a closed and bounded subset of R. Then every open cover 
of S has a finite sub cover. 


Proof. Let G be a collection of open sets {G,:a¢€ A, A being the index 
set} in R such that g is an open cover of S. 

Let us assume that G contains no finite sub cover. Therefore S is not 
contained in the union of a finite number of open sets in G. 


Since S is bounded there exist two real numbers a,,b; such that 


zreES=a,; <x <b;. Therefore S C [ai, 61}. 

Let I, = [a1,6)| and let cq, = ah. Let I) = (a1, ¢,], If = [e1, di]. At 
least one of the two subsets SM J{ and SM Jj has the property that it 
must be non-empty and it is not contained in the union of a finite number 
of open sets in G. For if both of the sets SMJ{ and SOI/ be contained in 
the union of a finite number of open sets in G then S would be contained 
in the union of a finite number of open sets in G, a contradiction to the 
assumption. 
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If SOI; be not contained in the union of a finite number of open sets 
in G, we call Ig = Ij. If not, we call Ig = Ij’. 

We now bisect J2 into clesed subintervals J and Jj and at least one 
of the sets SO J, and SN IZ has the property and that it is non-empty 
and it not contained in the ee of a finite nurnber of open sets in G. I 
SO J% is not contained in the union of a finite number of open sets in G 
we call Ig = I. If not, we call Jz = If. 

Continuing this process of Bisecuiod, we obtain a family of closed anc 
bounded intervals {J,,} such that 


(i) In D Inz, for alln € N; 


(ii) for all € N,S OJ, is non-empty and is not contained in th 
union of a finite number of open sets in G; 


(ili) | Jn |= 4=%+ and therefore lim | J, |= 0 


By the nested intervals theorem there exists one and only one poin 
@ such that a € aa Tees 


Let us choose 3 > 0. There exists a natural number k such tha 
O< Het < 6. 

As | Ix |= 45%, we have | I, |< 6. 

Since a € I, and | Ix |< 6,4, C (a-—6,a4+6). Since NS is nc 
contained in the union of a finite number of open sets in G, J, contair 
infinite number of elements of S. Consequently, a is a limit point of £ 
Since S is a closed set, a € S. 

Since G covers S anda € S, there Basts an open set G € G such the 
a € G). Since G, is an open set, the neighbourhood (wa-é€at+e) CG 
for some € > 0. 

As 0 < e, there exists a natural number m such that 0 < ban <e. 

As | Im |= Pea | we have | Im |< €. 

Since a € I, and | Im |< ¢,Im C (a@~—¢€,a+e). That is, In CG). 

This shows that SJ, is contained in the single open set Gy of th 
collection G but this is contrary to our construction of {Jy}. 

Therefore our assumption that S is not contained in the union of 
finite nurmber of open sets in G is not tenable. 

Hence there exists a finite subcollection G’ of G such that G’ cover 
S. This completes the proof. 


See. In Heine-Borel theorem the hypothesis that the set S is a close: 


and bounded subset of R is crucial. The theorem does not hold if S b 
not closed, or if S be unbounded. 


Definition. Let S be a subset of R. S is said to be a compact set i 


92 REAL ANALYSIS 


every open cover G of S has a finite subcover. That is, if G be a family 
of open sets that covers S then there exists a finite subcollection G’ of G 
such that G’ also covers S. 

To be explicit, if {Go : a € A} be an open cover of S C R then S will 
be compact if there exists a finite number of indices a 1,@9,...,Q@m €A 
such that SC Ga, UGea, U+-:UGe,,- 


Heine-Borel theorem states that a closed and bounded subset of R is 
compact. 


Tires 3.16.2. (Converse of Heine-Borel theorem) 
A compact subset of R is closed and bounded in R. 


Proof. Let K be acompact subset of R. We first prove that K is bounded. 

Let In = {mv ER: -n <a <n}, wherenéN and G= {I,:né N}. 
Then G is a collection of open sets in R. 

Clearly, R ¢ for In, and therefore K C u ks 

This shows that G is an open cover of K. A 

Since K is compact, there exists a finite subcollection G’ of G such 
that G’ also covers K. 

Let G’ = {I7,,Ip,,.-- 

Let p = max{ri,re,...,Tm}-. 

Then Jy, C Ip,Irg C Ips de, Clip and KCI, UL, UU, Cc 
Ip = (—p, p). 

This shows that K is a bounded subset of R. 


Thay. Then K C1 WI 0s 07 


Tm. 


We now prove that K is a closed set. 

Let y € R—K’. Let us consider the collection of open sets {I,} where 
Ih={xER:|y—2]> 1} 
Ip={xER:|y~-x|> 3} 
Ig={zER:|y—a2|> 3 


Clearly, oO h=R- {y} and Kc a In. 


Let G = {I, : n € N}. Then G is an open cover of K. Since K 
is compact, there exists a finite subcollection G’ of G such that G’ also 
covers K. 

Let G’ = {I,,,1,,,...,J7,,}. Then K CI,, UT, U--- UF. 

Let-p = max{?),2'9)sse¢fme Then Ip 3 :t ide D Tgae dp D Tey 
and K CI,,U7,,U+:-UL,, Cp. 

But Jp = {ze R:|y—a|> 3}. Let G={xeR:|y-- |< 4}. 

Then G is a neighbourhood of y and GN K = ¢, since K C Le 

It follows that y is not a limit point of K. 


i 
' 
‘ P) 
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Thus y € R-— K => y ¢ K’ (the derived set of K). 
Contrapositively, yé K’ >y¢@R-K,ie, yek. 
Therefore K’ C K and this proves that K is a closed set. 
This completes the proof. 


eorem 3.16.3. If K be a compact set in R, every infinite subset of 
‘K has a limit point in K. 


Proof. Let T’ be an infinite subset of K. Let us suppose that T has no 
limit point in K. 

Let xz € K. Then z is not a limit point of T. 

Therefore there exists a positive 6, such that N’(z,6,) NT = ¢, where 
N' (x, 62) = N(x, 6¢) — {x}. 

Let us consider the family G of neighbourhoods {N(z,6,): cE K & 
N'(z, 62) NT = $}. Clearly G is an open cover of K. Since K is compact, 
there is a finite subcollection G’ of G such that G’ also covers K. 

Let G’ = {N(a1,62,), (xe, 62.),---,N (tm 52m )}- 

Then K Cc N(2x1,62,)U N(@2,62,) U-++ UN (am, 5z2,, )- 

AsT C K,T Cc N(a1,62,) UN (@2,62,) U--- UN (am, 5z,,) 

= N’(21,62,)U N’'(@2,52,) Ur UN" (am, 5n,,) U{21, fa,.-- 

It folows that T Cc {21,2%2,.. 
[a eae eee £18 

This shows that 7 is a finite set, a contradiction. 

Thus T has limit point in K and the proof is complete. 


»Zm}. 
.,;%m}, since N’(23,62,) NT = @, for 


We The set_R is not compact, since the set Z is an infinite subset 
oO 


f R having no limit point in R. | ; 


Theorem 3.16.4. If K be a subset of R such that every infinite subset 
of K has a limit point in K then K is compact. 


Proof. First we prove that K is closed. 
Let p be a limit point of K’. Then for each positive «, N’(p, €) contains 
infinitely many elements of K’. 


Let « = 1. Then N’(p,1) contains infinitely many elements of K. 
Let us choose one such element and call it z,. 


Let « = 5. Then N’(p, 4) contains infinitely many elements of K. 

Let x2(# 21) be one such. Then x2 € N’(p, $). 

Let ¢ = 5 

Proceeding in a similar manner, we obtain an infinite subset S = 
{v1,22,03,-..} of K such that 2; € N’(p, +). We now prove that p is the 
only limit point of S. 


« 
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Let N(p,6) be a neighbourhood of p. Since 0 < 6, there exists a 
natural number m such that 0 < + <6, 

N(p,6) > N(p, +) and N(p, 4) contains each of tm,Zm41)--- 

Thus N(p,6) contains infinitely many elements of S, for each 6 > 0. 
So pis a limit point of S. 

Let g A p. Let 59 = $ | p—q|> 0. 

Then N(p, 69) and N(q¢, 6g) are disjoint nerehpgurhoeds: 

There exists a natural number k such that 0 < t < dp. 

N(p,d50) D> N(p, t) and as N(p, ¢) contains each of xp, UR41,°°°; 
N(q,69) contains at. most a finite number of elements of S and ee. 
fore g is not a limit point of S. 

-Hence p is the only limit point of S and by hypothesis, p € K. 

Thus p € K’ = p € K. Therefore K’ Cc K and K is a closed set. . 


“We prove that K is bounded. 

Let us assume that K is unbounded above. 

Let us choose an element zr; € K. Let us choose x2 in K such that 
rq > 2%, +1. Let us choose z3 in K such that 23 > va+1,--- ++: 

Thus we obtain an infinite set {v1,72,23,... ... }in K. 

But this set has no limit point by the construction of the elements. 
This contradicts the hypothesis that every infinite subset of K has a limit 
point in kK. 

Therefore K is not unbounded above. 

Similarly, K is not unbounded below. Therefore K is bounded. 


at Since K is closed and bounded, K is compact and the proof is com- 
ete. 


Let K be asubset of R. Then the following statements are equivalent. 
(i) K is closed and bounded. 
(ii) Every open cover of K has a finite subcover. 


(iii) Every infinite subset of K has a limit point in K. 


Proof. (i) = (ii) by Heine-Borel theorem. (ii) => (ili) by theorem 3.16.3. 
(ili) = (i) by theorem 3.16.4. 


Therefore the three statements are such that one of them implies the 
other two. Hence they are equivalent. 


Worked Examples (continued). 


9. Using the definition of a compact set, prove that a finite subset of R 
is a compact set in R. 
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Let S = {a1,@2,...,@m} be a finite subset of R. Let G= {Gag:iaeé 
A}, A being the index set, be a collection of open sets in R such that G 


‘covers S. 


‘Since ay € S, ai € Ga, of G for some a; € A. 
Since ag € S, ag € Ga, of G for some ag € A. 


Since am € S, @Qm € Ga, of G for some am € A. 


Therefore S C Gg, UGa, U-::UGa,- 
Let G’ = {Goa,,Gar,---,Ga,,}. Then G’ is a finite subcollection of G 
and G’ covers S. 


Since G is an arbitrary open cover of S, it follows that every open 
ever of S has a finite subcover. Therefore S is a compact set in R. 


10. Let K be a compact subset of R and F Cc K be a closed subset in 
R. Prove that F is compact in R. 


Since F is closed, R — F is open. 

Let G be a collection of open sets {G, : a © A}, A being the index 
set, such that G is an open cover of F’. Let us suppose that G is not an 
open cover of K. 


Let G’ be the collection of open sets {Gg : a € A} together with 
R— F. Clearly, RC C v, Go) U(R —- F). 


Therefore K Cc te U. “Go }U(R — F), ie, G’ is an open cover of K. 


Since K is eeae ee there exists a finite subcollection G” of G’ such 
that G” also covers K. 


Let GO” = {G,,,Gr,,..-,Gr,,R-F}, 1 € A. 

G” must contain R — F because K cannot be contained in the union 
Gr, UGr, U+++U Gr, 

Therefore K C G,, UG,, U-++-UG, 
GG. Usiwapas.: 

Let G” = {G,,,Gr,,...,Gr,,}- Then G’” is a finite subcollection of 
G such that G’” also covers F. So F is compact. 


~U(R-FjandasFCK,FC 


11. Let K be a non-empty compact set in R. Show that K has a least 
element. 


Let us assume that K has no least element. For each a € K, let 
G, = {x €R:2z >a}. Then G, is an open interval. 


Let us consider the family of open intervals G = {Ga:a € K}. 
Let b € K. Since K has no least element, there is an element cin K 
such that c < b and therefore b € Gy. 
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Thus be K => b€G, for some ce K. This shows that the family ¢ 
is an open cover of. K. 

Since K is compact, there is a finite subcollection G’ of G such that 
G’ also covers K. 

Let G’ = {Ga,,Gaz;---»Ga 
Cg) vs Ge: 

Let ag = min{ai, ag,.. 


m}- Then each a; € K and K C Ga, U 


-;@m}. Then ag € K. But ao ¢ 6) Ga,- 


We arrive at a contradiction and therefore K has a ieaee. eidwiadt: 


Note. In a similar manner we can prove that K has a greatest element. 


eorem 3.16.5. Lindelof’s theorem. 


If.S be a subset of R every open cover of S has a countable subcover. 
hat is, if G be a collection of open sets in R that covers S then there is 
a countable subcollection G’ of G such that G’ also covers 9. 


Proof. Let G be a collection of open sets {Gy 
set} in R such that G covers S. 

Let « € S. Then z belongs to at least one open set, say Gy, of the 
collection. Therefore there exists an open interval f, such that zr EJ, 0 
G). 

Let us take an open interval J(x) with rational end points such that 
“ze J(x) C fy. 

Let G’ be the collection of all distinct open intervals {J(x) : x € S}. 
Obviously G’ covers S, 

The set of all open intervals in R with rational end points is enumer- 
able. The collection {J(x) : « € S} being a subset of this is countable. 
Therefore the collection G’ can be enumerated as G/ = {J1, Jo, J3,...}. 

Now corresponding to each Jm € G’ let us choose a point xz, € S 
such that 2m €Jm C Is, C Gy, say. Then Im C Gy, ©G. 

Thus for each J», € G’ there corresponds one ere EG. 

Let G” be the family of open sets {G),,Gr_,Ga,,---}- 

Then G” is a countable subcollection of G and G” covers S. 

This completes the proof. 


:a@eéA, A being the index 


Another proof of Heine-Borel theorem. 


If S be closed and bounded subset of R then every open cover of S 
has a finite subcover. 


Proof. Let G bea collection of open sets in R that covers S. By Lindelof’ 
theorem, there exists a countable subcollection G’ of G such that G’ also 
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covers S. Let G’ = {J1, Ja,..., 
Let Cr =S— Jy, 
Spade het 
a =S— Oi U J2U Jz), 


Jn,---}. Then Sc oO. J;. 
= 


Ch CS for all KEN. Also C, DC2DC3D- 

Since S' is a bounded set each Cx is a Bounded set. 

Since each J; is open, C; = S$ (J, U dg U---U Jp) is a closed set. 
Therefore the collection {C,,C2,C3,...} is a countable collection. of 


‘closed and bounded sets in R and C; > C2 > C3 D:: 


We shall prove that c,, = ¢ for some m € N. 

If none of the sets of the collection {C,,C2,C3,... ...} be empty 
then the collection is an enumerable collection of non-empty closed and 
bounded sets with Cy D Cp D C3 D- 

By Cantor’s intersection theorem, there exists a point x in R such 


that x € ial es [Theorem 3.11.2] 


But C, C S for allk EN. Thereforez eS... ... (A) 
Aginzé HCG >r¢ OK... (B) 


(A) and (B) together imply that {Ji, Je, J3,.. 
a contradiction, 


.} is not a cover of S, 


So our assumption that none of the sets of the collection 
{Ci,C2,C3,...} is empty is wrong. 

Therefore at least one of the sets, say Cy,, is empty. Consequently, 
SC AiUJ2U->+USm. That is, a finite subcollection of G also covers S. 

This proves the theorem. 


Exercises 5 


1. Define a compact set. Use your definition to prove that 


(i) the set R is not compact; (ii) the set Z is not compact; 


(iii) the set N is not compact. 


| Hint. Let J, = {ex € R:—-n <2 <n}. Then the family F of open intervals 
{In :n € N} is an open cover of the set. ] 


ae Let F be the family of open intervals {J, :n € N}, where J, = {@ ER: 
=p3 <@ <1- =4,}. Show that the family F is an open cover of the interval 
I={xéR:0< a2 < 1}. Does there exist a finite subfamily of F that can 
cover I% Justify your answer 
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3. For each x € (0,2), let Iz = Ge 
(0,2)} is an open cover of the set 
finite subcollection of G can cover S. 


Hint. Letce S 


=t2). Show that the family G = {I,:2€ 
S={xeéeR:0< 2 < 2}. Show that no 


. Then 0<c< 2. This impliesO< $<c< H#<2>5ceEk. 


4. Give an example of an open cover of the set (0, 1] which does not have a 
finite sub cover. 


5. Give an example of an open cover of the set [0, oo) which does not have a 
finite sub cover. 


6. Use the definition of a compact set to prove that the union of two compact 
sets in R is a compact set. 

Give an example to show that the union of an infinite number of compact 
sets in R is not necessarily a compact set. 


7%. Use the definition of a compact set, to prove that . 
(i) the intersection of two compact sets in R is compact, 
(ii) the intersection of an infinite collection of compact sets in R is compact. 


8. Let A and B be subsets of R of which A is closed and B is compact. Prove 
that AM B is compact. 


9. Give an alternative proof of the theorem- A compact set K in R is closed. 


[ Hint. Let y € R— K. For every x € K, there exists «2 > O such that 
N(a2,¢2) O Ny, ca) = ¢. The family of neighbourhoods {N(z,e2}) : 2 € K} is 
an open cover of K. Extract a finite sub cover. Show that y ¢ K’.] 


10. If p be a limit point of a set S Cc R prove that there exists a countably 
infinite subset of S having p as its only limit point. 


11. Let S be a subset of R such that every infinite subset of S has at least 
one limit point in S. Prove that S is a closed set. 


t 


4. REAL FUNCTIONS 


4,1. Real function. 


Let X be a non-empty set. A function f : X — R is called a real 
valued function on X. For each x € X, the f-image, which is also called 
the value of f at x, denoted by f(x), is a real number. 

For example, the function f : C — R defined by f(z) =| z |,z € C is 
a real valued function of complex numbers. 

Let D be a non-empty subset of R. A function f : D — R is said to 
be a real valued function of real numbers. Such a function is also called 
a real function. 

D is said to be the domain of f. The set f(D) = {f{(v): re Dh isa 
subset of R and it is called the range of f. , 


Examples. 


1. Letc € Rand f: R—-R be defined by f(x) =c,x2 € R. The range of 
the function f is the singleton set {c}. f is called a constant function. 
f is also expressed as f(r) =c,r ER. 


2. Let D = {x €R:xz #0} and f: D — Ris defined by f(z) = 4,2 #0. 
The range of f is {x € R: a2 4 0}. 
38, Let D = {c ¢ R: 2x > 0} and f: D — R is defined by f(z) = 


Jz,x € D. The range of f is {x € R: x > O}. f is also i as 
f(aj= L, x > 0. f is called the square root function. 


4. Let f : R — R be defined f(z) = sina,xz € R. The range of f is 
{x é€R:-1<2 <1}. f is also expressed as f(z) = sinz,r € R. f is 
called the real sine function. ; 
5. Let f.: R — R be defined by f(z) =| 2 |,2 € R. The range of the 
function is {c € R: a > 0}. f is equivalently expressed as 
f(z) =2,z2>0 
=0,7=0 
=—-—r,r <0. 
f is called the absolute value function. 


6. Let f: R - R be defined by f(z) = sgn z,xr eR. 


as 
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Sen 2S ,z #0 
= é. x= 0. 
The range of f is the finite set {-1,0,1}. f is equivalently sicnesaeas 
f(z) = l,z>0 
= O0O,c=0 
= —-la<0O. 


f is called the signum function. 


7. Let f : IR —- R be defined by f(z) = [z],a2 € R. [2] is the greatest inte- 
ger not greater than x. The range of the function is Z. f is equivalently 
expressed as’ 
f(z) =0,0<2<1 
=ll<ax<2 
=2,2<a2<3 


=-l,-l<2<0 
= —-2,-2<27<-l1 


f is called the greatest integer function. 
For every x € R, x > [x]. The difference between x and its integral 
part {x] is called the fractional part of x and is denoted by {z}. 


Therefore {x} = x — [2] for all real x. It also follows that 0 < {x} <1 
for all real x. 


For example, {.3} = .3, {2.3} = .3, {2} =0, {-.3} =.7. 
Definition. 

A function f defined on I = [a,b] is said to be a piecewise constant 
function on J (or a step function on J) if there exist finite number of 
points 29,21,...,2n(@ = @o < 21 < +++ < &p_-) < Lp = Bb) such that f 
is a constant on each open subinterval (z,~-1,2%) of [a,b]. That is, for 


each k = 1,2,...,n there is a real number sx such that f(x)’ = s, for all 
w € (€e~-1, 2x). f(ee-1), f(Ze) need not be same as sx, kK = 1,2,...,7. 


4.2. Injective function, Surjective function. 


Let DC R. A function f : D — R is said to be injective (or one-one) 


if for two distinct elements 21,22 in D the functional values f(x1) and © 


f(z2) are distinct. 
Let DCR,E CR. A function f : D — E is said to be surjective (or 
onto) if f(D) = 
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For example, the function f : R — R defined by f(z) = sin 2,4 € R 

is not injective, because two distinct points 7 and 27 in the domain R 

have the same functional value. f is not surjective, because the range of 
={xé€R:-—1 <2 <1}, a proper subset of the codomain set R. 


4.3. Equal functions. 


Let-D CR. The functions f : D — R and g: D — R having the 
same domain D are said to be equal if f(x) = g(x) for all z € D. 


Examples. 
1. Let f(x) = |z|,2 > 0; 9(7) = 2z,x>0 


Then f and g have the same domain {2 € R: x > 0 and f(x) = g(x) 
for all z in the domain. Therefore f = g. 
Viz 


2. Let f(x) = ,/ 2% prEeAcRig(z) = 3,ce BcR. 
Heed AG eh ee SAU ene = 0 Baie Re aL. 
f and g have different domains. Therefore f 4 g. 


4,4, Restriction function. 


Let D C R and f : D- R be a function. Let D, be a non-empty 
subset of D. The function g : D, — R defined by g{x) = f(z),z € Dz is 
said to be the restriction of f to Dp and g is denoted by f/Dz. 


Examples. 


1. Let f : R — R be defined by f(a) = sgn z,z€R. 

Let Do. = { € R: a > 0}. Then the restriction function f /Do is 
defined by f/D. (x) =1,z2 > 0. 

Let D; = {z € R: x < 0}. Then the restriction function f/Dy, is 
defined by f/D (x) = —1,2 <0. 


2. Let f : RR — R be defined by f(x) = [z],z € R. 

Let Do = {x €R:0< a <1}. Then the restriction function f/D, is 
defined by f/D, (x) =0,0< 2 <1. 

Let D} = {zc € R:1< a < 2}. Then the restriction function f/D, is 
defined by f/D, (x7) =1l,l <a <2. 


8. Let D= {xe R:0<2< 3} and f: D—R is defined by 
f(x) = Yl —sin22,re€ D. 
Let Do = {2 €R:0 <a < $}. Then the restriction function f/D, 
is defined by f/D.(x) = cosxz —sinz,0 < a2 < 7/4. 
Let D|) = {x €R: $ < x < $}. Then the restriction function f/D; 
is defined by f/Di(x) =sinz —cosz,¢ <2< g. 
i 
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4.5. Composite function. 


Let D C Rand f : D — R be a function. Let g: E — R bea 
function on # where f(D) C E CR. Then for each xz € D, f(x) € E 
and therefore g(f(a)) € IR. We can conceive of a real function h: D—- R 
such that h(x) = g(f(x)),x € D. Then h is said to be the composite 
function of f and g and the function h is expressed as gf or as gof. 


Examples. 
1. Let D= {2 €R: 2 > 0} and f : D —R is defined by f(r) = /a,r € 
D,and g:R- R be defined by g(z).= e*,2 ER. 

f(D) = {zm € R: x > 0O}.f(D) is a subset of the domain of g. The 
composite function gof : D — R is defined by gof(x) = eV*,a € D, i.e., 
gof (x) = eV¥*,2 >0. 

2. Let f : R— R be defined by f(x) =z? +1,2 ER. Let D={xeER: 
xz > 0} and g:D-—R be defined by g(z) = \/z,x2 € D. The range of f 
is {x € R: x > 1} and this is a subset of the domain of g. 


The composite function gf : R — R is defined by gf(z) = 


Ver-+1,c2ER. 


4.6. Inverse function. 


Let D CR and f: D > R be an injective function. Let f(D) = Ec 
R. Then f : D — & is injective as well as surjective. 


Let 2 € D. Then f(x) = y € E. Each y in F has exactly one pre- 
image z in D. We can define a functiong: E+ Dby giy)=a,yEek 
where f(x) = 

Therefore gf(x) = x for all x € Dand fgo(y) = y fer all yé E. 

-g is said to be the inverse of f and is denoted by f7}. 


The domain of the inverse function f~! is the range of f and the 
range of f~! is the domain of f. 
Also f~! f(x) = for allx € D and ff~(y) = y for all ye E. 


Examples. 
1. Let D={xE€R:2>0} and f(x) =2?,2€ D. Wipe x> 
O}=: E,say. Then f : D — £ is injective as well as surjective. 
The inverse function f~!: HE > D is defined by f~*(y) = /¥,y € E. 
Also f7~!f(x) = x for all xz > 0 and ff7}(y) = y for all y > 0; 
i.e., Vz? = =x for all z > 0 and (fy)? = y for all y > 0. 
This inverse function is called the square root function. 
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€ R: ax < 0} and f(z) = x, < 0. The range of 
is{~t@ ER: O}= E,say. Then f : D — E is injective as well a 


surjective. 


_The inverse function f~' : H — D is defined by f~+(y) = —/¥,y € E. 


Also f7 f(a) = 2 for all x <0 and ff~ l(y) = y for all y > 0; 
ie., —Va? = a for all  < 0 and (—\/y)? = y for all y > 0. 
This inverse function is called the negative square root function 


Note. The function f(z) = 2*,2 € R admits of two inverse function 
the principal inverse function is the function described in Example 1. 


3. The real sine function defined on R is not injective on R. The rang 
of the function is F = {rm €R:-1l <2 <1}. 

Let us consider the subset D = {x € R: —% < x < 3}. The 
f:D- E defined by f(z) = sing,xz € Dis injective as well as surjectiv 
The inverse function f~! : E — D is defined by f7!(y) =sin7!y,y € J 

Also f~' f(a) =a for allz € Dand ff~'(y) = y for all y € E; 

ie., sin7*(sinz) = a, for -2 < x < © and as y) = y, fi 

-l<y<l. 

This inverse function is called the principal inverse sine functio: 
The domain of the inverse function is {y € R: -1 < y < 1} and tl] 
rangeis{rER:3<a< 3} 

Therefore —3 <sin~'y < % for—-l<y<1. 


Note. If instead of D, we choose Dy = {2 € R: 30/2 < x .< 52/2} : 
the domain then the function f(z) = sing, x € Dj, is injective as well 
surjective and therefore it admits of an inverse function f~!: FE — £ 
satisfying the conditions 

f-f(x) == for all 2 € D, and ff-!(y) = y for all y € E. 

But this inverse function differs from the principal inverse sine fun 
tion as they have different ranges. 

Equivalently, we can define many inverse sine functions on the san 
domain F with their respective ranges different. This is expressed t 
saying that inverse of real sine function is a many-valued function ax 
this is denoted by Sin~! (or Are sin). The principal inverse function 
denoted by sin7? (or are sin). 

Thus sin (Arc siny) = y, for -1 < y < 1 but Arc sin (sinz) ¥ a, : 
general. 

4. The real cosine function f(r) = cosxz,x € R is not injective. Tl 
range of the function is F={xER:-l<a«<]}. 


Let us consider the subset D = {2 € R:0 < a2 < mw}. Then tl 
function f : D — £ defined by f(z) = cosx,x € D is injective as well : 
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surjective. 


The inverse function f~} : E + D is defined by f~!(y) =cos7y,y € EB. 
Also f~! f(z) = 2 for all zx € D and ff-*(y) =y for ally € E, 

i.e., cos! (cos x) = x, for 0 < x < 7m and cos(cos™! y) = y, for -l<y< 

1. 


This inverse function is called the principal inverse cosine function. 
The domain of this inverse function is {y € R: ~1 < y < 1} and the 
rangeis {mE R:O0<2 <7}. 

Therefore 0 < cos~!y <a for -l<y <1. 


Note. If instead of D we choose D, = {7 € R: 24 < x < 37} as the 
domain, then the function f : D, — E defined by f(z) = cosz,x € D, 
is injective as well as surjective and therefore it admits of an inverse 
function f7!:E— Dy. . 

Thus as in the case of sine function, we can define many inverse cosine 
functions on the same domain EZ with their respective ranges different. 
Therefore inverse cosine function is also a many valued function and 
this is denoted by Cos! or (Arc cos). The principal inverse function is 
denoted by cos~? (or arc cos). 


5. Let n be an integer and J, = {w@ € R: (Qn—1)$ < a < (2n+1)$}. 
Let J = v I,. The real tangent function is defined on the domain J 
Nez 


and the range of the function is R. Let us consider the subset D = {x € 
R:—-% <a < $}. Then f : D — R defined by f(x) = tanz,z € D is 
injective as well as surjective. 


The inverse function f~!:.R — D is defined by f~!(y) = tan7' y,y € R. 
Also f~1 f(x) = =x for all z € Dand ff-'{y) =y for allyeE R, 
ie., tan7!(tanz) = x, for —-% <a < § and tan(tan7*y) =y, fory€ R. 


This inverse function is called the principal inverse tangent func- 
tion. The domain of the inverse function is R and the range is {x € R: 
=2 <a ee} 


"Eeetore —% <tanly < for ally ER. 


Note. If instead of D, we East Di, ={ceER: 3 <a < 5} as the 
domain then the function f : D, — R defined by f(#) = taures zxéD,, 
is injective as well as surjective and therefore it admits of 3 an inverse 


function f~1:R— D,. 


Thus we can define many inverse tangent functions on R with their 
respective ranges different. Therefore inverse tangent function is also a 
many valued function and this is denoted by Tan! (or Arc tan), 

Gis principal inverse function is denoted by tan7? (or are tan). 
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6. Let n be an integer and J, 
I= ie, In. The real cotangent fancuion: is defined on the domain J and 


the pante of the function is R. Let D = {7 € R:0 <a < 7} then 
f(x) =cotz,2z € Dis anicciave as well as surjective. 
The inverse function f~! : R > D is defined by f~!(y) =cot7™'y,y ER. 


This inverse function is called the principal inverse cotangent 
function. The domain of the inverse function is R and the range is 
{cE R:O0<2< 7}. 

Therefore 0 < cot7! y < a for ally € R. 


4.7. Algebraic operations on functions. 


Let DC Rand f:D—R,g:D—R be functions on D. 

(i) The sum function f + g is defined on D by 
(f +9)(z) = f(z) + 9(z), 2 € D. 

(ii) The product. function f.g is defined on D by 
f.9(z) = f{z)g(z), 2 € D. 

(iii) Let k € R. The function kf is defined on D by 
kf(x) =k. f(x),x2 € D. 

(iv) If g(x) #4 0,2 € D, the quotient f/g is defined on D by 
f/9(x) = f(z)/g(z), 2 € D. 

Note. If f and g be two functions on A C R and B C R respectively 


then the function f + g and f.g are defined on ANB. If g(x) 40,2 € 
DcCAMNB, then f/g is defined on D. 


Examples. 
1. Let f(x) = /2,2 2>0;9(x) = 2,2 ER. 
Then (f + 9)(2) = Vz +2,2 2 0.f9(2) = vy, 2 0. 
g(x) #Oon{reER: 20}... f/g(x)=¥ Ve ge SO) 
2. Let f(x) = J/z,2 20; 9(@) = Vzr—-—laeel. 
Then (f+ 9)(x) = Mot vVe-le>l 
f.g(z) = ae a z2il 
f/g(x) = 34,2 >1. 


Note. If h(x) = x(x —- 1), then the domain of his {x € R: a < 


O}U{zER:xz> 1}. Therefore f.g # h. 
If h(x) = ,/>%;, then the domain of his {ze R:a2<O}U{zeER: 
z> 1}. Therefore T/g#h. 


={rER:inn <x < (n+1)n}. Let 
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4.8. Monotone functions. 


Let J C R be an interval. A function f : J — R is said to be 
monotone increasing on J if 21,22 € I and x < 2g => f(x) < f(x). 


f:I— Ris said to be monotone decreasing on I if 21,22 € I and 
Ly < xq => f(x) => f(x2). 


A function f : J — R is said to be monotone on I if f is either 
monotone increasing or monotone decreasing on J, 


A function f : J — R is said to be strictly increasing on I if x1,22 € J 
and 2, < xq => f(x) < f(z). 

f : I — R is said to be strictly decreasing on I if 21,22 € I and 
21 < @2 => f(x1) > f(x2). 

A function f : J — R is said to be strictly monotone on I if f is either 
strictly increasing or strictly decreasing on J. 

Let I = [a, 6] be a closed and bounded interval. 

A function f : I — R is said to be monotone increasing on J if 
%1,%2 El anda<a2, <22 <b=> f(xi) < f(x). 

Similar definitons for a monotone decreasing function. 


Let J be an interval and f : J — R,g: J — R are both monotone 
increasing (decreasing) on J. Then 

(i) f + 9 is monotone increasing (decreasing) on I. 

(ii) if k € R and k > 0,kf is monotone increasing (decreasing) on J. 

(iii) ifk € Rand k < 0,kf is monotone decreasing (increasing) on J. 


Examples. 


1. Let f(z) =1-~—2,c2 ER. 
@1,%2 © Randa, <2. => f(e1) > f(x). 
Therefore f is strictly decreasing on R. 

2. Let f(z) =27,2 ER. 
%1,%2 € RandO< 2, < ro => f(x) < f(x). 
v1,%2 € Rand 2 < 2g <0= f(x1) > f(z). 
Therefore f is strictly increasing on [0, 00) and strictly decreasing on 

(—oo, 0]. 

3. Let f(z) = sgn 2,2 € [—1, 1]. 
a, <0,22 <O anda, <29> f(x) = t (x2). 
2, < 0,22 > 0 and 2y <a fo >> f(21) < f (2). 
x, >0,r2 >0 and 2 < 2 => f(x1) = f(x). 
Therefore f is monotone increasing on [—1, 1]. 
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4.9. Even function, odd function. 

For a € R*, let D be the symmetric interval (—a, a). 

A function f : D — R is said to be an even function if f(—x) = f(x) 
for alla € D. 

A function f : D — Ris said to be an odd function if f(—x) = — f(z) 
for alla € D. 

For example,the functions f : R — R defined by f(z) = x”, f(x) = 
cosx are even functions on R and defined by f (2) = 2,f(x) = 
sgn x, f(x) = sing are odd functions on R, 

If f be an odd function on {—a,a) then f(0) = 0. 


Let f be.an odd function on (—a,a), for some a € R*. If (2, f(x)) be 
a point on the graph of f then (—2, —f({x)) is also a point on the graph. 
It follows that the graph of f is symmetrical about the origin. : 

Let f be an even function on (—a,a), for some a € R*. If (x,y) be . 
a point on the graph of f then (—z,y) is also a point on the graph. It 
follows that the graph of f is symmetrical about the y axis. 


4.10. Power functions. 


‘A. Positive Integral powers. 


Case 1. Let n be an even positive integer. 


Let f : R — R be defined by f(x) = x*,r € R. The range of f is 
{0, co). 

f is not injective on R since f(c) = 

Let 21,22 € [0,c0o) and 0 < 2; < ao. 
strictly increasing function on [0, co). 

Let 21,22 € (—00,0] and 2; < x2 < 0. Then f(x.) > f(ve). f isa 
strictly decreasing function on (—oo, 0]. 


f(-c) for all ce R: 
Then f(z.) < flee). fisa 


If we restrict the domain of f to [0,0o), then the function 
f : (0,00) — [0, 00) defined by f(x) = x”,a € [0, 00) is a strictly increas- 
ing function on [0,00) and therefore f is injective on [0,00). 

For each y € (0,00) there exists a unique x € (0,00) such that 2” = y 
[2.4.23, worked Ex 8]. This together with f(0) = 0 shows that f is 
surjective. 

Therefore f is a bi ijective function and the inverse function f—! is 
defined by f~}(x) = x2*,zx € [0, 00). 

This inverse finetion: is called the nth rootfunction (n even positive 
integer) and the domain of this function is [0, 00). 


Case 2. Let n be an odd positive integer. - 
Let f : R — R be defined by f(z) = x",z € R. The range of f is R. 
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Let 21,22 € R and x, < zg. Then f(x) < f(g). 

Therefore f is a strictly increasing function on R. Consequently f is 
injective. 

For each y € (0,00) there exists a unique x > 0 such that.27 = y 
[2.4.23, worked Ex 8]. 

f is an odd function. Hence for each y € (—co, 0) there exists a unique 
zx <0 such that 2” = y. Also f(0) =0. 

Thus for each y € R there is a unique « € R such that 2% = y, 
Consequently, f is surjective. 

Since f is a bijective function, the inverse function f~! :R — R is 
defined by f-}(x) = 27,2 ER. 


This inverse function is called the nth root function (n odd positive . 


integer) and the domain of this function is R. 
B. Negative integral powers. 

Let n be a positive integer. We define 27” = (4)” for all x A 0. 
C. Rational powers. 


In A, we have defined the nth root function z* (n even positive 
integer) for all z > O and the nth root function «* (n odd positive 
integer) for all z € R. 


Therefore for all positive integers n, the nth root function x* is de- 
. fined for all real x > 0 and Pas > 0 for all real x > 0. 


Let r be a positive rational number, say oe where pEN,g EN. 


We define 2” = 2% = (x2 )P for all x > 0; and 2-* = (+)" for all 
xz > 0. Also we define 2° = 1 for all x > 0. 


Thus for all rational n, the power function f(x) = x” is defined for 
all real @ > 0. 


D. Irrational powers. 


The power function for irrational powers is defined in terrns of expo- - 


nential functions discussed in 4.11. 
Theorem 4.10.1. If z € R,z > 0 and r be a positive rational number 
p/q then 2” = (xP)!/9, 

By definition, 27 = (#1/%)P. 

x1/4 > 0, since « > 0. Let y= x". Then y = (2!/9)P, 


y? = {(a1/9)P}¥ = (x1/4)P9, since p,g are positive integers 
= (a1/9)aP 


= {(xl/4)a}P == oP, 
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Since x? > 0, y = (z?)!/%. That is, (a!/7)? = (x?)1/9, 
Note. The theorem says that it is immeterial whether we define xP/4 by 
(21/9)? or by (a?)1/9, 


Theorem 4.10.2. If z € R,z > 0 and r be a positive rational number - 
and r = p/g = m/n where p,g,m,n are natural numbers then 
ar = (g1/9)P-= (gl fm), 
Here np = qm. Let y = (x1/4)?, 
Then y® = {(/4)P}* = (wV/4)P9 = (gl/9yam = {(nl/aya}m = o™, 
Therefore y = (2)/" = (x/")™, by the previous theorem. 
That is, (21/9)? = (a1/")™, 
Note. The theorem says that. although r can be written in many ways, 
the definition of z” is unambiguous. 
Theorem 4.10.3. If z € R,x > 0 andr,s are rational numbers then 
(i) 27 .2*® = atts; (ii) (27)? = a". ; 
Proof left to the reader. 


Theorem 4.10.4. If z,y € R and x > 0,y > O and r is a rational 
number then 


(i) (wy) =aty"s (ii) (Z)7 = &. 
Proof left to the reader. 


Theorem 4.10.5. If c € R,x > 0 and r,s are rational numbers, then 
(i) x7 > 0; ‘ 
(ii) forz > 1,2" <2 ifr <s;and forO<2<1,27 >2°% ifr<s. 
Proof. (i) Let r= - where q € N,p & Z. Then 2” = (x2 )P = y?, say. 


r>O=27>0,ie,y>Oandy>0=>y? >0, ie, 27 >0. 
Therefore x7 > 0. 


(iij/m>is---<@r tert <le<r<a2r<--- 

It follows that 2” < x" if m,n are integers and m <n. 

Let r = ps = 2 where u,v,q are integersandg>l.r<s=uc<uv. 
2 : 

a>ls>a2t>1=(22)" < (x7), since u < v. 

That is, 2” < x ifr<s. 

Second part. O<z2<1=> 4 >t. 


+ >landr<s = (1)" <(4)*, by the first part 
= a Sm. 
This completes the proof, 
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4.11. Exponential function. 
We define a® where a and x are real numbers and a > 0. 


Case 1. Leta>1,zeER. 


If x be a rational number, a® is already defined. We define a? when 
x is irrational. 


There exist rational numbers r and s such that r< a2 < 3s. 

Since a > 1 andr < s, we have a” < a’. 

Let S = {a":ré€ Qandr < 2}. 

S is a non-empty subset of R having a*® as an upper bound. By the 
supremum property of R,sup S exists. 

We define a® = sup S. 


Case 2. LetO<a<i,2rE€ER. 

We define a? = b-* where b= 1 > 1. 
Case 3. Leta=1,rER. 

In this case a® = 1. 


Theorem 4.11.1. Ifa € R,a>0 and az éR then a® > 0. 
Proof. When x € Q, this reduces to the Theorem 4.10.5 (i). 


We prove the theorem when 7 is irrational. 


Case 1. a> 1. 

a® =supS where S = {a": re Qandr < zg}. 

Each element of S is positive by Theorem 4.10.5 (i) and a® being the 
supremum of S must be positive. 

Thus a® > 0 for all irrational zx. 


Case 2.0<a<l. 
v= b-* where 6 = i >i. 
Since 6 > 1 and —z is irrational, 6-7 > 0 by case 1. 
Thus a® > 0 for all irrational x. 


Case 3. a=1. 

Then a® = 1 > 0. 

Combining all cases, the theorem is done. 
Theorem 4.11.2. Ifa € R,a-> 0,2 € R and r,s are rational numbers 
such that r< a2 < s, then 

(i) for a > 1,a" < a® < a*; and (ii) for O<a< ayar >a®>a’, 
Proof. (i) Case 1. x € Q. 

r<au<s=al™ <a < a*, by Theorem 4.10.5 (ii). 
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Case 2. «x is irrational. 
We have a* = sup S where S = {a":r € Q and r < z}. 
First we prove that a® ¢ S. If not, let a* € S. Then a® = a™ for 


some rational number r; < zx. By Density property of R, there exists 
re € @ such that r) < re < az. 


Then a™ € S, by the definition of S and art <a™, by Theorem 4.10.5 
(ii). That is, a < a" and this contradicts that a® = sup S. 
Therefore a” ¢ S. 


r<2 => @es 

=> a” <a® since a*™ =supS anda* ¢S..._ ...(i) 
o<s = s>vr for all rational r < z 

=> a° > a” for all rational r <2 

=> a* isan upper bound of SS... ...{ii) 

=> a*° > a™, since at = supS. 


If possible, let a = a®. By Density property of R, there exists 3s; € Q 
such that 7 <8, <8. 


84 < 8s => a8) < a® by Theorem 4.10.5 (ii) 
=> a®! <supS, since 2° = a* = sup S. 


Again x <s; => a*! is an upper bound of S, by (ii). 
We arrive at a contradiction. Therefore a™ <a® ...__...(iii) 
From (i) and (iii) a” < a® < a’. 

Gi) O<a<il. 
O<a<1l=i>l. By (i) (2) < (4)? < (4). 
Therefore a‘ < a® <a" 


This completes the proof. 


Theorem 4.11.3. Ifa € R,a > 0 and 21,z22 € R, then 
(i) for a> 1,a™ < a”? ifz, < x9; 
(ii) for O <a <1,a™ > a®? if x, < 22. 
Proof. (i) Let r1,r2 be rational numbers such that r1 < 2, < rg < Ze. 


Then a" < a™ < a™, by Theorem 4.11.2. Also a’ < a™?, by 
Theorem 4.11.2. Therefore a™! < a*. 


(ii) Similar proof. 
Theorem 4.11.4. Ifa € R,a>0 and 2z,y € R then a*t¥ = a*.a¥. 
Proof. Case 1. x,y EQ. 
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In this case the theorem reduces to Theorem 4.10.3. 
Case 2. x,y are both irrational. 


Subcase (i) a> 1. 
a® = sup{a":reé Qandr<sz}, a¥= sup{a™ 
Since z,y € R, a® > 0 and a¥ > 0. 


Let us choose « such that 0 < « < min{a®(a® + a¥),a¥(a® + ay}. 
There exist rational numbers p,g such that p< az,q<y and 


-r€Qandr< y}. 


ws Y> OQ, 
= P y-$<al <a, where A a®*+a¥> 
0 <a*—S < a? < a® andO <a : 

Therefore (a* — &)(a¥ — 4%) < a?.a? < a?.a 

or, a7.a¥ —¢ < aPt? < a®.a¥. 


ptq<x+y > aPtt < a*t¥, by Theorem 4.11.3. 
Therefore at.a¥ —¢ < a™t¥ .,. ... (i) 


TEU om ré€éQandr<2z+y}. 

Let € pire pes a rational number s such that s < x+y and 
att¥ ~e <a? < att. 

Let a+y—s = 2k. Let u,v € Q such that x— k<cuc<cary-k<vu<y. 
Thens<utv<2t+y. 

u<nvuv<yo>at <at,a” <a => avty < at a¥ 

s<utus aty—ecat <att”, 

Therefore a™t¥ —€ < a™.a¥ ... wu (ii) 


From (i) and (ii) at+¥ —€ < a?.a¥ < a7*¥ +6. 
As ¢ is arbitrary, it follows that att¥ = a®.a¥. 


Subcase (ii) O<a<1. 
In this case 4 > 1 and ($)*t¥ = 
or, at = a®.a¥, 


(2)*.(4)¥, by subcase (i) 
= 1,a¥ = 1 and hence 


‘ fon xz 
Subcase (iii) @ = 1. In this case a*™*¥ = 1, a 
attv = a®.a¥, 


Case 3. One of x,y is rational and the other is irrational. Let x € Q,y € 
R—-—Q. Then z+ y is irrational. 


Subcase (i) a> 1. 
atty = sup{a™:ré€ Qandr<a-+ y}. 
Let ¢ > 0. There exists a rational number s such that s < x+y and 
atty—e<a® <atty, 
Letxz+y—s=k. Bee 2 uch Ebates 
Thens<¢v+u<xu+y. 
u<cy=sa’ <a, 
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s<e+u => 
=> a@tt¥—6€ < gtr 
=> 


=> a®t¥—¢€<a*.a¥... ...(i) 


a¥ = sup{a”:r€ Q andr < y}. 


There exists a rational number p such that p < y and a¥ — we <aP< 


Therefore a*(a¥ — -) < a®.a? < a*.a¥ 
or, a®.a¥ ~€ < att? < a? qt 
e+ pce+y = atte < gtty, 
Therefore a®.a¥ — « < att, 
or, a*.a4¥ <att¥ +e... 1. (ii) 
From (i) and (ii) a?t+¥ —¢ < a®.a¥ < att¥ +, 
Since ¢ is arbitrary, att+Y = a?.a¥, 
Subcase (ii) 0 <a <1, 
Similar proof. 
Subcase (iii) a = 1. 
Similar proof. 


Combining all cases, the proof is complete. 


Definition. Ifa e€R anda > 0 the function f oe a*,a € R is called 
the exponential function. The domain of the eepeneucial function is 


R. 


When’a = 1, f(x) = 1 forallzeR. 


When a > 1, the exponential function is.a strictly increasing function 
on R. The range of the function is (0, 00). 


When 0 < a < 1, the exponential function is a strictly decreasing 
function on R. The range of the function is (0, 00). 


In particular, the exponential function f(x) = e*,24 € R is a strictly 
increasing function on R, since e > 1. The range of the function is (0, co). 


4.12, Logarithmic function. 
Leta éR,a>l. 


In this case the function f(x) = a*,xz € R is strictly increasing on R. 
The range of the function is (0, 00). 

Therefore the function is bijective and the inverse function f~? 
(0, oo) - — R exists. 
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Let@eR,O<ad<il. 

In this case, the function f(z) = a*,z € R is strictly decreasing on 
R. The range of the function is (0,00). 

Therefore the function is bijective and the inverse function f7* 
(0, co) — R exists. 


In both the cases the inverse function is called the logarithmic function 
and it is denoted by log, x. @ is called the base of the logarithmic function. 
The logarithmic function is a monotone function on (0,00) (monotone 
increasing if a > 1, monotone decreasing if 0 < a@ <1) and the range of 
this function is R. , 

Also we have log,(a”) = x for all z € R and qia* = g for z > 0. 


In particular, the inverse function log, x is called the natural log- 
arithmic function. The domain of the function is (0, oo) and the range 
of the function is R. 

Also we have log.(e”) = for all  € R and e'Se* = g for all x > 0. 


[The base e in the natural logarithmic function is often dropped and 
it is expressed as logz.] 


Remark. The exponential function a® is defined on R for all real a > 0. 
For a = 1, the function a® is a constant function. 


For a > 1, the function a” is a strictly increasing function on R. The 


range of the function is (0,00). 

For 0 <a < 1, the function a® is a strictly decreasing function on R. 
The range of the function is (0, oo). 

For a > 0(4 1) the exponential function admits of an inverse function 
(called the logarithmic function) log, z on (0,00). The range of the 
logarithmic function is R. 

For a > 1, the logarithmic function log, £ is a strictly increasing 
function on (0,00). 

- For 0 <a <1, the logarithmic function log, x is a strictly decreasing 
function on (0,09). 

In particular, when a = e, the logarithmic function log, x is called 

the natural logarithmic function. 


Theorem 4.12.1. Ifa € R,a > 0(# 1) andz,yER,x>0,y> 0, then 
log, z + log, y = log, ry. 
Proof. Since z > 0,y > O anda > O(# 1), log, z € R,log,y € RB. 


gia % gla ¥, by Theorem 4.11.4 
= ZY- 


gla x+log, ¥ a 
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Since ry > 0 and aia t+logay — xy it follows from the property of 
the inverse function that 


log, zy = log, xz + log, y. 
In particular, log, xy = log, x + log, y. 
Corollary. log, 4 == — log, z. 
Theorem 4.12.2. Ifaé€ R,a> 0(41) andzéR,x >0 then 
log, 2” = nlog, x ifn be a rational number. 
Proof left to the reader. 


In particular, log, x” = nlog, x. 


Definition. If x € R,z > 0 and a € R we define the power function 
a® by x = eS" 2 > OQ. 


This definition is consistent with the definition of the power function 


for PeLLCU A Because, ifa = “ where m € Zn € N and x > 0 then 
log,c = 7 log, =. 


_ By the property of the inverse function, z* = ge = elBer™ = 
en log, 2 — ex log. & 


Theorem 4.12.3. If z > 0 and a, @ € R then 
(aera ae: 
(ii). (2%)F = 2%, 
(iii) x* > 0; 
(iv) forz > 1,a*% < 2? ifa< Brand forO<x2<1,2%* > ifa< B 
(v) log, z* = alog, z. 
Proof. (v) log, x* = log. (e%'Se”), by definition 
= alog, x, since log, e7 = « for allc Ee R. 


Proofs for other parts left to the reader. 


The general exponential function a* can be expressed in terms of the 
exponential function e* by a® = e769, ae 


For a € R,z € R and a > O, we have a® > 0. 
Therefore for all z € R, a® = e!8e(2"), since elSe* = x for all x > 0 


cia aéR,a>O0andz é R,log,(a”) = clog, a, by Theorem 4.12.3 
Vv). 


Consequently, a* = e7!98«%, 
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4.13. Hyperbolic functions. 
The hyperbolic functions sinh z and cosh are defined by 
sinhz = ese , coshz = te, 
The other hyperbolic functions tanh z, coth x, cosech x and sech 


x are defined by tanhz = Sinhz =9ShZ cosech x = 


cosh a? cothz = sinh x’ 


sinha’ 


1 
sech © = sha’ 


Domain and Range: 


sinh x: Since the domains of e® and e~” are both R, the domain of sinh 
wis R. 

Let y € R, the co-domain set and let x be a pre-image of y. 

Then e* — e7* = 2y 

or, e2 — 2ye™ —1= 0, 

Therefore e® =y+t Vy? +1. 

Since e7 > 0 for all real.z, x2 = log(y + /y? +1) ER. 

So the range of the function sinh z is R. 


cosh x: Since the domains of e® and e~” are both R, the domain .of 
cosh xz is R. 

Let y € R, the co-domain set and let x be a pre-image of y. 

Then e7 -- e~* = 2y 

or, e2” — 2ye*7 +1= 0. 

Therefore e™ = y+ Vy? — 1. 

Since e* > 0 for all real z, y 2 1 and « = log(y + Vy? — 1) shows 
that, there are two pre-images of y. 

So the range of the function cosh zis {ye R:y2 1}. 


tanh x: Since cosh x > 1, the domain of tanh z is R. 
Let y € R, the co-domain set and let x be a pre-image of y. 


Therefore e?* = yeh y 
But e2” > 0 for all realz. -l<y<l. 
So the range of the function tanh «is fy €R:-1<y< 1}. 


coth x: sinh xz = 0 gives x = 0. 
So the domain of coth « is {mr ER: x #0}. 
Since —1 < tanhz < 1, therefore | coth + [> 1. 
So the range of the function coth x is {y € R:| y|> 1}- 


sech x: Since cosh x > 1 for all real x, the domain of sech z is R. 
Let y € R, the co-domain set and let x be a pre-image of y. 


| 
| 
| 
| 
| 


¥ 


| 
| 
| 


semen panna ayers me meen me 
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Then road =y 

or, ye?™ — 2e7 + y = 0. 
1t./1—y? 

Therefore e* = evEe y) #0. 


Since e?* > 0 for all real 2,0 << y <1. 


So the range of the function sech x is {fy € R:O0<y <1}. 
cosech xz: sinh rs = 0 gives x= 0. 
So the domain of cosech z is {x € R: x ¥ O}. 
Let y € R, the co-domain set and let x be a pre-image of y 
Then — =y . 
ene 
or, ye?* — 2e™ —- y = 0. 


_ Therefore e* = ve #0. 


Since e* > 0 for allrealz,xz = 


log avd for y > 0 
F = ‘log i=¥#4! for y <0. 
o the range of the function cosech x is {y € R: y 4 0}. 


Properties. 


1. cosh? x — sinh?z=1,2 ER 
sech?z = 1-—tanh?2,zER 
cosech?z = coth?z—1,z 40. 


2. sinh(z + y) = sinh zcoshz + coshz sinh y 
sinh(z — y) = sinh x cosh y — coshzsinhy 
cosh(z + y) = cosh xcoshy + sinh x sinh y 
cosh(z — y) = coshxcoshy — sinhzsinhy 


tanh —tanhz+tanhy 
(x a y) l+tanhatanhy 


tanh —_ — tanh z—tanh_ a—tanhy_ 
(x y) 1—tanhgtanhy’ 


4.14. Bounded function. 


Let D cR and f : D — R be a function. f is said to be bounded 
above on D if there exists a real number B such that f(x) < B for all 
zeé WD. B is said to be an upper bound of f on D. f is said to be bounded 
below on D if there exists a real number 6 such that f(z) > b for all 
zeD, bis said to be a lower bound of f on D. 7 : 

f is said to be bounded on D if f is bounded 
bounded below on D. 


In oth i ‘ 
aes er words, f is bounded on ef if the range set f(D) be a bounded 


above as well as 
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f is said to be unbounded on D if f is either unbounded above or 
unbounded below or both. 

Let f be bounded’ above on D. Then the range set f(D) = {f() : 
xz € D} is a non-empty subset of R bounded above. Therefore by the 
supremum property of R, the subset f (D) has a least upper bound M. 


M is called the supremum of f on D and is expressed as M = an f(x). 
CE 


Similarly, if f be bounded below on D there exists a real number m 
which is called the infimum of f on D and is expressed as ™ = inf, f(x). 


Let f be a bounded function on D. Then M, the supremum of f on 
D, satisfies the following conditions : 

(i) f(z) < M for alzéeD, 

(ii) for each pre-assigned positive « there exists an element y in D 
such that M—e< f(y) <™. 


Also m, the infimum of f on D, satisfies the following conditions: 

(i) f(x) =m for alliz € D, 

(ii) for each pre-assigned positive € there exists an element y in D 
such that m < f(y) <mt+eé. 
Examples. 


1. Let f :R > R be defined by f(x) = yy37>% € R. Then f is bounded 
above as well as bounded below and sup f(z) = 1, inf f(x) = 0. 
«céR : bad : 


2. Let f:R—-Rbe defined by f(x) =e”, ER. Then f is unbounded 
above but bounded below and inf, f(z) =.0. 


Definition. Let f : D — Rbe bounded on D. Then sup f(z) — inf f(z) 
-2ED zéD 


is said to be the oscillation of fon D. 


Definition. Let D Cc R and f:D—-R. Letce D. f is said to be | 
bounded at c if there exists a neighbourhood N(c) of ¢ such that f is | 


bounded on N(c) ND. 


If f be bounded on D then it follows from the definition that f is | 
bounded at each point of D. But f can be bounded at each point of D : 


without being bounded on D. 


For example, the function f :(0,1) ~ BR defined by f(z) = + is | 


bounded at each point of the interval (0,1), but is not bounded on the 
interval (0,1). 


The function f : R — R defined by f(z) = x? is bounded at each | 


point of R, but is not bounded on R. 
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: pies following theorem gives a condition for which boundedness of a 
unction f at each point of a set implies boudedness on the whole set 


Theorem 4.14.1. If a function f : D 
ol. : D — R be bounded at each poi 
D and D is a closed and bounded set in R, then f is pounded e. oy 
Proof. Let x € D. Since f i8 bound 

: ed at each point of D, th i 
neighbourhood N(x) of x such that f is bounded on N(x) nD. hens 


Let us consider the collection of nei 
ghbourhoods G= {N(zx): 
such that f is bounded on N(x) MD. Cl i oe 
uch that f : early, G is an open co ; 
Since Dis a closed and bounded set in R, by Heine-Borel pean ie 
exists a finite subcollection G’ of G such that G’ also covers D cas 


Let G’ = {N(x1), N(22) N(am)}. Th 
4? alee mI) fe en D N 
... IN(am) and f is bounded a DO N(z,) for 4 ay De nee N 


So there exists a positive M,; such 
that < M; 
N(z;) and this holds for i = 1,2, vey ™. es Me forall 2621 


Let M = max{Mi, Mo, Ms,..., Mm}. 


Let x € D. Thenz € DON 
tisctefove (Fa) Sc = I, (z,) for some k € {1,2,...,m} and 


This proves that f is bounded on D and this completes the proof. 


Note. In particular, if f be bound i 
; ed at each point 
bounded interval [a,b], then f is bounded on [a, ni Sees ah 


Exercises 6 


1. Determine the domain of the real function f. 
i = 2tn es aon ~ ce mae 
() $(2) = log $E, (8) $(2) = cos? ES, it) f2) = VEE Ea, 
(iv) f(x) = /—a + Wee (v) f(z) =logsinaz, (vi) f(x) = Eee 
a+lj* 


2. Show that the pair of f i oe 
domains. . MNGHons, J end g ereiOn equa) Py Speaity ins wheir 
(G) f(z) = fa(e@-3); g(2) = Va.J/z—-3 
(ii) f(x) =loga?; g(x) = 2logax 


(ii) f(@) = /Fai 92) = FS 
(iv) f(z) = log =*2; g(a) = log(x + 3) —loga. 
Show that in each of the cases, g is a restriction of f. 


Determine which of the following functions are even and which are odd 


(i) f(z) = log ite, x2€(—1,1) Gi) f(z) =log(2+ Vi+a2?),ceR 
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(iii) f(x) = /(@@ +1)? + Y@e-1)?,ceER 
(iv) f(z) = Ji Fate? —-Ji-a2t+a?, ceR. 


4, Prove that every function f : D— R, where D is a symmetric interval 
(i.e., 2 € D = —x € D) can be expressed as the sum of an even and an odd 


function. 
Express f as the sum of an even and an odd function, where 
(i) f(z) = Vita, -1<2<1, Gi) f&) =x2+VJV1i+a7, ceER. 
5. A function f : D — R is said to be a periodic function if there exists a 
positive real number p such that for all n € Z, f(a + np) = f(z) holds in D. 
The least positive p is said to be the period of f. 
For example , (i) let f(z) = sinz,ré R. Then p = 2m since sin(x + 2n7) = 
sing for all n € Z, 


(ii) let f(x) = x - [a],2 € R. Then f(z2+n) = f(z) for all n € Z, since for 
all real a, [a + 7] = [z] + 7, if n be an integer. Therefore p = 1. 


Find the period of the periodic function f, where 
(i) f(z) = asin 3x + bcos 3x, a,b € R, (ii) f(z) = Vang, 
(iii) f(@) = sin? x. 
6. Verify the following. 
(i) The domain of the inverse function sinh~* « is R and 
sinh7! x = log(a + Va? +1),2 €R. 
(ii) The domain of the inverse function cosh~! x is {2 € R: « > 1} and 
cosh7! # has two values +log(2 + Vz? —1),2 21. 
Note : cosh! a has two branches, the principle branch is given by 
cosh™! # = log(x + fa? —1),22>1. 
(iii) The domain of the inverse function tanh~! a is {« € R:| 2 |< 1} and 


tanh7! « = log ##,-1<2< 1. 


(iv) The domain of the inverse function coth7! a is {x € R:| a |> 1} and 


coth™! a = } log 24},| a” |> 1. 


(v) The domain of the inverse function sech7z is {s €R:0<2< 1} 
and en eing OME ox es 1. 

(vi) The domain of the inverse function cosech7' =z is {2 € R: x # 0} and 
log revert >O . 


‘i 2 
VF sco, 


cosech7!x = 


= log 


Sere pe ET OOO 
ee OR cr ep ree taremnrmaet namenare ghia 


epee pt at 


5. SEQUENCE 


5.1. Real Sequence. 


A mapping f:N—R is said to be a se 5 
quence in R, or a real sequence. 
The f-images f(1), f(2), f(8),...... are real numbers. The image of 
the nth element, f(n), is said to be the nth element (or the nth term ) 
of the real sequence. 
We shall be mainly concerned with real sequences and we shall use 
the term ‘sequence’ to mean a ‘real sequence’. 
A sequence f is generally denoted b 
y the symbol {f(n)}. Also the 
symbol {f(1), f(2), f(3),... ... } is used to denote the sequence f. 
The range of the real sequence {f(n)} is a subset of R, denoted by 
the symbol {f(n):n € N}. 
The symbols like {un}, {un}, {zn}, etc. shall also be used to denote 
a sequence. 


Examples. 

1. Let f : N — R be defined by f(n) = n,n € N. Then f(1) = 

ree = 2... x .. The sequence is denoted by {n}. It is also denoted by 
yidy dy nies ae be 

2. Let f : N — R be defined by f(n) = n?,n EN. The i 7 

It is also denoted by {1?, 27, 37,... .}. aaa oe ‘ 

ay. . Sees be defined oy f(m) = ant © N. The sequence is 
ices a enoted by {5,§,9,--- --«}+ ; 

4. Let f :N ae R be defined by f(n) = (—1)",n € N. The sequence 

is {(—1)"}. It is also denoted by {-1,1,—1,... ...}. The range of the 


sequence is {~1,1}. 


5. Let f : N — R be defined by f(n) = sin3*,n ¢ N. The sequence is 


{1,0,—1,0,1,0,... ...}. The range of the sequence is {—1,0, 1}. 
6. Let f : N — R be defined by f(n) = 2 for alln € N. The sequence is 
{2,2,2,......}. It is called a constant sequence . 


Sometimes it is convenient to specif i : 
y f(1) and describe 1 
terms of f(n) for alln > 1. dat) in 


H 
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4 
For example, f(1) = V2 and f(n+1) = Y/2f(n) for n > 1 defines 
the sequence {V/2, /2V2, V2V2V2,..... oy 


5.2. Bounded Sequence. 


A real sequence {f(n)} is said to be bounded above if there exists a 
real number G such that f(n) < G for alln € N. G is said to be an 
upper bound of the sequence. 

A real sequence {f(n)} is said to be bounded below if there exists a 
real number g such that f(n) > g for alln € N. gis said to be a lower 
bound of the sequence. 

A real sequence {f(n)} is said to be a bounded sequence if there exist 
real numbers Gg such that g¢ < f(n) < G for alln EN. 

Therefore a real sequence is bounded if and only if it is bounded above 
as well as bounded below. In this case, the range of the sequence is a 
bounded set. 


For a real sequence {f(n)} bounded above, the range of the sequence 
is a set bounded above and by the supremum property of R, the range 
set has the least upper bound, which is also called the least upper bound 
of the sequence {f(n)} and is denoted by sup{f(n)}. 

The least upper bound of a real sequence {f(n)} is a real number M 
satisfying the following conditions : 

(i) f(n) < M for allneN, 


(ii) for each pre-assiged positive «, there exists a natural number k 
such that f(k) > M —e. 


By similar arguments, for a real sequence {f(n)} bounded below, 
there exists a greatest lower bound and it is denoted by inf{f(n)}. 

The greatest lower bound of a real sequence {f(n)} is a real number 
m. satisfying the following conditions : , 

(i) f(m) > m for alln EN, 


(ii) for each pre-assigned positive «, there exists a natural number k 
such that f(k) <m-+e.- 
For a real sequence {f(n)} unbounded above, we define sup{ f(n)} = co 
For a real sequence { f(7)} unbounded below, we define inf{f(n)} = —oo. 
Examples. 


1. The sequence {+} is a bounded sequence. 0 is the greatest lower 
bound and 1 is the least upper bound of the sequence. 


2. The sequence {n?} is bounded below and unbounded above. Here 
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sup{f(n)} = co, inf{f(n)} = 1. 


3. The sequence {—2n} is bounded above and unbounded below. Here 


sup{f(n)} = —2, inf{f(n)} = — 


4. Let f(m) = (-1)"n,n EN. The sequence {f(n)} is unbounded above 
and unbounded below. The sequence is {—1,2,~—3,4,... . wa}. 


Here sup{ f(n)} = oo, inf{f(n)} = —oo. 
5.3. Limit of a sequence. 


Let {f(n)} be a real sequence. A real number | is said to be a limit of 
the sequence {f(n)} if corresponding to a pre-assigned positive e« there 
exists a natural number k (depending on ¢) such that 

EO ee 
yl-e< f(n) <l+e foralln>k. 


To be oe a real number 2 is said to be a limit of the sequence 
{f(n)}, if for a pre-assigned positive e there exists a natural number k 
such that all elements of the sequence, excepting the first k — 1 at most, 
lie in the e- neighbourhood of 1. 


tk 
eorem 5.3.1. A sequence can have at most one limit. 
nn Thee re ia 


Proof. If possible, let a sequence {f(n)} have two distinct limits 1; and 
lg where 1) < lg. 
Let « = $(lg —1,). Then € > 0 and 1, + € = ly —e. Therefore the 
neighbourhoods (1; — €,l; +) and (lp — €,l2 + €) are disjoint. 
Since 1, is a limit of the sequence, for the chosen ¢, there exists a 
natural number k, such that 
ly —e< f(n) <i, +e foralln > ky. 
Since lg is a limit of the sequence, for the same chosen e, there exists 
a natural number kz such that 
lg —e< f(n) < lo +e for alln > ko. 
Let k = max{k,, k2}. 
Then 1) ~€ < f(m) <1; +¢ and lpg —~e < f(n) < lp +e foralln > k. 


This cannot happen since the neighbourhoods N(l,€) and N (l2,€) 
are disjoint. Therefore our assumption that 1; 4 lz is wrong. 
Hence /, = lz and this proves the theorem. 


<5. Convergent sequence. 


A real sequence {f(n)} is said to be a convergent sequence if it has a 
limit / € R. In this case the sequence is said to converge to I. 
We write im, f(m) = 1, or lim f(n) = L. 
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A sequence is said to be a divergent sequence if it is not convergent. 


Examples. 
1. The sequence {4} converges to 0. 


Let us choose a positive e. 

By Archimedean property of IR, there exists a natural number k such 
that 0 < } <e. This implies 0 < 4 <e foralln >k. 

It follows that | 4 — 0 |< for alln > k. 

This proves lim + = 0. 


2. The sequence {$1} converges to 1. 
// ‘Let us choose a positive e. 

Now | ™$1 — 1 |< will hold if 3 <¢, ie, ifn > +. 

Let k = [Jz] +1. [ For example, if ¢ = .01 then k = 11; if e = .001 
then k = 32.] Then k is a natural number and | negl —1 |< « for all 
n>k. : 

This proves lim 74 = 1. 

3. Let f(n) = 2 for all n € N. The sequence is {2,2,2,... ...}. We 
prove that the sequence converges to 2. . 


Let us choose a positive e. 
Now | f(n) — 2 |< « holds for all n > 1. 
Therefore lim f(n) = 2. 


Note. A constant sequence is a convergent sequence. 
Theorem 5.4.1. A convergent sequence is bounded. 


Proof. Let {f(n)} be a convergent sequence and let | be its limit. Let 
us choose « = 1. For this chosen ¢« there exists a natural number k such 
that l-1< f(n)<l+1foralln>k. 


Let B = max{f(1), f(2),...,f(kK-1),t4+1}; 
6 = min{f(1), f(2),...,f(k —1),!-1}. 
Then 6 < f(n) < B for alln Ee N. 
This proves that the sequence {f(n)} is a bounded sequence. 
Corollary. An unbounded sequence is not convergent. 


Note. A bounded sequence may not be a convergent sequence. 
For example, the sequence {(—1)"} is a bounded ‘sequence but the 
sequence does not converge to a limit. 


SS 


ane 
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5.5. Limit theorems. 


Theorem 5.5.1. Let {u,} and {v,} be two convergent sequences that 
converge to u and v respectively. 


Then (i) lim(un + vn) = ut; 
(ii) if € R, lim(cun) = cu; 
‘Gii) lim unin = uv; 
(iv) lim 23 = 4, provided {vn} is a sequence of non zero real 
numbers and v # 0. ‘ 


Proof. (i) To show that lim(u,, + vz) =u+v, we need to establish that 
for a pre-assigned positive « there exists a natural number k such that 
| (tn +n) — (u+v) |< for alln > k. 

Using triangle inequality, we have 

| (un + Un) —(u+v) [=| (ua — u)+ (Un — v) |<] Un —ul + |on—v|. 


Let « > 0. Since limu, = u, there exists a natural number k, such 
that |u, —u|< § for alln > ky. 

Since limv, = v, there exists a natural number kg such that 

[un ~vu |< § for all n > kp. 


Let k = max{k,,ko}. Then | uz, — u |< § and | vz — v |< § for all 
n> k. It follows that | (un + va) — (u-+v) |< e for alln > k. 
Since ¢ is arbitrary, lim(un, + un) = ut v. 


(ii) Let us assume c # 0. When c = 0 the theorem is obvious. 

To show that lim cu, = cu, we need to establish that for a pre-assigned 
positive « there exists a natural number k such that 

| cun —cu|<e foralln >k. 

We have | cun — cu |=|c || un — u |. 

Let ¢ > 0. Since limu, = u, there exists a natural number k such 
that | un —ul< 7G for alln > k. 

It follows that | cu, — cu |< « for alln > k. 

Since ¢€ is arbitrary, limcu, = cu. 


(iii) To show that limu,v, = uv, we need to establish that for a pre- 
assigned positive « there exists a natural number & such that 

| UnUn — uv |<e for alln >k. 

We have | unvn — uv |=! un(vn — v) + u(un — u) | 

Sl] tn I]t — vf] +] [lun — ul. 

Since {un} is a convergent sequence, it is bounded. Therefore there 
exists a positive number B, such that | un |< B; for alln EN. 

Let B = max{By,,| v |}. 

Then | unvn - uv |< Blu, -—v|+Blun— ul. 


t 
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Let « > 0. Since imu, = u and limvu,z = v, there exist natural 

numbers k, and kg such that 
| tn —ul< 5% for alln > ki and |u, —v |< ag for alln > kp. 

Let k = max{ki,k2}. Then | un — ul< 5% and | un 
n> k, 

It follows that | untn — uv |< B.s6-4+ B.a% for alln >k 

or, |Untn — uv |<e for alln > k. 

Since ¢ is arbitrary, limunun = uv. 


—wu |< 55 for all 


(iv) First we prove that if lim vu, = uv where {vn} is a sequence of non-zero 
real numbers and v #0, lim1/vu, = 1/v. 

Let a= $|v|. Then a > 0. Since limu, = v, there exists a natural 
number k; such that 

lun —v |< a for alln > ky. 

We have | |v, | —-| ul |< un —v |< a for alln > ky 

or, |v {| —a <| un |<| vj] +e for alln > ky. 

Therefore | vn |> $ |u| for all n > ky. 


Now | 2b — 3 [= Herel < py [un —v| for alln > ky. 


juljun| 
Let ¢ > 0. Since limvu, = v, there exists a natural number k2 such 
that | un — v |< We for alln > ko. 
Let k = max{k,, ko}. Then | - —+i|<eforalln>k. 
Since ¢ is arbitrary, lim ai = 4, 
The proof of the theorem is now completed by considering the con- 
vergence of the product of two sequences {un} and {+}. 


oe ae Bi Skee Seale 
Therefore lim = lim(tun.3—) =u = 4. 


ote. If {un}, {un}, {wn} be three convergent sequences of real numbers 
that converge to u,v, w respectively, then 
(i) lim(un + Un + un) = utu+w and 
(ii) lim(untnwn) = uvw. 
The theorem can be generalised to the sum and the product of a finite 
number of convergent sequences. 


heorem 5.5.2. Let {u,} be a convergent sequence of real numbers 
converging to u. Then the sequence {| uy, |} converges to | u |. 
Proof. We have ||un|—-|ul{[<lun— I. 
Let ¢€ > 0. Since limu, = u, there exists a natural number k such 
that |u, —u|<e for alln>k. 
It follows that | | un |— |u| |< efor alln>k. 
Since ¢ is arbitrary, lim | up, j=| u |. 


ae tet 
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Note 1. The converse of the theorem is not true. That is, if {| un |} 
is a convergent sequence it does not necessarily imply that {u,} is a 
convergent sequence. 


_ For example, let un = (~1)". Then the sequence {| un |} converges 
to 1 but the sequence {u,,} is a divergent sequence. 


oie 2. The theorem states that lim | un; {=! limu, |, provided the 
limit in R.H. S. exists. 


«®heorem 5.5.3. Let {un} be a convergent sequence of real numbers 
and there exists a natural number m such that u, > O for all n > m. 
Then limu, > 0. 


Proof. Let limu, = wu and if possible let u < 0. 

Let us choose a positive e€ such that u+e< 0. 

Since limu, = u, there exists a natural number k, such that 

UuU—-€<U, <u+e for alln > ky. 

Let k = max{k;,m}. ~ 

Then by hypothesis, u, > 0 for all n > k and we have from above 
Un <ute <Oforaln>k. 

This is a contradiction. Therefore limu, > 0. 


te 1. The theorem also says that a convergent sequence of positive 
numbers may converge to 0. For example, for the sequence {u,} where 
th dun > 0 for alln € N but limu, = 0. 
ote 2. If {u,} be a convergent sequence and u, > 0 for alln > m (m 
-being a natural number) then limu, > 0. 


\Pheorem 5.5.4. Let {un} and {un,} be two convergent sequences and 
there exists a natural number m such that uy, > vy, for alln > m. 
Then limu, > limv,. 


Proof. Let limu, = u,limvu, = uv and wp = Un — Un- 

Then {w,} is a convergent sequence such that w, > 0 for alln > m 
and limwn =u — v. 

By the previous theorem, u—v => 0. 

Consequently, limu, > limun. 


Note. If {un} and {v,} be two convergent sequences and un, > vn for 
alln > m then imu, > limuy. 

If wy = Un — Un then {w,} is a convergent sequence such that wn > 0 
for alln > m and limw,n =u — v. 

Sou—v > 0 and therefore limu, > limun. 
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Corollary 1. If {z,} is a convergent sequence of points in [a,b] and 
lim an = c, then c € [a, }]. 


Corollary 2. If {z,} is a convergent sequence of points in (a,6) and 
lima, = ¢, then c € [a, b]. [ Here ¢ may not be in (a, b)}. 


Theorem 5.5.5. (Sandwich theorem) 


Let {un}, {un}, {wn} be three. sequences of real numbers and there is 
a natural number m such that _— 
Un <Un < Wp for alln > m. 
Iflimu, = limw, =! then {vp} is convergent and Lmv,y = = 1, 


Proof. Let « > 0. It follows from the convergence of the sequences {uy} 
and {wn} that there exist natural numbers k, and ko such that 

| tn —-lU|<eforalln > ky ene [tls aah ere fon elie 

Let kg = max{ky, ke}. 

Thenl—ecu, <lt+eandl—e<w, <Il+e for alln > kg. 

Let k = max{k3,m}. 

Then l—€ < un < Uap < wn <l+e foralln >k. 

Consequently, | vu, — 1 |< ¢ for alln > &k. 

This shows that the sequence {v,} is convergent and lim vn =l. 


Note. If un < Un < Wn for alln > m and limu, = limw, = 1 then 
limvun = l. 


Worked Examples. 
1, Prove that lim Se-pont! — 3. 


lim Sanyal ek = lim ua where uz = 3+ 2 +b and uy, =1+ >. 


Tem CO] 
But lim un = 3 and tim Un = 1. 
Therefore lim es = lim 4a = 3. 


2. Prove that lim a (vn ~ Ma) = 0. 
dim (vnti-~vn) = 


pe STL SI 
= lim up,vn whe Lun = u 
‘ig, tn WHERE tn = ste = eS 


= 0, since limu, = 0 and limv, = Be 
3. Prove that 
: 1 1 
ie Baer =, ee 


Let un = 


1 wees 
teen) ee 


1 
Vn2 +1 


1 one 1 
ay cn Ne ae rad 
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— l 

We have Wren < ITT 
1 1 

afne+s < n?+1 
1 1 


Vnien vnt+t 
Therefore un < ver for all n > 2. 


Again, vari + yer > ve : 
TRET - a TS > Tuts 


Therefore un > Pre for all n > 2. 


ca re 
Thus Fin <uUn < Qa for alln > 2. 
But im en = 1 and im, eT =. 
By Sandwich theorem, limu, = 1. 


5.6. Null sequence. 


A sequence {un} is said to be a null sequence if limun = 0. 


Theorem 5.6.1. If {un} be null sequence then {| up |} is a null sequence 
and conversely. 


Proof. Let € > 0. Since lim un, = 0, there exists a natural number k such 
that | u, |< ¢ for alln > k. 
As | | un | —0'|=| un |, it follows that | | un | —0 |< « for alln > k. 
This proves lim | un |= 0 


Conversely, let lim | un |= 0 
Let « > 0. There exists a natural number & such that 
|| un|—O |< for alln > k. That is, | un |< for alln 2k. 
This proves imu, = 0. 


5.7. Divergent sequence. 


A real sequence {f(n)} is said to erie to oo if corresponding to 
a pre-assigned positive number G, however large, there exists a natural 
number & such that 
f(n) > G for alln =k. 
In this case we write lim f(n) = co and also say that the sequence 
{f(n)} tends to oo. 


A real sequence {f(n)} is said to diverge to —oo if corresponding to 
a pre-assigned positive number & however large, there exists a natural 
number k such that 
f(ny< ~G for all n > k. 
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In this case we write lim f(n) = 
{f(m)} tends to —oo 


A real sequence {f(n)} is said to be a properly divergent sequence if 
it either diverges to oo, or diverges to —oo. 


—oo and also say that the sequence 


i7Thesrant 5.7.1. A sequence diverging to oo is unbounded above but 
bounded below. 


Proof. Let a sequence {f(n)} diverge to oo. Then for each pre-assigned 


positive number G there exists a natural number k such that f(k) > G. 


Therefore there does not exist a real number B such that f(n) < B 
holds for all n € N. In other words, {f(n)} is unbounded above. 
Let G > 0. Then there exists a natural number k such that 
f(n) > G for alln > k. 


Let b = min{f(1), f(2),...,f(k-1), G}. Then f(m) > b for alln Ee N. 
This proves that the sequence {f(n)} is bounded below. 


Note. A sequence unbounded above but bounded below may not diverge 
to oo. 


For example, let us consider the sequence {f(n)} where f(n) = 
~1)" The sequence is {1,2,4,4,4,... ...}. 

The sequence is unbounded above and bounded below, 0 being:a lower 
bound. The sequence does not diverge to oo, because for a pre-assigned 
positive number G' there does not exist a natural number k& such that 
f(n) > G holds for alln >k. © 


ni 


eorem 5.7.2. A sequence diverging to ~oo is unbounded below but 
bounded above. : 


Proof left to the reader. 


Note. A sequence unbounded below but bounded above may not diverge 
to —oo. 


efinitions. A bounded sequence that is not convergent is said to be 
an oscillatory sequence of finite oscillation. 
n unbounded sequence that is not properly divergent is said to be 
an oscillatory sequence of infinite oscillation. 


An oscillatory sequence is therefore neither convergent nor properly 
divergent. It is called an improperly divergent sequence. 
( 


Examples. 
1. The sequence {27} diverges to oo. 


2. The sequence {—n?} diverges to —oo. 
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3. The sequence {(—1)”} is a bounded sequence, but not convergent. It 
is an oscillatory sequence of finite oscillation. 


4. The sequence {(—1)"n} is an unbounded sequence, and it is not 
properly divergent. It is an oscillatory sequence of infinite oscillation. 


5.8. Some important limits. 


HZ lime 0 if | Flea. 


Case 1. r = 0. In this case the sequence is {0,0,0,... ...}. 
The sequence converges to 0. 

That is, limr” = 0 when r = 0. 

Cases: r#O0and jr{<l. 

a > 1, since |r |< 1. Let TW = a+ 1 where a > 0. 

Jr™ —0 [=| r" [=| 7 "= tape: 

We have (1 +a)" > na for alln EN. 


So|r™ -O|< + for alln €N. 
Let ¢ > 0. Then | r™ —0 |< holds ifn > 3 
Let k = [4]-+1. Then & is a natural number and | r” — 0 |< e¢ for all 
n>k. 
Since ¢ is arbitrary, imr” = 


Combining the cases, limr” = 0 if |r |< 1, 


A limal/” =lifa>Oo. 


Case 1. a = 1. In this case the sequence converges to 1. 
Case 2. a> 1. Then a!/" > 1. Let al/®? =1+a4, where ry, > 0. 
Then a = (1+ 27)” 
>l+nza, forn> 1. 
Let € > 0. Phen | oN rod enol ag Ge See 
Let k = (¢24] +1. Then & is a natural number and jars - ¢ for 
all n > k. 
Since ¢ is arbitrary, lima! "=1. 
Case 3.0<a<1. Letb= a Then b> 1 and 
limal/" = lim pba = 1, by case 2. 
- Combining the cases, lima!/" = 1 ifa > 0. 
3. If lima, = 0 and a> 0, then lima*™" = 


We have lima!/" = 1 and lima~!/" = 1. 
Let us choose « > 0. There exist natural numbers ky, ke such that 
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1-e<a/™ <1+e for alln > ky and 1—¢ <a74/" < 1+ e for all 
n> ke 

Let k = max{ky, ke}. 

Then 1—e<al/F citeandl—e<aV/Fclt+e. 

Since lim z, = 0, there exists a natural number p such that 

—; <2, < } for alln >p. 

Let a> 1. Then a7~!/¥ < a® < a)/* for alln > p 

or, l—e<a7V* < at < al/k¥ < 1+ € foralln > p. 


Let O0<a<1. Then al/* < a* < a7 )/* for alln > p 
or, l—e<al/¥ < at <an7/F¥ c1lt+e foralln >p. 
Therefore ifa >0,1—e<a™ <1l+eforalln>p. 
This implies lima™" = 1. 


«Corollary 1. If lima, = 1 and a >.0, then lima® = al. 
«Corollary 2. If lima, = 1, then lime* =e’. 
4. If lima, = 0, then lim log(1+2,}) = 0. 


Let « > 0. ee Slogtls! ta) =e wall bolt e~ eer ee 

Since e > 0,e* —-1>O0ande"*—-1<0. 

By Archimedean property of R, there exists a natural number m, 
such that 0 < mi < e* — 1 and also there exists a natural number m2 
such that 0 < #4 <1-—e7 ae , 

Let m = max{m,, m2}. 


Then 0 < 7; < e* — land 0< 5, <l—e~*. 


Combining, e -l<-i< nes <e—1. 

Since lim ta == 0, there exists a & natural number k such that 
| tn — 0|< + for alln >k 

or, See eet + for alln >k. 


Consequently, € ae l<a,<e&—-lforaln>k 
or, —e < log(1+2,) <« foralln >k. 
This proves lim log(1-+2,) = 0. 


Corollary. Let {z,} be a sequence such that z, > 0 for alln € N 
and limz, =c > 0. Then lim(log z, — loge) = limlog = = lim log(1 + 
Za—<) = 0, since lim =4=£ = 0. 

Therefore lim log z, = loge. 


si If u, > O and limu, = u > 0 for all n € N and lim vp = v%, then 
lim(un)?" = u¥ 
By seaiion (Un) = er 0B Un, 
As limun = u, limlogu, = logu. So lim(v, logu,) = vlog u. 
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By corollary 2 of Ex. 3, lime’ !8™. = evlog4 = y 
or, lim(un)*" = uv”. 


JX lim ni!” = 
ni/" > 1 for alln > 1. 
Let n!/" = 1+, where tn > 0. 
Then n = (1+ 2,)” 
= Lt nen + BEN a to tah 
> gn(n ~ 1)22/ 
Clearly, x? < —2; for alln > 1 


or, | an |< i 


Let « > 0. Then | n!/" — 1 |=| tn |< € holds ifn > 14 4. 

Let k = (1+ 3] +1. Then k is a natural number and | n)/" 
foralln > k. 

Since € is arbitrary, limn!/" = 1, 


—l1|<e 


WM. Behaviour of the sequence {r”} for different real values of r. 


Case 1. r>1. Let r=1-+a where a> 0. 

Then r™ = (1 +a)" >1l+na forn>1. 

Let G > 0. Then 1+ na > G holds ifn > S+. 

Let k =,(@=4] +1. Then k is a natural number and r” > G for all 
n>k. 

Since G is an arbitrary positive number, lim r” = oo. 

Therefore in this case the sequence diverges to oo. 


Case 2, r = 1. In this case the sequence is {1,1,1,... ... } and the 
sequence converges to 1. 


Case 3. |r 
1. 


Case 4, r = —1. In this case the sequence is {—-1,1,—1,... ...}. The 
sequence is bounded but not convergent. The sequence is an oscillatory 
sequence of finite oscillation. 


|< 1. In this case the sequence converges to 0, by Example 


Case 5. r < —1. letr=-—s. Thens>l1. 

The sequence is {(—1)"s"}. It is an unbounded sequence. It neither 
diverges to oo nor diverges to —oo. It is an oscillatory sequence of infinite 
oscillation. 


Theorem 5.8.1. Let {u,} bea sequence of positive real numbers such 
that lim — axel, 


(i) OPS? then tO, 


4 
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(ii) if 2 > 1 then limun = oo. 


Proof. (i) Let us choose a positive € such that 1 + < 1. 
Since lim “S++ = J, there exists a natural number & such that 
SP ee Heti <l+e for alln>k. 
Let l+e=r. Then 0<7r< 1. 
Therefore “=++ <r for alln > k. 
Me <r, UAE ry 
Multiplying, 3s <r™-* forn >k+1 
Or, Un < Sb.7" forn >k+1. 
Now limr” = 0 since 0 <r <1; and “ is a fixed positive number. 
Therefore limu, = 0. 


Hence we have ~ Lae =? forn Sk +1, 


(ii) Let us choose a positive « such that 1—e > 1. 

Since lim Seth = 1, there exists a natural number 7m such that” 
: "pee cM <I fe for all n> m. 
Let l—e=s. Thens>l. 
Therefore “241 > s for alln > m. 
Hence we have “™4+t > 8, pate > Sy06', 
Multiplying, = a s°-™ forn >m+1 
OF, Un > SH. s™forn>m-+l. 


Now lim s™ = oo since s > 1; and 4 is a fixed positive number. 
Therefore lim un = oo. 


ay > sforn = m+. 


than 


Note. If lim — = 1, no definite conclusion can be made about the 
nature of the sequence. For example, (i) if uy, = nth then lim ce =] 
and limu, = 1; Gi) ifu, = 2 then lim a = 1 and limu, = 0. 
Aheorem 5.8.2. Let {un} be a sequence of positive real numbers such 
that lim Yu, = l. 
AJ If 0 <1 <1 then limu, =0. 
Lif) If i> 1 then lim un = OO, 


Proof. (i) Let us choose a positive « such that 1+¢ <1. 
Since lim 7/u, = 1, there exists a natural number k such that 
b-e< Yun <Il+e foralln>k., 
Let l+e=r. ThenO<r<1and Yun <7 for alln > k. 
So we have O <u, <r” for alln >k. 
Since limr™ = 0, limu, = 0, by Sandwich theorem. 


(ii) Let us choose a positive « such that | —« > 1. 
Since lim 3/u, = l, there exists a natural number m such that 


pre ee retire ne arycngteycnen pecen 
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l—-e< vu, <l+eforalln >m™. 


Let ?—e=s. Thens>1l and 7/7 > s for alln > m. 
So we have up, > s” for alln > m. 
Since s > 1,lims” = co: and therefore limuyn = co. 


Note. If lim wun = 1, no definite conclusion can be made about the 
nature of the sequence {un}. 

For example, (i) ifun = 
Un = 3t1 then lim Ytn = 


atl then lim Yun = 1 and limun = 1; (ii) if 
1 anid limu, = 3. 


Worked Examples. 


1. A sequence {un} is defined by unze = $(unz1 + Un) for n > 1 and 
0 < wu < ue. Prove that the sequence {u,} converges to aaa 
UQ-u> 0 
U3 — Ug = gue +) — ug = —4(uz — U1) 
U4 — U3 = ge Ma) Ys = 3 (ue — uz) = (— 


one 


4)? (ug — w1) 


Un — Un1 = (—4)"-2(us — U1). ; 
Therefore uy, — ui = (ue — ui)[1 + (—4) + (-§)? + 
aa ae 


Now lim(un — ui) = (ua - wu) since lim(~—4)"~! = 0. 


+(=$)"-7] 


Therefore lim un 

2. If tn = (a%+b")!/" for alln € N and 0 < a < 5, show that lima, = b- 
= b[($)" + 1)" 
eo hier ane since (2 )*? +1 > 1 for allneN. 

Again, 0 <a<b=> a” <b" for aln EN. 

Therefore a” + 6" < 26” 

or, Zn < 2)/".6 for alln Ee N. 

Let un = 6 for alln € N, un = 2'/"0 for alln EN. 

Then limu, = 6b and limv, = 6 since lim2!/" = 1. 

Now un <n < Un for alln EN. 

Since limu, = limvy, = 6, lima, = b by Sandwich theorem. 

3. A sequence {u,} is defined by u = V2 and uUn+, = /2un for n > 1. 
Prove that limu, = 2. 
uy = 21/2 us = Qu/2+1/2? gin az, 
gl /2+1/2741/29 91g 


af2 = 
Ug ’ 
Un = Ql/2+1/27+---+1/2" _. gl— ar 
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. Ae poo, * . 
lim un = lim 2!~1/2" = lim 27" where z, = 1— a. 


As limz, = 1, we have limu, = lim2*" = 2, since lima, = 1 and 
a>0O=>lima™ =a'. 


4.: If un > O for all n and lim Yun = 4 > O prove that 


lim */(n + l)tnqy = ps. 
ntl 


Jim Yn F1 = lim{(n+ 1)7} 7S, 
Since limn® = 1, it follows that lim(mn +1)7#T = 1. 
Since lim 244 = 1 and lim(n + 1)*#T = 1, we have lim Yn +1 =1 
by Ex 5 of 5.8. 
ntl 


lim 2/iaqi = lim{(un41)* 7}. 
Since lim 7/u, = yu, it follows that lim (un41)*#7 = py, 
Since lim 2+4 = 1 and lim (tn4-1) FFT = p. > 0, we have lim ¢/t;yy = 


Lt. 
Therefore lim ¥/(n + l)un41 = lim( Yn +1. oftayi) = x. 


5.9. Monotone sequence. 


A real sequence {f(n)} is said to be a monotone increasing sequence 
if f(n+1) > f(n) for allneN. ; 
A real sequence { f(n)} is said to be a monotone decreasing sequence 
if f(n +1) < f(m) for allneN, 

A real sequence { f(7)} is said to be a monotone sequence if it is either 
a monotone increasing sequence or a monotone decreasing sequence. 


Note. If f(n +1) > f(m) for all n € N, the sequence {f(n)} is said to 
be a strictly monotone increasing sequence. 


If f(n+1) < f(n) for alln € N, the sequence {f(n)} is said to be a 
strictly monotone decreasing sequence. 

If for some natural number m, f(n+1) > f(n) for all n > m the 
sequence {f(n)} is said to be an ‘ultimately’ monotone increasing se- 
quence. 

If for some natural number m, f(n +1) < f(n) for all n > m the 


sequence {f(n)} is said to be an ‘ultimately’ monotone decreasing se- 
quence. : 


Examples. 


1. Let f(n) = 2",n > 1. 
Then f(n+1) > f(n) for allneN. 
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Therefore the sequence { f(n)} is a monotone increasing sequence. It 
is also strictly monotone. 


2. Let f(r) = ay tae to tare 


Then f(n+1) — f(n) 1 


pa Es oe eee ee 
2n-+1 1 2n+2 n+l 
= Garnaary > 0 for alln EN. 
Therefore the sequence {f(n)} is a monotone increasing sequence. It 
is also strictly monotone. 


3. Let f(n) =2,n2>1. 


n? 
Then f(n+1)—f(n) <0 for alln EN. 
Therefore the sequence { f(n)} is a monotone decreasing sequence. It 
is also strictly monotone. 
4, The sequence {(—2)"} is neither a monotone increasing sequence, 
nor a monotone decreasing sequence. Taerefore it is not a monotone 


sequence. 


«Theorem 5.9.1. A monotone increasing sequence, if bounded above, is 


convergent and it converges to the least upper bound. 


Proof. Let {f(n)} be a monotone increasing sequence bounded above 
and let M be its its least upper bound. 

Then (i) f(n) < M for alln € N and 
(ii) for a pre-assigned positive ¢, there exists a natural number & such 
that f(k) > M—~e. 

Since {f(n)} is a monotone increasing sequence, 

M—e< f(k) <f(k+1) <f(kt2) S00 <M. 

That is, M—e< f(n)< M+eforalln>k. 

This shows that the sequence {f(n)} is convergent and lim f(n) = M. 


ienebren 5.9.2. A monotone decreasing sequence, if bounded below, is 


convergent and it converges to the greatest lower bound. 
Similar proof. 


aheoreni 5.9.3. A monotone increasing sequence that is unbounded 
above diverges to oo. 


Proof. Let {f(n)} be a monotone increasing sequence, not bounded 
above. Since the sequence is unbounded above, for a pre-assigned posi- 
tive number G, however large, there exists a natural number k such that 
S(k) > G. 

Since the sequence { f(n)} is monotone increasing, 
G< f(k) < f(k+1) S$ f(k+2) So 
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That is, f(n) > G for alln > k. 
This proves that the sequence {f(n)} diverges to oo. 


SiG Roel 5.9.4. A monotone decreasing sequence that is unbounded 
below diverges to —oo. 


Similar proof. 


Note. A monotone sequence has a definite behaviour. It is either con- 
vergent, or properly divergent. . 


The theorems on monotone sequences are important and useful in the 
sense that the convergence of the sequence can be established without 
prior knowledge of the limit. The limit of the sequence, however, can be 


determined if the l.u.b. of the increasing sequence (or the g.l.b. of the 
decreasing sequence) be evaluated. 


_ Theorem 5.9.5. (Cantor’s theorem on nested intervals) 


Let {[an,bn]} be a sequence of closed and bounded intevals such that 
(i) [@n4i,0n41] C fan, by] for all n € N, and 
> (ii) lim 6, = 0 where 6, = b; — an = length of [an, ba]. 


Then A [ans bn] contains precisely one point. 
Vs —J 


Proof. [@n+1;n4i] C [an, bn] for alln EN. 

So we have an < an41 and bn4, <b, for alln EN. 

Also an <b, forn EN. 

Therefore a) < a2 < ++: San <-++ <n <*>) Sdn S Dy. 

This shows that the sequence {an} is a monotone increasing sequence, 
bounded above and the sequence {b,,} is a monotone decreasing sequence, 
bounded below. 

Hence both the sequences are convergent. Let lima, = i,limdb, =m. 

Since lim(t, — a,) = 0,1 =m =a, say, 

Therefore a is the least upper bound of the sequence {an} and the 
greatest lower bound of the sequence {d,}. 

Hence an <a anda <b, for allne Nu’ 


This implies a € [a,,b,] for alln € N. That is, aé an lan, On}. 
n= 


We now prove that a is the only point in Ai lan, bn]. 
_ 


If possible, let G € A lan, bal. Then an < @ <b, for alln EN. 


Let us define a sequence {un} by un = G@ for alln € N. Then lim Un = 
B. Now an < tn < bn for n> 1 and lima, = lim bn = a. 
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By Sandwich theorem, limun = & and therefore G = @. 
This proves that a is unique. 


Note. The theorem says that a nested sequence of closed and bounded 
intervals has a non-empty intersecion. 

A nested sequence of open and bounded intervals {In} may not have 
a non-empty intersection. 

For example, let J, ={wmEeR:0<2< 4} for alln € N. Then ve 
is a nested sequence of open bounded intervals since Invi C J, for al 


néN. Here pins In = p. 


A nested sequence of closed and unbounded intervals {IJ,} may not 
have a non-empty intersection. 

For example, let I, = {v € R: x = n} for alln€ N. Then {Jn} is 
a nested sequence of closed and unbounded intervals since In4 1 C In for 


all n € N. Here tn = ¢. 


5.10. Some important sequences. 


The sequence {(1 + 4)"} is a monotone increasing sequence, bounded 


, 1 : ee 4 
Let us consider n + 1 positive numbers 1+ 7,1 + q,-7.1+ 3% 


times) and 1. 


(n 


(1+4)+1 ay) 
Applying A.M.> G.M., we have a >(1 - n) +i 
or, (1+ gag)" > (14+ 9g)” 
i.€., Un+1 > Un for all n € N. 
This shows that the sequence {u,} is a monotone increasing sequence. 
-\) 1 oe n(m—Aje 2-1 
Now tn = Oe ae ee es ear 2y...2.4 
= D+ 1+ gl — 7) 400+ a ~ wll —2 2.4 
< 1+14+44+---+ 4 forall n> 2. 
er . Utilising this 
We have n! > 2” for allae lt g bss eas tate 
1+1t+dt--+a<ltl+gtgt tes, . 
Alsol+1+4+ de te+++ pdr =14+-2[1-(9)"] <3 foralln €N. 
It follows that un <3 for all n € N, proving that the sequence {un} 
is bounded above. 
Thus the sequence {un} being a monotone increasing sequence 
bounded above, is convergent. The limit of the sequence Is denoted by e. 
Since u 1 = 2, it follows that 2 <tn < 8 for alln > 2. 


140 REAL ANALYSIS 


2. The sequence {zn} where z, =1+ 4+ 4+--:+, is a monotone 
increasing sequence, bounded above. And limz, = e. 

fn41—tn = [l+ tat +e -+gtat +4) = wd > 0 
foraln>1. 

So fn4i > In for alln > 1. 

This shows that the sequence {z,} is a monotone increasing sequence. 

tie l+pttaAte +H 

< L+1l+h+ de t+-++ + pes, for n > 3, since n! > 2"! for all 

n> 3, 

Againl+1+3+ 4 +-+--+ g¢y =1+2[1-($)"] <3 forallneN 

It follows that x, < 3 for all n € N, proving that the sequence {z,} 
is bounded above. 


Thus the sequence {z,} being a monotone increasing sequence 
bounded above, is convergent. 
Let Un = (1+ 4)". xs 
Thenu, = 14142472 7 ee 

= 1+1+ 9(1 - 4y4+.--+45(1-4)- 2)--- 
< 14+14++::°+ 4 for alln > 2. 

Therefore limun < lima, ( since both the limits exist). 

or,é <lima, ... ... (A) 


aN] 
ale 


Let us choose a natural number m. Then for each n > m, 
un =14+14+4(1-4)4+---+50-24)0-2)---Q- S*)4--4+ 
Aa 231 2). 
rn! n n m1" Tt 
Sls al 2) tee ee UL eee ea 
Keeping m fixed, let n — coo. Then 
1 1 
lim uw, >l+l1l+24-:-4+—-— 
n—+00 2! mi! 
o,eé2lt+1l+y+°°+5 
OY, im <e. 
The inequality holds for all natural numbers m. 
Proceeding to limit as m— oo, im gm<e.. .. (B) 


Ti? OO 


From (A) and (B), lima, = e. 


a | 
cee 


3. The sequence {(1 + +)"*1} is a monotone decreasing sequence with 


limit e. 
Let vz = (1+4)""". 
Let us consider n + 2 positive numbers 1 — —,1 — —4,::-,1- 


‘n+l? n+1? 
att [((2 + 1) times } and 1. 


Applying A.M.> G.M., we have SS >= 1 Ree 


ce cectamen int ey ech GAR EN ET EN Nett NA A A I 


ere creneerne pena senna Pf 
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1 
or, (BER)? > Ga) 


or, (ath yett > (Be )7+? 


or, (1+ 2)°t? > (At ay)? 
i.e, Un > Unz1 for alln€ N, 
This shows that the sequence {u,} is a monotone decreasing sequence. 
Again un = 1+ 224+ GEP*. Bt. + ger > 1 for allnreéeN, 
Tm i . 
This shows that the sequence {vn} is bounded below. 
Hence the sequence {v,} is convergent. 
Let un = (1 ++)". Then vp — Un = (1+ 4)%.4 
and lim(un — Un) = lim(1 + 4)"-_ = 0. _ 
This implies limv, = limun, since both the limits exist. 
As limun, = é, it follows that lim vn = e. 
Note. un — tn = (1+4)".4 > 0 for alln EN. 
Since tn < Unt. and Un+1 < Un for all n € N, we have un < Un+i < 
Un+1 < Un- : 
Let In = [tn, Un] be an interval. Then Ingi C In for alln EN. 
The sequence of intervals {J,} is such that 
(i) Inga C In for alln € N; and = (ii) lim | In |= 0. 
. By Cantor’s theorem on nested intervals, an I, is a singleton set and 
r= 


the set is {e}. 


Worked Examples. 


1. Prove that the sequence {un} defined by 
uy = V2 and uns = V2Un for all n 2 1 converges to 2. 


The sequence is { V2, S272, V2V2V2,0+7 } 


ue gy — Ue = 2(Un — Un~1) 

or, (Un41 + Un) (n41 ~ Un) = 2(tn — Un—1)- 

Since un, > O for all n, Un+1 > OT < Un according a8 Un > OF < Un-1- 
But ua > uz. Consequently, ug > U2,Ua > U3, and therefore 


{un} is a monotone increasing sequence. 


Again 2u, = u24, > uz, for alln EN. 
That is, u2 — 2un <0 for alln€ N 
OF, Un(tin — 2) < 0 for alln € N. 
But u, > 0. Therefore un < 2 for alln € N. 
This shows that the sequence {un} is bounded above and therefore it 
is convergent. 
+ 
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Let limu, = 1. 

By definition, u2., = 2u, for alln EN. 

Taking limit as n — 00, we have |? = 2l. Therefore | is either 0 or 2. 
But / cannot be 0 since the sequence {un} is monotone increasing and 
uw = V2>1. 

Therefore 1 = 2. That is, the sequence converges to 2. 


- Prove that the sequence {u,} defined by 
u, = V7 and uaa, = /7 tun for all n = 1 converges to the positive 
root of the equation z* —z—7=0. 
a am a a 


The sequence is {/7, .\/7+ VOUV THR VT+ J, Pee eas } 
2 


uz — U2 = un — Unt. 
or, (Ugi1 ae Un) (Un+1 e Un) = Un — Un-1- 
Since un > 0 for all n, Un+i > OF < Un according as u, > or < tUn_i. 
But wz > uy. Consequently, uz > u2,ug > Ug yr ree and therefore 
{Un} is a monotone increasing sequence. 


Again u2 < u2,,=7+ un, for allneN 

or, uA —un—-7 <0 

Or, (Un — @)(un — 6) < 0 where a, are the roots of the equation 
z° —x— 7 = 0. One of the roots is negative and the other is positive. 
Let ape 0. y eo: 

Since un > O for allne N,tn —a > 0. Consequently, un < @ for all 
nmeEeN. 

This proves that the sequence {un} is bounded above and therefore 
the sequence {u,} is convergent. 


Let imu, = l. 

By definition, uz, = 7+ un for alln EN. 

Taking limit as n — 00, we have /? = 74 1. 

Therefore (1 — a)(l — 6) =0.. 

But l 4 a, since each element of the sequence is positive and a < Q, 
Therefore | = g: That is, the. sequence conyerges to the positive root of 
the equation x? — x — 7 = 


3. Let un =14+$4+---+12—lognju, = L+$+---+—4, —logn,n > 2. 
Show that {un} is a monotone decreasing sequence and {un }%&. isa 
monotone increasing one and they converge to the same limit. 


Unti ~ Un = ay — log(n + 1) + logn = zh, — log(1 + 2). 


Un+1 — Un = 4 — log(n+1)+logn = * — log(1 + 4). 
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“as the sequence {(1 + +)"*!} is a strictly monotone decreasing se- 
quence converging toe, (1+ 4)"+! >e forallneN. 

Therefore log(1 + +) > =H for alln & N 

OY, Un+1 < Un for alln EN. 


’ This shows that the sequence {un} is a strictly monotone decreasing 
sequence. ; 
w” As the sequence {(1+ 4)"} is a strictly monotone increasing sequence 
converging toe, (1+ 7)" <e for allnEN. 
Therefore log(1+ +4) < +4 for allneN 
OF, Un+1 > Um for all n > 2. 
Therefore the sequence {v,} is a strictly monotone increasing se- 
quence. 
Again + > log +! = log(n +1) — logn. 
Therefore 1 > log 2—log1, 4 > log3—log2, ---, 2 > log(n+1)—logn. 
So we have 1+5t+---+2 > log(n+1) > logn. 
Hence un > 0 for alln EN. 
Therefore {u,} is a monotone decreasing sequence bounded below. 
Hence the sequence {u,} is convergent. 
Let limun = +. 
Now tn — Un = 3 for n > 2. Therefore liniu, = 7. 
Thus the sequences {u,} and {v,} converge to the same limit ”. 
te 1. This limit + is called Euler’s constant. 
Since uw; = 1 and {tn} is a strictly monotone decreasing sequence, 
.y¥ <1. Since vg = 1 ~ log2 = 1 — .69315 > 3 and {v,,} is a monotone 
increasing sequence, -y > .3. Therefore .3< y < 1. 
The approximation of -y upto six places of decimal is given by y = 
0.577215. 
Note 2. 1+3+43+---+2-—logzn is denoted by ¥,. Then the sequence 
{ym} converges to y and 1+ B+ Rb t+ 2 = yn, + logn. 
es ee 
Evaluation of the limit of some sequences can be done by the help of 
Euler’s constant. 
For example, if 6, = si; + akg +--+ + ok, then 
lim syn =lim[(1+34+---+)-(1+44.---4+2)] 
= lim[(yen + log 2n) — (Yn + log n)] 
= lim[yen — Yn + log 2] 


= log 2, since lim-yon = lim >, =¥. 
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vA Two sequences {tn}, {yn} are defined by ; 
tapi = E(tn + Yn)iYnti = VEnyn forn > land a> Ou > 0: 
Prove that both the sequences converge to a common limit. 


Case 1. Let 21 # 41- 
zq = 3 (a1 +y1) > fHiy = Yr." 
Let us assume that rp > Ykr- 
Then 2,41 = 3 (tk + Yk) > SER = Yeti: 
Le > Yr implies Ge+1 > Yi and x2 > y2- 
By the principle of induction, zn > Yn for all n > 2. 


Crp = 5 (Zn + yn) < $ (an +2n) =n for alln 2 2 


Until = JEnIn > J¥n-Yn = Yn for alln > 2. 
So we have yo < y3 < Ya Sct <4 < 43 < LQ. 
Therefore the sequence {%n}%22 is a monotone decreasing sequence 


bounded below and the sequence {yn}%.2 is a monotone increasing se- 
quence bounded above. Hence both the sequences are convergent. 


Let lima, =/, limy, =™. . 

=i for alln € N. 
Cn+1 = 5(Zn + Yn) ; ; n 
Proceeding to limit as n — oo, we have 1 = 3(1+m). Le., l=m. 


Therefore the sequences {z,} and {yn} converge to a common limit. 


ase 2. Let xj = y1- 
In this case 2, = Yn = £1 for alae N. _ 
Therefore {z,} and {yn} both converge to the same limit 71. 


5. If uy > O and unyi = 5 (Un + =) for n > 1, prove that the sequence 


{un} converges to 3. 
ue — QUntngi + 9= 0. This is a quadratic equation in Un having real 


roots. Therefore 4u2,,, — 36 2 0. | . 
This implies un+1 > 3 for all n > 1, since un+1 > 0 for alln > 1. 


1 2. 
Un — Un+i = Un — 3 (Un 2 ) : 
9\ .— luna? > 2. 
= 3 (un _ a) = 2-2) > 0 for alln => 2 
Therefore un+i < Un for alln 2 2. 
This shows that the sequence {un}7i-2 is monotone decreasing se- 
quence bounded below and hence the sequence {un} is convergent. 


Let limu, = l. Se iui dae 
Unti = $(Un + 2) for n > 1. Proceeding to limi ; 


have | = 4(1 + 2). This gives | = 3, since | > 0. 
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Exercises 7 


ce a) ae Ww 


ft. (i) Give an example of a sequence of rational numbers that converges to 
an irrational number. ; 


~“Tii) Give an example of a sequence of irrational numbers that converges to 
a rational number. 


ili) Give an example of divergent sequences {un} and {vp»} such that the 
sequence {un + Un} is convergent. 


ti) Give an example of divergent sequences {un} and {vn} such that the 
sequence {unvn} is convergent. 
2. Find sup{u,} and inf{u,} where 

(i) un = (-1)" + cos 3%, (ii) un = cu + sin 32. 


3. Let {un} be a bounded sequence and limv, = 0. Prove that limunvn = 0. 
Utilise this to prove that : 


(i) lim #22 = 0, (ii) lim GP4" = 0, (iii) lim(—1)"an = 0 if liman = 0. 
4, Let {un}, {un} be two real sequences with limu, = l,lim un = mm. 


If tn = max{un, vn}, yn = Min{un, vn} prove that the sequence {x,} con- 
verges to max{l,m} and the sequence {y,} converges to min{i,m}. 


[ Hint. max{a,b} = 4{a+ 5+ | a—b]},min{a,b} = ${a+b-— |a—b |} for 
alla,be R. ] 


5. If {un} be a bounded sequence and 2, = min{ur, Ur4i, Ur+a,*°}) Yr = 
max{Ur, Ur+1, Ur+2,'+-}, for r > 1, prove that {rn} and {yn} are both mono- 
tone convergent sequences. : 

If liman = limyn =! prove that the sequence {un} converges to l. 


[ Hint. xn < magi and yn > yn+1 for all n. an <S un < Yn for all n.] 
6. Prove that the sequence {un} is a null sequence. 
(i) in = BL, (ii) un = GE, (ili) um = b> 1. 
Use Sandwich theorem to prove that 
(i) lim(/n+1— Jn) =0, (ii) lim(2" + 37)" = 3, 
(ii) tim aye + age to + ate] = 9 (Civ) tim 135,559 = 6. 


2,4.6,..2n 


: F _— 1.3.8...(2n—-1 4... : 
[ Hint. (iv) Let up = +355055). Then un,< ge seta since -2; < BH 


for alln > 1. Therefore u2 = un.tun < spai for alln > 1. ] 

& HO<ui <1 and uayi = 1—- JY1— wun,» for n > 1, prove that 
(i) the sequence {u,} converges toQ and = (ii) lim Gath =} 

[ Hint. 1 —unyi = (f— un)? =(1- neal sees =(1—um)!/?”, ] 


9. Prove that (i) lim Yn+1=1, (ii) lim *+/7=1, 
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nm . n2 
(iii) lim p45 =e", (iv) lim{(i+ S)(+ wa + 3)}" =e!. 
n nt ne. 
(op = (1+ 2) P(A + ed 
10. Prove that the sequence fun} defined by 
(i) ur = V3 and unsi = V3un for n > 1, converges to 3; 


(ii) uw. = V6 and ungi = V6 F Un for.n > 1, converges to 3. 


li. A sequence {u,} is defined by ui > O and undi = V6+Un forn > 1. 
cei Ane 
Show that 


{ Hint. 


(i) the sequence {un} is monotone increasing if O < ui < 3; 
(ii) the sequence {u,} is monotone decreasing if wu: > 3. 
Find lim un. 


A sequence {u,} is defined by uw; > 0 and unzi = = 20tea) for n 
Prove that 
(i) the sequence (uui} is a decreasing sequence if ui > 1; 


iv 
fa 


(ii) the sequence {un} is an increasing sequence if0 <u, <1. 

(iii) limun, = 1 in both cases. 
é3) Prove that the sequence {u,} defined by 

G) 0 < ui < ue and tny2 = Pentti for n > 1, converges to uitse2. 

(ii) O << ur < ue and Un+e = Engi tiun for n> 1, converges to eur foie | 

Gil) O < uy < ue and nye = SUnyitin for n > 1, converges to the limit 
R/uruZ, 

(iv) 0 <u. < we and —#— = 


nbs aS 
1 2 
afar + aa 


ia) If sy > O and sn4i = $(8n + 4) for n > 1, prove that the sequence {s,} 
is a monotone decreasing sequence “Bounded below and lims, = 2. 


+ a ~ for n > 1, converges to the limit 


15. Prove that the sequences {zn} and {yn} defined by 


2 eo ak 
Tn4+1 >= VfCln¥n and Unya canon, + 
a common limit. 


= for,n > 1,21 > 0,y1 > O converge to 


16. Prove that the poi {xn} and {yn} defined by 


Ln4+1 >= d (an + Yn), = + 


Tari in 
a common limit | where /? = #14. 


x for 2 > 1,21 > 0,y1 > O converge to 


di. 2: 7 
4 ~ log is 


17. Prove that the sequence {yn} where yn = 1 + 4 shoe +b 
convergent. Hence find 


(i) lim[1 -44+2—----- A), Gi) lim(4 + fp +--+ + ager): 
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\, Let $ be a non-empty subset of IR having a limit point. Show that there 
exists a sequence {un} of distinct elements of S sych that limun = d. 


* Let S be an infinite subset of R that is bounded above and let supS ¢ S. 
Show that there exists a monotone increasing sequence {un} with un € S, such 


that limun = supS. Se ea nEn | \ 


Let {u,} be a real sequence and {r,} be a strictly increasing sequence 
of natural numbers, i.e., 71 < re < 73 < +++ << ry <--+- Then the sequence 


{ur, } is said to be a subsequence of the sequence {u,}. The elements of 
the subsequence {u,, } are ur,,Urg,--- 


5.11. Subsequence. 


Let r: N -—» N be a sequence of natural numbers such that r1 < rp < 
<The ee andu:N — R be a real sequence. Then the composite 
mapping uor: N — R is said to be a subsequence of the real sequence u. 
The elements of the subsequence wor are Up, ,Urg:-- 


a) 
Examples. 
Wd Let un = 2 and rz = 2n for alln EN. 
Then {uy } = {Ua, Ua, Ue, ie ee } 
= {3,4,8):++ ++} is a subsequence of {4}. 
f/ Let un = + andr, = 2n—1 for alln EN. 
Then {u,, } = {tr Us, U5, ieee } 
= {1,3,3,--: ---} is a subsequence of {4}. 
3. Let un = (—1)" and ry, = 2n for alln EN. 
Then {u,, } = {we, Ua, Ug,.-- os. } 
= {1,1,1,...... } is a subsequence of (n"y 
4. Let uz, =1+1/n and r, = n? for all n EN. 
Then {uy, } = {1+ll+¢,1l+3,:----: } is a subsequence of {1++}. 


eorem 5.11.1. If a sequence {un} converges to 1 then every subse- 
quence of {u,} also converges to l. 


Proof. Let {rn} be a strictly increasing sequence of natural numbers. 
Then {u,,, } is subsequence of the sequence {u,}. 

Let « > 0. Since limu, = 1, there exists a natural number k such that 
i-e<un<l+eforalln > k. 

Since {r,} is a strictly increasing sequence of natural numbers, there 
exists a natural number kp such that r, > k for all n > ko. 

Therefore 1 —€ < ur, <1+¢ for all n > ko. 

Since ¢ is arbitrary, im Ur, = 1. 
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Note. If there exist two different subsequences {u,,} and {ux, } of a 
sequence {un} such that {ur,, } and {uz,, } converge to two different limits, 
then the sequence {u,,} is not convergent. 

If a sequence {u,} has a divergent subsequence then {un} is divergent. 


Worked Examples. 

1. Prove that lim(1+ 4)" = ve. 
Let un = (1+ 4)", un = (1+ 4)?” and wn = (1+ 4)" for alln EN. 
{un} is a convergent sequence and lim tn = e. 
Since vn = ton for all n € N, {vn} is a subsequence of {un} and 


therefore limvn =e. 
Now wn = Vv, for alln EN. Therefore limw, = lim in = Ve. 


2. Prove that the sequence {(—1)”} ‘is divergent. 

Let Un = (-1)", Un = Yan, Wn = U2n-1- 

Then {un} is the subsequence {1,1,1,... --. } and limv, = 1, 

{wry} is the subsequence {—1,—1,—1,... --. } and limwn = ~1. 

Since two different subsequences converge to two different limits, the 
sequence {tn} is divergent. 
Theorem 5.11.2. If the subsequences {uan} and {uan-1} of a sequence 
{un} converge to the same limit / then the sequence {u,} is convergent 
and lim uy, = 1. 
Proof. Let us choose « > 0. Since lim ven = L, there exists a natural 
number k; such that | wan — 1 |< € for all n > fi. 

Since lim wen,_1 = J, there exists a natural number ky such that 

| uan—1 —1 |<e for all n 2 ke. 

Let k = max{k1,k2}. Then & is a natural number and for all n = 
k, l~€<um<lt+eandl—€ < Uan-2 <lt+e. 

That is, i -€ <tun<l+e for all n > 2k —1. 

As 2k —1 is a natural number, it follows that lim un = Le 


©) Note 1. If two subsequences of a sequence converge to the same limit 1, 
the sequence {u,} may not be convergent. 


For example, let un = sin 3. 
Ox 


Then the subsequence {vgn—7} is {sin 5, sin 97, sin +7*,---} and this 


converges to Ws: 
The subsequence {ugn—s} is {sin $F, sin i, sin igm,..-} and this con- 
1 
verges to Ys: 
But the sequence {u,} is not convergent. 
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2.1fk Ee Nandk subsequences {teen}, {Urn—1}, {Unn—2}, +++ {Ukn—Ke+i} 
ed = the same limit / then the sequence {u,} is convergent and 
imu, = lL. 


Worked Examples (continued.) 


4. Prove that the sequence {u,} defined by 0 < ui < ug and Unie = 
z(Un + Un41), is convergent. 


Shi, a ig — i 
U3 — U; = mtv _y, = C4 sO, ie, ws < us. 
Sapp reer Se = i 

U3 Ug = “ites —y, = M449) <0, Le, ug < us. 

So u, < ug < Ug. 

Similarly, ug < ua < ue,u3 < Us < Ug, Us < Ug < U4, «> 

The inequalities give , 

Uy Ug SUR Set) SO Ue SM Ug < Ug. 

This shows that the sequence {u2,-1} is a monotone increasing se- 
quence bounded above, ug being an upper bound; and the sequence {u2n } 
is 4 monotone decreasing sequence bounded below, wu; being a lower 
bound . 

So both the sequences {uon} and {uean—,} are convergent. 

Let lim wen = 1, lim uan—) = m™m. 

Now 2uen+2 = Uan + Uens1 for alln EN. 


Proceeding to limit as n — oo, we have 21 =1+m,ie.,l =m. 
Thus the subsequences {uzn} and {u2,—,} converge to the same limit 
i and therefore the sequence {un} is convergent. 


(6) A sequence {u,,} is defined by un, > 0 and un4i = me for allne N, 
(i) Prove that the subsequences {t2n-1} and {u2,} converge to a 


common limit. 
(ii) Find lim up. 


ae a a =, SrUn—us . (2-—tn)(3+tun) 
Und1 ~ Un = Tg — Un = Se = Coane) 
Therefore un, <2 => Un < Un41j3 Un > 2 => Un > Un4i- 

. ee 6 
Again un < 2 > Uni = Tra. > 2;Un > 2 > Uns = oe CaP 
It follows that . 
Un <2 => Un <2 < Unais Un > 2 = Ungi <2< Un ... (i) 

a _. GUi+un) —_ 6—un—u2 (2-und3 

Unt2— Un = “Fey, nS Sl He Stn) 
Un <2 => Un < Un+2} Un >2> Un > Undo + (ii) 


Case 1. Let u; < 2. Then uz > 2. 
From (i) u; < 2 = uy < 2 < ua; Ug > 2 => ug < 2< Ug) Ug <2 
ug <2 < ua; Ug > 2 => ug < 2 < Ugj- 


* 
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From (ii) wy <2 => ui < ugj;ug < 2 => ug < Us53-°- 
Ug > 2 => ug > Ug) Uq > 2 => Ug > UB > 
Therefore u, < uz < us <--- << ug < Ug < Ud. 


This shows that the subsequence {u2n_-1} is a monotone increasing 
sequence, bounded above and the subsequence {won} is a monotone de- 
creasing sequence, bounded below. Hence both the subsequences are 
convegent. 


Let lim uen_1 = 1, lim ue, = m. 


We have U2In = Tee U2n+1 = a for alln EN. 


1+tu2n 
. ee Keage es ©: 
Taking limit as n — co, we have m= Tai! cade praror 

Therefore 1 = m and the subsequences {u2n_-1} and {uo,} converge 
to a common limit. 


Case 2. uj; > 2. 
’ From (i) and (ii) it follows that ue < ua < ug < +++ < us < ug < U1. 
The subsequence {u2n} is a monotone increasing sequence, bounded 
above and the subsequence {u2n_-1} is a monotone decreasing sequence, 
bounded below. 
Hence both the sequences are convergent. 


Proceeding as in case 1, it can be shown that they converge to a 
common limit. 


Gi) Let the limit be 1. We have un41 = ro for alln EN. 
Taking limit as n — oo, we have | = 7%). This gives 1 = 2, or | = —3. 


As un > 0 for alln € N,l 4 —3. Therefore lim wu, = 2. 


Theorem 5.11.3. Every subsequence of a monotone increasing (de- 
creasing) sequence of real numbers is monotone increasing (decreasing). 


Proof. (i) Let {un} be a monotone increasing sequence. Then for any 
two natural numbers p,q with p > q,Up 2 Ug- 

Let {u,,, } be a subsequence of {u,}. Then {rn} is a strictly increasing 
sequence of natural numbers. This implies rz.1 > 7, for alln EN. 

Tnt1 > Tn => Uragi 2 Ur, for all n. 

This proves that {ur} is a monotone increasing subseqeunce. 


(ii) Similar proof for a monotone decreasing sequence {up }. 


Theorem 5.11.4. A monotone sequence of real numbers having a con- 
vergent subsequence with limit /, is convergent with limit l. 


Proof. Let {u,} be a monotone increasing sequence and {u,,} bé.a 
subsequence of {un} such that limu,, = J. 
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Since {un} is a monotone increasing sequence, the subsequence {u,,, } 
is also monotone increasing, by Theorem 5.11.3. 
Since {u,,,} is a convergent sequence, it is bounded above. 


‘We assert that the sequence {u,} is bounded above. If not, let {u,} 
be unbounded above. Then being a monotone increasing sequence it 
must diverge to co and therefore for a pre-assigned positive number G, 
however large, there must exist a natural number k such that u, > G 
for all n > k. Since {r,} is a strictly increasing sequence of natural 
numbers, there exists a natural number kg such that r, > k for all 
n > ko. Consequently, u,, > G holds for all n > ko. 

Since G' is arbitrary, the sequence {u,,,} must diverge to oo, a contra- 


‘diction. So our assertion is established and the sequence {un} is bounded 


above. 


Thus the sequence {u,} being a monotone increasing sequence, 
bounded above, is convergent. 


Let limu, =m. Then {u,,} being subsequence of {un} converges to 
m, by Theorem 5.11.1. Therefore 1 = m. This completes the proof. 


Theorem 5.11.5. A monotone sequence of real numbers having a di- 
vergent subsequence is properly divergent. 


Proof. Let {un} be a montone increasing sequence having a divergent 


‘subsequence {u,,}. Since the sequence {u,} is monotone increasing, 


the subsequence {u,, } is also monotone increasing and therefore it is a 
properly divergent subsequence. Consequently, the subsequence {u,, } is 
unbounded above. Hence the sequence {un} must be unbounded above 
and therefore it is properly divergent. 


Similar proof if {u,} be a monotone decreasing sequence. 
Worked Example. 


1. Prove that the sequence {up} is divergent where un = 1+$+$+---+2. 


Unt1 — Un = sty > O for all n. Therefore the sequence {un} is a. 


monotone increasing sequence. 

Let r, =.2". Then {r,} is a strictly increasing sequence of natural 
numbers and so the sequence {u,, } is a subsequence of {uy}. 

Now ur, = tan 


me he ae eee + (get te-- tok) 
SAG Pa) GG be a) +(e +--+) 
=1+ 5+ 2h 4+ 2 fete tam tb 
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Let vn = 1+ 4%. Then u,,, > vn for all n > 2 and lim; = co. 

Therefore linet Ur, = CO. 

Thus the sequence {u,} is a monotone increasing sequence nace a 
properly divergent subsequence {u,,} and therefore the sequence {un} 
is properly divergent. 


Theorem 5.11.6. Every sequence of real numbers has a monotone sub- 
sequence, 


Proof. Let {un} be a sequence of real numbers. An elerment u;, is said 
to be a peak of the sequence {tin} if ux > un for all n > k, ie., ux is 
greater than or equal to all subsequent elements beyond uz. A sequence 
' may or may not have a peak or else it may have a finite or an infinite 
number of peaks. 
We consider the following cases. 


Case 1. Let the sequence {un} have infinitely many peaks. 
Let the peaks be u,,,Ur,,Urg,--- (Ur, being the first peak, u,.. being 
the second,...). Then ur, > ur, > Urs 2° 


The subsequence {ur,, Ur, Urg;++ 
quence. 


-} is a monotone decreasing subse- 


Case 2. Let the sequence eve either no peak or a finite number of 
peaks. 

Let the peaks be arranged in ascending order of the subscripts as 
., Ur, Let 81 = Tm +1. Then us, is not a peak and there is 
no peak beyond the element ug,. 

Since us, is not a peak, there is an sg € N with sg > s; such that 
Us, > Us,- 

Since us, is not a peak, there is an s3 € N with s3 > se such that 
Us, > Usy- 

Eroscedine thus we obtain natural numbers s; such that sy < sg < 
$3 <-:- and us, < Us, <Usg < <*> 

Cleasiy: the subsequence {ug,, } is a monotone increasing subsequence 
of the sequence {up}. 


Ur, sUrers 


This completes the proof. 
Examples 


1. Let u, = sin 22,n € N. The sequence is {1,0, ~1,0,1,0,—1,0,---} 
Here u, > un for all n > 1. Therefore wu; is a peak. 
us > Uy, for alln > 5. Therefore us is a peak. 
Here ug > un for all n > 9. Therefore ug is a peak. 


: 
| 
| 
| 
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The infinitely many peaks are uj, us, ug,... 


The subsequence {u1, Us, U9, U13, ..-} is a monotone subsequence of 
the sequence {u,}. 


2. Let un = n{-)”", The sequence is {1, 2, 3,4,4,6,4,---}. 

Here the sequence {u,} has no peak. 

u, is not a peak. Let s; = 1. Since us, is not a peak, tists is a 
natural number s2 > s; such that us, > us,. Here so = 2. 

Since us, is not a peak, there is a natural number 53 > s2 such that 
Us, > Us,- Here sz = 4. : 

By similar arguments, sq = 6,85 = 8. 

Thus {u1, ve, U4, Ug, Ug,--.} isa winotene increasing subsequence of 
the sequence {up}. 


5.12. Subsequential limit. 


Let {un} be a real sequence. A real number J is said to be a subse- 


quential limit of the sequence {un} if there exists a subsequence of {un} 
that converges to l. 


Theorem 5.12.1. A real number / is a subsequential limit of a sequence 
{un} if and only if every neighbourhood of J contains infinitely many 
elements of the sequence {u, }. 


Proof. Let | be a subsequential limit of the sequence {un}. Then there 


- exists a subsequence {u,,,} such that lim u,, = l. 
n--CO 


Let us choose a positive «. Then there exists a natural number k such 
that l—e<u,, <l+e for alln > k. 

Therefore 1—-¢ <u, <?+e for infinitely many values of n. 

Since.e is arbitrary, every neighbourhood of / contains infinite number 
of elements of the sequence {Un}. 


Conversely, let the sequence {tn} be such that for each preassiened 
positive « the e-neighbourhoed of / contains infinitely many elements of 
the sequence. 

Let « = 1. Then 1—1 < up <l+1 for infinitely many values of n. 
Therefore the set S; = {n:l—1 < un, <1+1} is an infinite subset. of the 
set N. By the well ordering Property of the set N, S; has a least element, 
say 11. 

Therefore | — l<ury,<t eo 

Let ¢ = 4, Then | — $ < Un . 1+2 for infinitely many values of 
n. Therefore the set Sg = {n:l— 5 <tUn <i+ 3} is an infinite subset 
of N and hence there exists a natural number r2(> m1) in Sg such that 
l-ie< Ura <l+4 


i 
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Continuing thus, we obtain a strictly increasing sequence of natural 
numbers {71,72,73)+-- +++ } such that 1-1 <u, <1+2 for allnéN. 

By Sandwich theorem, limu,, = l. 

In other words the subsequence {ur, } converges to l. 

That is, J is a subsequential limit of the sequence {un}. 


Wote. The limit of a sequence, if it exists, is also a subsequential limit 
of the sequence. 


Theorem 5.12.2. (Bolzano-Weierstrass theorem) 


Every bounded sequence of real numbers has a convergent subse- 
quence. 


Proof. Let {un} be a bounded sequence, Then there is a closed and 
bounded interval, say J = [a,b], such that up € I for every n EN. 

Let c = aye and J’ = [a,cl,Z” = [e,b]. Then at least one of the 
intervals J’ and I” contains infinitely many elements of {un}. 

Let J; = [a:,b;] be such an interval. Then 1) C J and | I, | = the 
length of the interval = }(b— a). 

Let c, = S42 and I, = (a1,c1), 77 = [c1, 01]. Then at least one of 
the intervals J] and J// contains infinitely: many elements of {un}. Let 
In = [a2,b2] be such an interval. 

Then Ig C fy and | Ip |= $/ hi |- 

Continuing thus, we obtain a sequence of closed and bounded intervals 
{I,} such that 

(i) In41 C In for all n €,N; 

(ii) | In |= sx (b — @) and therefore lim | In |= 0; and 


(iii) each J, contains infinitely many elements of {un}. 

By Cantor’s theorem on nested intervals, there exists a unique point 
a such that a € Par Tain 

We prove that a is a subsequential limit of the sequence {un}. 

Let us choose € > 0. There exists a natural number k such that 

0 < 552 <«. That is, | Jk |< €. ; 

Since a € I, and | J, |< e, J, is entirely contained in the neighbour- 
hood (a — «,a-+e) and consequently, the «-neighbourhood of & contains 
infinitely many elements of {un}. 

Since ¢ is arbitrary, each neighbourhood of a contains infinitely many 
elements of {un}. Therefore & is a subsequential limit of {un}. 

Therefore there exists a subsequence of {u,} that converges to a. Tn 
other words, {un} has a convergent subsequence. 

This completes the proof. 
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Note. Another version of the theorem is - Every bounded sequence of 
real numbers has’ a subsequential limit. 


Examples. 
i. The sequence {u,} where u, = sin 3%,n > 1 is a bounded sequence 
since | un |< 1 for alln > 1. 


(i) The subsequence {u1,us,Ug,... .-- }, ie, {tan—3} is a convergent 
subsequence that converges to 1. : 


(ii) The subsequence {u2,u4,ue,..- --. }, i.e, {won} is a convergent 
subsequence that converges to 0. 


é Wifi) The subsequence {u1,u3, Us)... -- d, 


tUen-1} is aldivergent 


ub : : y 
subsequence, Suz SMMT, MaWeh CS IK C 
Note. The example I (iii) shows that a bounded sequence may have 
subsequence. ; : 
Net Con iS = 
2. The sequence {u,} where up, = n‘~))”" is an unbounded sequence. 
The sequence is {1,2,5,4,4,6,... ...}. 
(i) The sequence {uo, U4, teg,... »-- }, ie., {uan} is a properly diver- 
gent subsequence. ail 
(ii): The sequence {u1,u3,us,-... --.}, be., {tan-1} is a convergent 
subsequence. ; 


Note. The example 2(ii) shows that an unbounded sequence may have 
a convergent subsequence. 


a Characterisation of a compact set. 


eorem 5.13.1. Let K be a non-empty subset of R. Then K is 
compact if and only if every sequence in K has a subsequence convergent 
to a point in K. 


Proof. Let K be a compact set. Let {x,} be a sequence in K. 

Since K is compact, K is a closed and hounded set. Since {an} is 
a sequence in K, it is a bounded sequence and by Bolzano- Weierstrass 
theorém it has a convergent subsequence, say {xr}. Let lim zr, = l. 

We prove that i 6 K. 

Let 1 ¢ K. Then! € R—K. Since K is a closed set, it follows that 
IR — K is an open set and I is an interior point of R — K. So there exists 
a neighbourhood N(l) of i such that N(I) CR-K. 

Hence N(i) contains no element of the sequence {x,,} and therefore 
l cannot be the limit of the sequence {z,,,}, a contradiction. 

Therefore 1 € K. 
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Thus every sequence in K has a subsequence convergent to a point 
in K. 

Conversely, suppose that K is a non-empty subset of R with the property 
that every sequence in K has a subsequence convergent to a point in K. 
Let T be an infinite subset of K. 

Let 21 € T,2q € T — {21}, 23 € T — {21,22},...... 

Continuing thus we obtain a sequence {z,,} of distinct elements in 
K. By hypothesis there is a subsequence {z,,,} which converges to some 
point z in K. Therefore z is a limit point of the set T. ; 

Thus K is such that every infinite subset of K has a limit point in K 
and therefore K is compact. [| Theorem 3.16.4] 

This completes the proof. 


Worked Examples. 


1. If S and T are disjoint compact subsets of R prove that d(S,T) > 0, 
where d(S,T) =inf{jxr-—y|:2€S,y eT}. 
Let P={|a-—y|: ce S,ye€T}. 
Since S and T are disjoint subsets, none is empty. Let s € S,teT. 
Then | s —t |e P and therefore P is a non-empty subset of R. 


Also P is a set of non-negative elements and therefore P is bounded 
below, 0 being a lower bound. 


By the infiinuin property of R, inf P exists and inf P > 0. We prove 
that inf P > 0. 


If inf P = 0, then for a pre-assigned positive « there exist points 
z’'éS,y' €T such that 0 <| 2’ —y’ |< O+€. 

Since S and T are disjoint x’ # y’. Therefore 0 <| x2’ —y’ |< e. 

For ¢ = i, there exist points z, € S,yn € T such that 

0 <|2n — yn |< * 
_ This holds for alln € N. 

{z,} is a sequence of points in S. Since S is compact, there is a 
subsequence {z,,,} of {x,} converging to a point, say z, in S. 
Now | zr, — yr, |< x for alln EN. 
Therefore lim(z,,, —yr,,) = 0 and since lim z,,, = x, we have limy,,, = 


Zz. 


But {y,,} is a convergent sequence in T and since T is compact, 
limy,, €T. That is, 2eT. 

Therefore z € S and zg € T. This contradicts that S and T are 
disjoint. 

Hence d(S,T) =inf P > 0. 
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2. Let K be a non-empty compact set in R and p € R. Prove that there 
exists a point c in K such that sup{|p—az|:ceK}=|p—e¢ |. 


Since K is compact, K is bounded. Therefore the set 
H={|p-al|:r2e K} is a bounded set. Since K is non-empty, H is 
non-empty. 7 

By the supremum property of R, sup H exists. Let sup H=M. 

Let « > 0. Then there exists an element in the set, say | p— Zo |, such 
that M—e <|p—2z0 |< M.. 

Let ¢ = 1. Then there is an element 71 € K such that 

M—-1<|p—1 |< M. 

Let € = 5 Then there exists an element 22 € K such that 
M-—34<\|p-—2e \< M. 


Proceeding in this way we obtain a sequence {an} in K, Since K is 
compact, {zn} has a convergent subsequence {z,,,} that converges to a 
point cin K. 

Now M-—2 <|p-2zr, |S M for all n € N. 

lim zr, = c= lim(p — Zr,) =p—c=>lim|p-Zr, j=|p—cl. 

Also limM —-+=M. 


n 


By Sandwich theorem, |lp—c|=M. 


5.14. The upper limit and the lower limit. 


Let {un} be a bounded sequence of real numbers. Then by gerd 
Weierstrass theorem there is a convergent subsequence of {un}. In ot . 
words, there is a subsequential limit of {un}. Since {un} is bounded, the 
set S of all subsequential limits of {un} is a bounded set. 


Case 1. S is a finite set. Then S has a greatest element. ~~? 


Case 2. S_is an infinite set Being a bounded set, S has a least upper 
OG es zt x 
bound. SWE . sie 
Let u* be the lub of S. Then there is an element of S greater 
u* —1. That is, {un} has a subsequential limit l; > u* —1. Since every 
neighbourhood of 1; contains an infinite nuinber of elements of {un}, 
i *— i]. 
there is a natural number 11 such that ur, > U 
There is an element of S greater than u* — 3. That is, {u,} has a 
subsequential limit lz > 4u% = 3: Therefore there is a natural number 
1 
T2 > T; such that u, >u*—5- ; 
: .Proceeding sirnitlanly; we obtain a strictly increasing sequence of i 
ural numbers {71,72,73:-++ -* .} such that ur, > u* — + for alln EN. 


Let « > 0. There is a natural number & such that 0 < 2 < « for all 


n>k. 
, t 
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Therefore | u,, — u* |< + <e for alln > k. 
Since ¢ is arbitrary, the subsequence {u,, } converges to u™. 
Therefore u* is a subsequential limit of the sequence {up}. 
Since u* is the lub of the set S, u™ is the greatest subsequential limit 
of the sequence {up}. 


In a similar manner it can be established that a bounded sequence 
{tn} has a least subsequential limit ux. 


| eanition. Let {tun} be a bounded sequence of real numbers. 

The greatest subsequential limit of {u,} is said to be the upper limit 
or the limit superior of {un} and this is denoted by lim up, or lim sup up. 

The least subsequential limit of {un} is said to be the lower limit or 
the limit inferior of {u,} and this is denoted by lim u, or lim inf u,. 

If {wu} is unbounded above then we define lim un = oo 

If {un} is unbounded below then we define lim un = —oo 


If {un} be unbounded above but bounded below, then lim u,, is de- 
fined to be the least subsequential limit. If there is no subsequential limit, 
we define lim u, = co. 

If {un} be unbounded below but bounded above, then lim u, is de- 


fined to be the greatest subsequential limit. If there is no subsequential 
limit, we define lim u, = —oo. 


Examples. 


1. Let up = (—1)"(1+ 4),n > 1. Then the sequence {u,} is a bounded 
sequence. lim u, = 1,lim uz = —1. 


2. Let un, = aon > 1. Then the sequence {u,} is a bounded sequence. 
lim uz, = lim uy, = 0. 


3. Let up, = (—1)"n?,n > 1. Then the sequence {un} is unbounded 
above and unbounded below. lim uy, = oo, lim uz, = —co. 


4. Letu, = mete 1. Then the sequence {un} is unbounded above 
and bounded below. lim un, = o0, lim uz, = OL 


5. Let un = n?,n > 1. Then the sequence {u,} is unbounded above and 
bounded below. lim u, = oo, lim uy, = oo. 


6. Let u, = —n*,n > 1. Then the sequence {tn} is unbounded below 
and bounded sheve: lim up, = —co, lim uz, = —0o. 
Let {un} be a bounded sequence and u* = lim u..a. = lim a 


f 
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Let B be the least upper bound and 6b be the greatest lower bound of 
the sequence {u,}. Then b<u* < Band alsob<u, < B. 
Since u* is a subsequential limit of {u,}, each e-neighbourhood of u* 


. contains infinite number of elements of the peduence {un}. 


. Therefore for a positive «,u* —e€ < un < u* a e for infinitely many 
values of n. 

Also un > u* + € for at most a finite number of elements of{un}. 

Because, if un > u* +e for infinitely many values of n, then there is 
a subsequence {u,,, } whose elements lie in. the closed interval [u* + ¢, B], 
and {u,,} being itself a bounded sequence, must have a subsequential 
limit J lying in [u* + €,.B]. 1 being also a subsequential limit of {un}, is 
greater than u* and thereby u* fails to be the upper limit of {un}. 

‘Thus the upper limit u™ satisfies the following conditions. 

For each positive e, 


(i) uz > u* — for infinitely many values of n, and 


(ii) there exists a natural number k such that un < u* + for all 
n>k. 


By similar arguments, the lower limit u, satisfies the following con-- 
ditions. 

For each positive e, 

{i) un < us + € for infinitely many values of n, and: 


(ii) there exists a natural number k such that u, > us — € for all 
n> k, 


Theorem 5.14.1. A bounded sequence {u,} is convergent if and only 
iflim un = lim uy. 
Proof. Let {un} be a convergent sequence and lim u, = l. 

Since {u,} is convergent, every subsequence of {u,} converges. to 1. 
Therefore | is the greatest as well as the least subsequential limit. 

That is, lim u, = lim up. 
Conversely, let {un} be a bounded sequence such that lim un, = lim uy. 

Let lim u, = lim un =I. : 

Since lim un = 1, for a pre-assigned positive e€ there exists a natural 
number k; such that u, <1+e for alln > ky. 

Since lim u, = I, corresponding to the same e-there exists a natural 
number kg such that u, >1l—e for alln > ke. 


Let k = max{ki1,k2}. Then! —e <u, <1+e for alln 2k. 
This proves that limu, =. 
In other words, the sequence {un} is convergent. 
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prore. The theorem can be restated as — 
A bounded sequence is convergent if and only if it has only one sub- 
sequential limit. 


Theorem 5.14.2. Let {un} and {v,} be bounded sequences. Then 
(i) Tim uw, + Tim vp, > lim (up + Un) 


(ii) lim uz + lim vp < lim (un + Un). 


Proof. (i) Since {un} and {v,} are both Mundane sequences, the sequence 
{un + Un} is a bounded sequence. 
Let lim wp, = J), lim vm = le, lim (un + Un) =D. 
Let us choose ¢€ > 0. 
Since lim un = 11, there exists a natural number k, such that 
Un <l, + § for alln > ky. 
Since lim vp, = lz, there exists a natural number ke such that 
Un <lg + § for all n > kg. 
Let k = max{k;, ke}. 
Then un <1, + § and vp <lg+ § for all n > k. 
Soun tin <4 +le+e for alln > k, 


It follows that no subsequential limit. of {un +n} can be greater than 
ly +l, +e. Since e(> 0) is arbitrary, every subsequential limit < 1 + le. 
Hence p < [ly + le. 

(ii) proof left to the reader. 
Note. Strict inequality in both (i) and (ii) may occur. 
For example; if un = sin 4,72 € N; un = cos an € N then 


lim (tn, +n) = = —l,lim uw, = —1,limv, = —1. 

lim u, = 1,lim un = 1, Tim (tt, + Un) = 1. 

So in this case lim uy, +lim vn < lim (ua + Un) and lim u,z +lim vp, > 
Tim (tn + Un). 


5.15. Cauchy criterion. 


We discussed several methods of establishing convergence of a real 
sequence. In most of the methods, a prior knowledge of the limit is 
necessary. If however a sequence is monotone, the convergence can be 
established without any pre-conceived limit. 

Cauchy’s method of establishing convergence of a sequence does not 
require any knowledge of its limit, nor does it require the sequence to be 
monotone. 
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The method is very powerful as it is concerned only with the elements 
of the sequence. 


Theorem 5.15.1. (Cauchy’s general principle of convergence) 

A necessary and sufficient condition for the convergence of a sequence 
{u,} is that for a pre-assigned positive ¢ there exists a natural number 
m such that 


| Un+p — Un |< € for alln > m and for p= 1,2,3 


peer eee 


Proof. Let {un} be convergent and limu, = /. Then for a pre-assigned 
positive « there exists a natural number 7m such that 
[Un —tl< § foralln >m. 
Therefore | nip —1 |< § “for alln > m and p = 1,2,3, 
Now |[tnip—Utn| < |untp—l|+funr—l| 
; < £44 foralln >mand p=1,2,3,... 
That is, | un4p — Un |< € for alln > m and p=1,2,3 
This proves that the condition is necessary. 


pre nae 


We now prove that the sequence {un} is eoaveeaekt under the stated 
condition. First we prove that the sequence {un} is bounded. 

Let ¢ = 1. Then there exists a natural number k such that 

| tntp — Un |< 1 for alln > k and p= 1,2,3,... 

Therefore | ux4p — Ue |< 1 for p= 1,2,3,... ... 

Or, Uk — 1 < Ukep < ue +1 for p= 1,2,3 

Let B = max{u),ue,..-,Ue, Ue + 1},0 = min{uy, ue,.. 

Then b<u, < B forallneN. 

This proves that {u,,} is a bounded sequence. 

By Bolzano-Weierstrass theorem, the sequence {u,} has a conver- 
gent subsequence. Let / be the limit of that subsequence. Then / is a 
subsequential limit of {u,,}. 


Let « > 0. Then by the given condition, there exists a natural number 
m such that 


peta lees 


»>Uk, Uk 1}. 


| Untp — Un |< § for alln > m and p = 1,2,3,. 
Taking m = n, it follows that: 


| Un+p — Um |< § for p = 1,2,3,. w (i) 

Since | is a subsequential limit of {u,}, each pe ee of | 
contains infinite number of elements of {un}. Therefore there exists a 
natural number g > m such that | ug —1 |< §. 

As g > m, it follows from (i) that | ug — Um |< §- 

Now | tmp —L|S| tmp — tm | + | tm — tg | + | tg 1| 

<§+ §4+ § forp=1,2,3, 
Therefore | u, — * I< € (oe alln >m+1. 


i 
; 


se eee 
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Since ¢ is arbitrary, the sequence {un} converges to I. 


= other words, {un} is a convergent sequence. This completes the 
proof. : 


Note. The condition stated in the theorem is called the “ Cauchy condi- 
tion” for convergence of a sequence. 

Therefore a sequence {un} is convergent if and only if the Cauchy 
condition is satisfied. 


Worked Examples. 


1. Use Cauchy’s general principle of convergence to prove that the se- 
quence {—%;} is convergent.’ 


Let un = aai: Let p be a natural number. 
on 
Then Un+tp = Peeerary 
oc _ —2tP. Ln 
| Un+tp — Un | | n+p+1 n+ | 


(n-+p+1)(r+1 


© a7 <4 for all p, since==" 5 <1 forall p. 
Let ¢ > 0. Then 2 <¢ holds for n > }. 


Let m = [2] +1. Then m is a natural number and | Unip — Un |< 


for alln >m and p=1,2,3,...... 
This proves that the sequence {un} is convergent. 


2. Use Cauchy’s general principle of convergence to prove that the se- 
quence {u,} where uz, = 1+ i 4 Rte t+ +, is not convergent. 


Let p be a natural number. 


tat wd 1 ; 
[Unie ~ te l= aay + akg to + ae. 
Let us choose n = m and p = ™., 
Then | Uam—-Utm| = Lope: : 
2m, m mrt + rare + , + Bra 
7 om bam t+ om 
amv 5. 


If we choose e zs 4 then no natural number k can be found such that 
| Un+p — Un |< € will hold for all n 2 k and for every natural number p. 


This shows that Cauchy condition is not satisfied by the sequence and 
the sequence {u,} is not convergent. 


auchy sequence: 


efinition. A sequence {un} is said to be a Cauchy sequence if for a ~ 


pre-assigned positive e there exists a natural number k such that ~~ 
| Um — Un |< € for all mn >k. 


a 


ain. 
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_ Replacing m by n+p where p S12 Oi wider ars the above condition 
can be equivalently stated as : 
| Un+p — tn |< ¢ for alln >k and p=1,2,3,...... 


: nePheorem 5.15.2. A Cauchy sequence of real numbers is convergent. 


Proof. Let {un} be a Cauchy sequence. First we prove that the sequence 
{un} is bounded. 
Let ¢ = 1. Then there exists a natural number & such that 
| tin — Un |< 1 for allm,n > k. 
Therefore | ug — un |< 1 for alln > k. 
or, up -~-l<u,<ug +1 foralln>k. 


Let B = max{ui,tlo,..-,Uk—1, Uk + 1}, 
b= min{uj, ug,..-,Ux—-1,Ux — 1}. 
Then b < un, < B for all n € N and this proves that the sequence 
{un} is bounded. 
- By Bolzano-Weierstrass theorem, {u,,} has a convergent subsequence. 
Let l be the limit of that convergent subsequence. Then / is a subse- 
quential limit of {u,,}. 
We now prove that the sequence {u,} converges to I. 
Let us choose € > 0. There exists a natural number & such that 
| Um — Un |< § forallm,n2k... ... (i) 
Since I is a subsequential limit of {u,}, there exists a natural number 
q>k stich that | u, —1 |< §. 
Since g > k, from (i) | ug — Un |< § for alln > k. 
Now |tm—l| = |uUn—Uugl+|ue-t| 
< g +5 foralln >k. 
That is, | un ~—1 [< « for alln > k. 
This implies lim u, = 1. In other words, the sequence {u,,} is conver- 
gent and the theorem is done. 


eorem 5.15.3. A.convergent sequence is a Cauchy sequence. 


Proof. Let {un} be a convergent sequence and let limu, = /. 

For a pre-assigned. positive « there exists a natural number & such 
that |un —1 |< £ for alln > k. 

If m,n be natural numbers > k, then 

[ttm -E |< § and [un —l|< §. 
Now |tm—Utn| < |tm—l| + ]l—un | 
< §4+§ forallm,n2>k. 
That is, | tn —- Un |< for allm,n>k. ¢ 
This proves that the sequence {u,} is a Cauchy sequence. 
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Worked Examples (continued). 


3. Prove that the sequence {+} is a Cauchy sequence. 


Let un = 2, Let us choose a positive «. There is a natural number k 
such that 2 <e. 
Then fum—utnl=|2+-i| < 23+ 
< e€ifm,n>k. 


This proves that the sequence {u,} is a Cauchy sequence. 


4. Prove that the sequence {(—1)"} is not a Cauchy sequence. 
Let tw, = (—1)”. Then 


[Um —tn{ = |(-1)"™-(-1)"]. 
|Um—~-Un| = Oif m and n are both odd or both even, 
|Um—-tn! = 2if one of m,n is odd and the other is even. 


Let us choose € = z. Then it is not possible to find a natural number 
k such that | um — un |< € for all m,n > k. 

Hence {un} is not a Cauchy sequence. 
5. Prove that the sequence {u,,} where uw, = 0,u2g = 1 and 

Un+2 = $(Un41 + un) for alln > 1 is a Cauchy sequence. 


Unt2 — Unti = 5 (Unti + Un) — Ung = —$ (Unt — Un) 

or, | Un4ze — Unga |= 4 | Unga — Un | for alln EN. 

Therefore | un+2— Uns |= § | Ung — Un |= ge | Un — Un-1 | 
sca Xd lu-w l= sk. 


Let m>n. Then | um — Un | 

S| Um —tm-1 | + | Um-1 — Um—2 pees + | Unga — Un | 

=.(5)™-2 + (Fy S$ 4-2 4 (4)"7} 

= ogy] < | 

Let ¢ > 0. Then there exists a natural number k such that se <« for 
alln > k. ; 

Hence:| um — Un |< ¢ for all m,n > k. 


This proves that the sequence {u,} is a Cauchy sequence. 


6. Prove that the sequence {u,,} satisfying the condition 


| Un+2 —Unsi |< c[ Unt — Un | for alln € N, where 0 <c <1, isa 
Cauchy sequence. . 


| 


wits. Cauchy’s theorems on limits. 
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Unt+2—Unt¢il < cl] unti— Un | 
Sc | un — un-1 | 
< eae 
< ce jue-u|. 
Let m>n. 
Then |tm—-Un}| < |Um—Um-1] t:+- + | Ungi — Un | 
< | ue — uy | {cP —2 4 oM™"3 40 .. 4 OMI} 
= | u2— uy Je cai fae 
ned 
< 7 | Ug—- Ui | 7 


Let « > 0. Since 0 < c < 1,'the sequence {c™~!} is a convergent 
sequence. Therefore there exists a natural number k such that 


oe | up — uy |< for alln > k. 


l—c 
It follows that | um — un |< ¢ for all m,n > k and this proves that 
the sequence {un} is a Cauchy sequence. 


Theorem 5.16.1. If limu, =/ then lim 4t¥2t—tua = ], 


Proof. Case 1. 1=0. 


Since {un} is a convergent sequence, it is bounded. Therefore there 
exists a positive number B such that | uz |< B for alln EN. 


Let « > 0. Since imu, = 0, there exists a natural number k, such 
that | un |< § for all n > ky. 
oS pegs juashuacheorcbs i<| Sepa EEE — ee tub pate tun 
T% nr 7 
jes |+fualt+e-+fusr, —1 


<| 1 | | of | \UEe, [Petey oithetlel | 
nr . 


< Bo) 4 mokitl ¢ for all n > ki 


< Bh 4 ¢£ for alln > ky. 
- Since lim + = 0, there exists a natural number kz such that 24 < § 
for all n > kg. 
Let k = max{k,,k2}. Then | Habeactebia | < eforalln >k. 


This proves that lim Sette ttn 0.. 


Case 2. 140. 
Let vn = Un ~ J. Then limv, = 0. 
Now Uohlateetun 7 vite tun 
n nr 7 


. : aoe an, : Sid es 
By case 1, lim M+tv+-t¥s — 0. Therefore lim™2t42t-tus — 1, 


This completes the proof. 


+ 
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Note. The converse of the theorem is not true. 
Let us consider the sequence {u,} where u, = (—1)”. 
Then lim “i+¥2t-tun — Q but the sequence {un} is not convergent. 
pKorollary. Af limu, = 1 where u, > O for all n and | ¥ 0, then 
dim ~ujug...tUy, =. 


Since each un is positive and limu, = 1 > 0, the sequence {log-up } 
‘converges to logl, by the Corollary of 4.(Art 5.8). 
“Therefore ‘lim é™:tleg ust tlogun — Jog], 


-or, Jim log ¥/ (uu .. rim = logl. 
It follows that, lim %/(uyu2...un) =L. 


Worked Examples. 


wearers 
1. Prove that Him itt te = ‘0. 


" Let up = 2. Then limu, =. 

By Cauchy’s theorem, lim 2s leg =. 
2. Prove that lim at Se Sen 4, 

Let un, = Yn. Then limu, = t 

By Cauchy’s theorem, lim 1+¥2+¥8+-+ Ye _ 


wfheorem 5.16.2. If uz > 0 for alin € N and lim “8+ = 1(# 0) then > 


lim 7/u, = l. 
Proof. Let vy = u1,v2 = oe 03 = & ua potty Uy = ce 


Un-1 


Then vx > 0-forall a c.N and lima, = Ts 0 
This implies lim log v, = logl. 
By the first theorem, lim logur blog va tog vn = log i. 


or, lim log °/(vive... Un) = log l. 
It follows that lim ¥/(viv2...Un) = 1. That is, lim Yun = =, 


sPheorem 5.16.3. Let u, > 0 for all n € N and lim = = ar (finite or 
infinite). Then lim Yu; =. | 


Proof. Case 1. 0<1 <0. . 
Let us choose « > 0 such that 1 —« > 0. Since lim aeti — |, there 


exists a natural number k such that I-§< “tt <i+§ = ‘for all n > k. 
Then !— $< MH <4 §. 
i-g<st iss 
(= 3X go Ss: 


Be 
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We have (I - §)""* < ae = (C+ £)"-* for alln > k 
or, (l—5)".B< us < A.(l+ §)", where A = ae >0,B= Wat > 0. 
or, (1— §)B® < uz < A®(1+§). 
" Since A > 0, lim A® = 1. Since B > 0,lim Ba = 1. 
Since lim A* (1+ §) = 1+ §, there exists a natural number k2 such 
that Ax(l+$) <l+e for all n > kg. 
Since lim Bx (I ~ §) =1- §, there exists a natural number k3 such 
that Be (1 — £) >l—e for all n > kg. 
a 
Let ko = max{k,,ko,k3}. Then !—e <u <l+e for alln > ko. 
Therefore limu? = l. 
Case 2. /=0. 
Let « > 0. There exists a natural number k such that 
O< “att < § for alln > k. 
Therefore 0 < “##4 < £,0 < Stt2 < §,.-- 
Uk Wed 
We have 0< 2 < (§)"-* for alln >k 
or,0 < un < ce (§)” 
or, 0 < Un < A(§)" where A = u,(2)* > 0 
L 
or,O< un < Aw, 
Since A > 0,limA*® = 1. 
Since lim Ans = §, there exists a natural number k; such that 
Axé <efor alln > ky. 
LL 
Let ko = max{k,k,}. Then 0 < uf <e for all n > ko. 
Therefore limuft = 
Case 3. lim *8++ = oo. 


Let us choose G > 0. There exists a natural number & such that 
“att > G+1 for alln > k. 


Therefore *## > G+1, #2 >G+1,- 

We have 2 > (G+1)"~* for alln >k 

OF, Un > W(G +1)" where uw = ce@qtnr > 0 

or, ub > pa(Gt ). 

Since pz > 0, limps = 1, 

Since lim w= (G +1) = G+1, there exists a natural number k; such 
that ux(G+1) > G for all n 2 ky. 

Let ko = max{k, ky}. Then uf > G for all n > ko. 

Therefore lim ut = oo. This completes the proof. 


UU. € 
,O< ee <5 


qo ee Gs 


Analysis-12 
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Note. The converse of the theorem is not true. 


: _ B+(-1)" 
For example, let us consider the sequence {un} where uy, = —“y3-_- 
The sequence is {1,2,1,2,1,2,... -.-}- a 
Here lim v/a, = 1, since lim %/t2n = lim22x = 1 and 


lim(uzn—1) 7-7) = 1. But lim ines does not exist. 


Theorem 5.16.4. If un >0 for all n € N then 
lim“! < lim Yu, < lim Yun < lim. 
Proof. Let lim“3+4+ = Aw, Tim 24+ = \*, lim Yin = Ms, lim tn = w 
. We first prove * < A* 
Case 1. Let \* = co. Then p* < 4* trivially. 
-Case 2. Let »* be finite. 
Let us choose « > 0. Since lim igs =: \*, there exists a natural 
number k such that “++ < A* + « for all n2k. 
u > UkAD * : x 
Then “#42 <A" +6, G3 <A Sela re +.€ 
So un < ue(A* +€)"~* for all n > k. ; 
Hence for all n > kyun < A(A* +)” where A= Orta > 0. 
Therefore #/u, < Al"(A* +) for alln > k. 
Consequently, lim ~/u, < lim Al/"(\* +) 
= \* +e since lim Al/” = 1. 
Since ¢ is arbitrary, Jim 2/u, < A*, ie, p™ <A". 
’ In a similar manner we can Prove An S fbx: 
Also the inequality p.-< »* follows from the property of the limit 
inferior and the limit superior of a sequence. 


This completes the proof. 
‘Note. If un > 0 for all n and lim Yeti exists, then it follows from the 
theorem that lim 7/U, also exists. 
Worked Examples (continued). 
3. Prove that lim Yn = 1. 
Let un, =n. Then un > 0 for all n € N and lim =" = 1>0. 
It follows that from the theorem that lim Y/n = i! 


R n! ijn 
4. Prove that lim wh = 2, ie 
Let u, = 24. Then up > 0 for all n € N and lim att 2's 0 
i 
nijn 
It follows from the theorem that lim 7/tn = %, ie., lim { y = 1 
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% ¢ i fe Pi 
ee that lim (n+l) (nt 2)en(an) yn = 4, 


Let un ere Then u, > O for all n € N and lim ett = 
lim 2@2+)) ; 


aps =t>0 
mtl *(1+3)" e ‘ 
It follows from the theorem that lim 2/u, = 


of 


Exercises 8 


1. Establish the convergence and find the limit of the sequence {un}, where 
Un is 


(i) + 4)%, Gi) +22)", Gi) (1+ ghg)”, (iv) 0+ ah)”. 
2. Prove that the sequence {un} is convergent by showing that the Suse? 
quences {tan} and {uen-1} converge to the same limit. 

(i) O< wi < we and unye = 4 (tn41 + 2un) forn > 1; 

(ii) O< wi < ug and ens = een forn > 1; 

(iii) O < wi < ua and = + >» forn > 1. 


Un aoe rae 
38. Prove that the sequence 
OR eas eae portotes } converges to 1; Soe 
(ii) {6, 7, een eens } converges to 2. 


4. {zn} and {yn} are bounded sequences and a sequence {z,} is defined by 
Z1 = 21,22 = Y1}23 = Do,%4 = Yay 2s = B3,% = Y3j~ Prove that the 
sequence {z,} is convergent if and only if both the sequences {rn} —_ {un} 
are convergent with the same limit. 


5. (a) If lim tn = oo prove that there exists a properly divergent subsequence 
{u,, } of the sequence {u,,} such that lim ur, = oo. 


(b) If lim uz == —oo prove that there exists a properly divergent subse- 
quence {u,,, } of the sequence {u,} such that limu,, = —oo. 


6. A-sequence {un} is such that every subsequence of {un} has a subsequence 
that converges to 0. Prove that imu, = 0. 


[Hint. Prove that Tim un and lim un are both finite. Assume lim un = 
llim ua =m. Prove that 1 = 0,m = 0.] 


7. Find Jim uz and lim un where un = 
@(-1"+3), Gi) nt GR, Gi) nO", (iv) (Coa BE) me 


8. Let {un} and {un} be two bounded sequences and un > 0,vn > 0 for all: : 
neéN. Prove that 


(i) Tim Un lim vn > im Un’n; (ii) lim unlim un < lim UnUn- 
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' 
4 


9. Let {un} and {un} be two bounded sequences such that the sequence {un} 


is convergent. Prove that 
(i) lim (ua + vn) = Tim un + lim vn; (ii) lim (un + Un) = lim un + limuy: 


10. Let {un} and {vn} be two bounded sequences with un > 0, un > 0 for all 
n € N such that the sequence {un} is corivergent. Prove that 


(i) lim (unvn) = lim un. lim un; (ii) lim (uavn) = lim un. lim vn. 


11. Let {un} be a bounded sequence of real numbers and E-be the set of ail 


subsequential limits of {un}. Prove that E is a non-empty closed and bounded. 


set and sup& € E, infke EF. 
12, {un} and {v,} are Cauchy sequences. Prove directly that 
(i) {un + Un} is a Cauchy sequence, (ii) {unUn} is a Cauchy sequence. 
13. Establish from definition that {un} is a Cauchy sequence, where 
Gun = a (ii) un = 14+ H+ R444, 
(iii) | unte — Uni |S 4 | Uni — un | for alln EN. 
[ Hint. (ii) (+1)! > 2” forn > 2. (iii) [unse — Unga] < (4)" fue — url] 


14. Let {z,} be a Cauchy sequence in R and {yn} is a sequence in R such 
that | tn — ya |< 2 for all n > 1. Prove that {yn} is a Cauchy sequence and 
liman = lim yn. 


15. If {un} be a Cauchy sequence in R having a subsequence converging to 
a real number l, prove that lim un = l. 


16.(i) Let uw: = 2 and ung. = 24+ = for n > 1. Prove that the sequence 
{un} converges to the limit /2 + 1. 


(ii) Let ui > 0 and ung. = Pere for n > 1. Prove that the sequence 
{un} converges to the limit /2 — 1. 


[Hint. (i) Junto — ungal < densa — unl. (ii) Junse —Unsil < dlungi — ual] 


17. fun = pat saci + aca t:'! + ay, prove that limun = 0. 


[ Hint. (n+l)u. =(1+4)+ (24+ e4))4+---4(240)] 


‘ i4d+heertyty 
~ Prove that lim ——~5—2____2nt2 — Q, 
LE Jim, a ) 


19. Prove that (i) lim 3{(2n+1)(2n+2)---(Qn+n)}# = %, 


(ii) lim 2{(a+ 1)(a+2)---(a+n)}* =1 ifa>0. 


e 


[ Hint. (i) Let un = GntVGn+2)Gntn) | Then lim “2+! = 22.) 
vt 


6. SERIE 


6.1. Infinite Series. 


Let {un} be a sequence. Then the sequence {s,} defined by 
S) = Uy, $2 = Uy + U2, 83 = Uy tUgtug,:+:s te: 
is represented by the symbol ui +ua+ug+-:: +: , which is said to bea 
infinite series (or a series) generated by the sequence {u,}. The serie 


is denoted by DF Un or by Dun. Un is said to be the nth term of th 
He 


series. The elements s, of the sequence {s,} are called the partial sum 
of the series Nu, 

The sequence {s,,} is called the seguence of partial sums of the serie 
Lun: 

If {un} be a real sequence then Xu, is a series of real numbers. 


We shall be mainly concerned with the series of real numbers. 
The infinite series Du, is said to be convergent or divergent accordin; 
as the sequence {s,} is convergent or divergent. 


In case of convergence, if lims, = s then s is said to be the sum a 
the series Lun. , 

If, however, lim s, = oo (or —oo) the series Du, is said to diverge t 
co (or —oo). 


Examples. 
1. Let us consider the series 45 + #3 + Fy te: cc 
Let the series be = tun. Then un = ca 
Let sp = uy tug t---+ Un. 
Then s, = tata to tagay 


= G-H+G-)+-+- sh) 
: ms nm+il? , 
and lims, = 1. Hence the series Nu, is convergent and the sum of the 


series is 1. 


2. Let us consider the series 14+2+3+---+-- 
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Let sp =1+24+3+-::+7. Then s, = 4°» and lims, = 00. 

_.. Hence the series is divergent. 
3. Let us consider the series 1 + 5 + Oe 5 
Let sn = 1+ 3 + ge +--+ + geer- 
Then sp, = 2(1 — an) =2-— wot and lim s,, = 2 since lim($)"7" = 0. 
Therefore the series is convergent and the sum of the series is 2. 
; 4. Let us consider the series 1—~1+1—1+------ 
Let s, =1—1+1—14+--+(-1)"7}. 

Then sn = O if n be even, 
= lif n be odd. 
The sequence {s,} is divergent. Therefore the series is divergent. 


_ 5. Geometric series. 
. A. Let us consider the series 1 +a+a?+-+- where | a Le .. 7 


Let s, =l+a+a*+---+a"~!. Then s, = teen =,;- i , 

. . * - ae =e 

lim sn = ;4; since lima” = 0. 

Therefore the series is convergent and the sum of the series is to 
—a 


B. Let us consider the series 1 + a+a?+--+ where | a |> 1. 
Let s, =l+ata?+---+a}, 


Case 1. a =1. In this case sn = n and lims, = ow. 
Therefore the series is divergent. ~ 


ics 


Case 2. a> 1. In this case s, = a and lim s, = og since lima” = 00 


in this case. 
Therefore the series is divergent. 


Case 3. a = —1. In this case $, = 1 if n be odd, 
= 0 if n be even. 
The sequence {s,} is divergent. Therefore the series is divergent. 


Case 4. a < —1. In this case the sequence {s,} is divergent and therefore 
the series is divergent. 


_ From (A) and (B), the geometric series 1 +.a + a2 free cee 
is convergent if | a |< 1, and divergent if | a |> 1. 
6. Harmonic series. 

L+etRtere ces 


oO 
Let © un be the series. Then u, = +. 


n=1 
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Let snp = Uy +Uate-+ + Un. 
Then sg = 1+3 
$4 = Ee aa ak een ALS es) een 
Sg o= Leg tiee att teats) 
> 1¢44¢ (84+ +Gt+gtagtg) =1+33 
$16 > 14+ 4.3 


Sqn > L+n.g- 


Therefore lim sgn = oo. 
TE OO 


The sequence {sn} is a monotone increasing sequence, since Snii 

Sn = Gn41 > O for alln EN. Since the subsequence {son} diverges to oo, 
oO 

the sequence {s,} is unbounded above and therefore the series zy Un is 
tI 

divergent. 

Theorem 6.1.1. Let m be a natural number. Then the two series 

Uy tug tug tess cs and Um41 + Um+2 + Um+3 +-°* ++ Converge or 

diverge together. 


Proof. Let $n = ui + 2+ + Un tn = Und +Um+2 °° + Umtn: 

Then tn = Sm+n — Sm, where Sm 18 @ fixed number. 

If {s,} converges then {t,} converges and conversely. 

If {s,} diverges then {t,,} diverges and conversely. 

Therefore both the sequences {s,} and {t,} and consequently the 
series Hun and Cumin converge or diverge together. ; 


Note. The theorem states that we can remove from the beginning a 
finite number of terms from a given series, or add to the beginning a 
finite number of terms to a given series without changing its behaviour 
regarding convergence or divergence. 


Theorem 6.1.2. If Nun and Du, be two convergent series having the 
sums s and t respectively then 
(i) the series X(un + Un) converges to the sum $+ ¢; 


(ii) the series Dkun, where k is a real number, converges to the sum 
ks. 


The proof is immediate. 
Theorem 6.1.3. (Cauchy’s principle of convergence) 


A necessary and sufficient condition for the convergence of a series 
Cu, is that corresponding to a pre-assigned positive « there exists a 
natural number m such that 


Pr rcecv Pte e Pe Tore et 


174 REAL ANALYSIS 


. 
| Un4t1 + Untate-: 


+Un+p |< € for all n > m and for evéry natural 
number p. 


Proof. Let sy = uy +ug +--+ +Un- 

Let Xu, be convergent. Then the sequence {s,} is convergent. There- 
fore by Cauchy’s principle of convergence for the sequence, corresponding 
to a pre-assigned positive ¢ there exists a natural number m such that 

| Sn+p — Sn |< € for all m > m and for every natural number Dp. 

oF, | UntitUnset'+++Untp |< € for all n > mand for every natural 
number p. 


Conversely, let us assume that for a pre-assigned positive ¢ there exists 
a natural number m such that 


| Un ti + Un+2 +++: + Untp |< € for all n > m and for every natural 
number p. 
Then | Sn4p — Sn |< € for all n > m and for every natural number p. 
- This implies that the sequence {s,,} is convergent by Cauchy’s prin- 
ciple of convergence. Therefore Du, is convergent. 
This completes the proof. 


Theorem 6.1.4. A necessary condition for the convergence of a series 
Lup, is limun = 0. 
Proof. Let Su, be convergent. Then for a pre-assigned positive ¢ there 
exists a natural number m such that 

| Unpi + Unto ++-++Un+p |< e€ for all nm > m and for every natural 
number p, 

Taking p = 1,] un+i |< € for alln >m. 

This implies limu, = 0. 


Note. The converse of the theorem is not true. 

That is, limu, = 0 does not necessarily imply convergence of the 
series Liu,. Because the sufficient condition for the convergence of Dun 
states that for a chosen positive « there must exist a natural number m 
such that 

| Unti + Unga t+: + Unep |< € for all n > m and for p = 1,2,3,---. 
Therfore the sum of p consecutive terms of the series must be less than e 
whatever natural number p may be. The condition must be satisfied for 
all p and not for only a particular p. 


Let us consider the series Du, where un = +, 
Here limu, = 0. But “up is a divergent series. 


Here | snip — Sn |=| Ga tate tc a 
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If we take p= 7,| Snt4p—S5n| = Saas mur 
> aa an aay Bs an 2° 
Therefore | Snip — Sn | cannot be fade less than a chosen positive 
e < 4 for every natural number p. 


Worked Examples. 
1. Prove that the series 1-3 +4—-43+----°- is convergent. 


Let the series be 5 un. Then un = (-1)"*12. 


n=l 


Let sn = Uy) +ugt:'-+Un. Then 


1 4 
[Sntp—Sn| = sips a ees Wap 


Atl 


Let «> 0. Then | snip — Sn |< € holds ifn > 4 ~ 1. 


Let m = [1 ~1]+2. Then m is a natural number and | sn+p — Sn I<e 
for alln > m and for p = 1,2,3,--:: 

This proves that the sequence {s,} is convergent and consequently 
the series Lu, is convergent. 
2. Prove that the series = Un where un = py. 1s divergent. 

igae 

Here imu, = 1. Since limu, is not 0,2u, is divergent because a 

necessary condition for convergence of the series Lun is Lmun = 0. 


6.2. Series of positive terms. 


A series Duy is said to be a series of positive terms if un is a positive 
real number for all n € N. 


Theorem 6.2.1. A series of positive real numbers Lun. is convergent if 
and only if the sequence {s,} of partial sums is bounded above. 


Proof. 8 = Uy tuet-s+++Un. Then 8241 — $n = Unt > OforallneéeN. 
Hence the sequence {s,} is a monotone increasing sqeuence. There- 
fore {sn} is convergent if and only if it is bounded above. 
Consequently, the series Lu, is convergent if and only if the sequence 
{sn} is bounded above. 


Note. If not bounded above, the sequence {s,} being a monotone in- 
creasing sequence, diverges to oo. In this case the series diverges to oo. 

Therefore a series of positive real numbers either converges to a real 
number, or diverges to co. 
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Introduction and removal of brackets. 


Let Su, be a series of positive real numbers. Let the terms of the 
series be arranged in groups without changing the order of the terms. 
Let us denote the mth group by v,;. Then a new series Dv, is obtained. 


Example. 
Let Hun =1+h+44+454+ 34-000 
Let us introduce Beackets gr the series takes the form 
14+$4(94+4)+(4 4343 rtalt(gt vet hy) teee 
If the new Benes be Xv, then 
w=lw=hw=bthuadteethoadeec thee 
“Su, is obtained from Lu, by introduction of brackets and Duy, is 
obtained from Dv, by removal of brackets. 


Fheorem 6.2.2. Let Su, be a series of positive real numbers and Xv, 
is obtained from “u, by grouping its terms. Then 


(i) if Nun converges to the sum s, so does Lup ; 
(ii) if Du, converges to the sum #, so does. Dun. 


ete Let vy = uy +ug+- 
. “fe Urs git sie eset 

Then {rn} isa cry increasing sequence of natural numbers. 

Let sp = Uy t+ Ugtor ttn, te = Vet vg bee bun. 

Then ty = uy +tUgte+++Up, = Sr,- 

Let Xu, be convergent and the sum of the series be s. Then lims, = 
s. The sequence {s,,} being a subsequence of the convergent sequence 
{sy}, is convergent and lims,, = s. That is, limt, = s. 
_ This proves that the series Nv, is convergent and the sum of the series 
is also s. 


ob Ur, U2 = Urpin, V3 = Ung + 


Let Xu, be convergent and the sum of the series be t. Then limt, = t. 
That is, lims,, =t. 

{s,,} is a convergent subsequence of the monotone increasing se- 
quence {s,}. By Theorem 5.11.4, the sequence {s,} is convergent and 
lims, = t. 

This proves that the series Du, is convergent and the sum of the series 
is also t. This completes the proof. 


Note. The theorem does not hold if Su, be a series of arbitrary terms. 
Let us consider the series 
L—-1+1—1+4-:---- sie. eA) 
Introducing brackets we get the series 
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(l-1)+(1-1+-:--:- we (B) 

Introducing brackets in another manner we get the series 
1—-(l-1) ~- (1-1 —- ee ee CC) 


The series (A) is divergent but the series (B) converges to 0 and the 
series (C) converges to 1. 


Re-arrangement of terms. 


Let Cu, be a given series. If a new series Dv, is obtained by using 
each term of Sup exactly once, the order of the terms being disturbed, 
then Dv, is called a re-arrangement of Duy. 

If f : N— N be a bijective mapping, Duyn) is a re-arrangement of 


‘Dun and conversely if Nv, be a re-arrangement of the series Du, then 


Un = Us(n) for some bijection f: N—N. 
For example, let f(n) = n+lifnbeodd, 
= n—1 ifn be even. 
F(1) = 2, f(2) = 1, f(8) = 4, f(A) = 3,--- +> 


Dupin) = Ue + Uy + Ug tug tess see is a re-arrangement of Du,,. 


Theorem 6.2.3. Let Su, be a convergent series of positive real num- 
bers. Then any re-arrangement of Lu, is convergent and the sum remains 
unaltered. 


Proof. Let Su, converge to s and Dv, be a re-arrangement of Nu,. Then 
Un = Us(n) for some bijection f:N—N. 

Let sn = Uy tUgter +n, th = Vp tater + Un. 

Since un, > 0, the sequence {s,,} is a monotone increasing sequence. 


As Su, converges to s, lims, = s. Therefore the sequence {sy} is 
bounded above and sy S s for allneN. 
th = Utbvet-:+Un 


= Usa) + Us) bere buyin) 
< urtue,t--'+Umn), where m(n) = max{f(1),...,f()}. 
But ui + U2 +:-> + Um(n) = Sm(n) S 5. 
Thus the sequence {t,} is bounded. above and being a monotone in- 
creasing sequence, it is converse =nY: Let limt, =t. Thenit<s. 
Sp = Uy tuUugte*+Un 
Uy) ea) ee te Up tn) 
Soy tug te + Un): ayhere k(n) = max{f7!(1),. 
But vy +ue+-:: + Ug(n) = tx(n) St. 
8n <t=>lims, <tiie,s<t 
It follows that s = ¢. 
This proves that the series Dv, is convergent and the sum of the series 
is also s. 


--yf71(n)}. 
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6.3. Tests for convergence of a series of positive terms. 


The convergence or divergence of a particular series is decided by 
examining the sequence of partial sums of the series. In most cases the 
expression for s, (the nth partial sum} becomes not so nice as can be 
easily handled to determine its nature in a straightforward manner. Some 


other elegent methods will be applied to the series that will decide the 


convergence of the series without prior knowledge of the nature of the 
sequence {s,}. These methods, called ‘tests for convergence’, will be 
discussed here. 


Theorem 6.3.1.(Comparison test [First type]). 


A. Let Du, aud Dv, be two series of positive real numbers and there is 
a natural number m such that u, < ku, for all n > m,k being a fixed 
positive number. 
Then (i) Du, is convergent if Dv, is convergent 
(ii) Hv, is divergent if Du, is divergent. 


Proof. Let sn = uy +uo+-- 
Then Sn — Sm 


t+Un, th = Uy t vate +p. 
= Um+1 + Um+2 tect tb Un 

< k(m41 + Um+2 is Un) 

= k(tn —tm) 

Or, Sn < kty +h where h = 8, — ktm, a finite number. 


(i) Let Sv, be convergent. Then the sequence {t,} is bounded. 

Let B be an upper bound. Then t, <.B for alln EN. 

Therefore s, <kB+h for alln >m. 

This shows that the sequence {s,} is bounded above. {s,} being a 
monotone increasing sequence bounded above, is convergent. 

Therefore Du, is convergent. 


(ii) Let Eu, is divergent. Then the sequence {s,} is not bounded above. 
Since sn < ktn +h, the sequence {t, } is not bounded above. Therefore 


the series Hv, is divergent. 


. Limit form. 


Let Su, and Xun be two series of positive real numbers and lim aig =! 
where / is a non-zero finite number. 
Then the two series Du, and Hv, converge or diverge together. 


Proof. | > 0. Let us choose a positive « such that 1—« > 0. There a 
natural number m such that |1—¢« < $= </l+e foralln >m. 
Therefore un, < ku, for alln >m “where kel+re>dO.. .. (i) 
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and un < k’un for all n > m where k’ = oe SOlah ti (ii) 

By comparison test A, it follows from (i) that Lu, is convergent if 
Yu, is convergent and Lv, is divergent if Su, is divergent. 

By comparison test A, it follows from (ii) that Cv, is convergent if 


Lu, is convergent and Du, is divergent if Dv, is divergent. 
Therefore the two series Xun and Nv, converge or diverge together. 


Yote. If lim #= = 0, then for a pre-asigned positive number e there 
exists a natural “number m such that 0 < un <e, for alln 2m. 
Therefore Lun is convergent if Duy is convergent. 
If lim 2 = oo, then for a pre-asigned positive number G there exists 
a natural ‘number m such that %= > G, for alln =m. 
Therefore Du, is divergent if "Sun is divergent. 
For example, : Su, be a convergent series of positive real numbers, 
then the series ost un is convergent for all p > 0 and if Su, be a divergent 
series of positive youl numbers, then the series DnPuy is divergent for all 
p> 0. 


In order to make use of the Comparison test we need to have a collec- 
tion of series whose nature are known. The series oy discussed in the 
following theorem will. be an addition to the collection. 


Theorem 6.3.2. The series 3 + 3 + +--+ ++: converges for p> 1 
and diverges for p < 1. 


Proof. Case 1. p> 1. Let > un be the given series. Then un = 35. 


Let Xv_ be obtained from. Sie, by pospines the terms as 
l+(g+ + ae) + (ae + oe + ae + ae) + Cae + s+ ys) +o 
Then v1 = 1,v2 = + < wt 2 = 
weetoté< 3 = ze 
ee th <b = den, 


_i_ 
Qp-T> 


Let wn = {abr} a Then Un < Wn for all n > 2. 

But Dw, is a eoumewe series of common ratio sper: i 
Since p>1,0< set <1 and hence Sw, is convergent. 
Therefore oi. is convergent by Comparison test. 


Since Ev, is obtained from Du, by introduction of brackets, Xun is 
convergent. 


Case 2.p= 1. a are case the series is1+4 +4 ae tiem 
Let sn =1+h+4+-+°°+34. 
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Then son —Sn = api tate + aoe 
i 

ere > ge tag tote =e 

This shows that the sequence re is not a Cauchy sequence and 
therefore is not convergent. Hence the series ss is not convergent. 
Case 3. oe ne w>eSEOD 1, 

Therefore +, > + for all n > 2. 

But os 1 is ition aay os is divergent by Comparison test. 
Case 4. p <0. Then lim + 1 £0 and therefore D+ 

This completes the Gor 


ob 


sn is not convergent. 


Worked Examples. | 

1. Test the convergence of the series 442 te Atgts 4. Lbee std +... 

“(t+i)int+2) _ nite 
Bm+I)s ~~ B(n+1)?" 


Let Ss uy, be the even series. Then Un = 
AEA 


Let vp = 4. Then lim “= = lim ron =i, 

Since Sn is divergent, ese is divergent 6 ‘Compareds test. 
2. Test the convergence of the series j je tpg tog tee 

Let 2, un be the given series. Then Un = a : 


Un 
Let vz, = ay. Then lim — = 1. 
Tt O} Un 


But “vy is convergent. Therefore Du, is convergent by Comparison 
test. 


3. Test the convergence of the series Dun where un 


= 2 at! ST 
Un = Feet vate: bet tn = ae 
Then lim 4 = lim 2m. ee 


nit /1+ap+y/1-y} 


Since Xv, is convergent, Dun is convergent by Comparison test. 


= ¥nt +1—VJVnt-1 


Theorem 6.3.3. (Comparison test [ Second type]) 


Let Su, and “v, be two series of positive real numbers and there is 
natural number m such that _ 


— < — for alln > m. 

Then (i) Du, is convergent if Dv, is convergent, 
(ii) vy, is divergent if Duy, is divergent. 

Proof. “math < Seite: Umr2 Unto 


< iGo = ae tasty Soy where n > m. 


Therefore io. < wa Yn. for all n >m 
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OY, Un < S20 for alln > m. 
OF, Un SS Kun for all n > m and k(= os) is a positive number. 


By Comparison test (first type), Sun is convergent if Nv, is conver- 
gent and Lv, is divergent if Duy is divergent. 
Theorem 6.3.4. (D’Alembert’s ratio test) 
Let Lun be a series of positive real numbers and let lim = = 1. 
Then Du, is convergent if! <1, Cup is divergent if 1 > i 


Proof. Case 1. 1 <1. 
Let us choose a positive « such that +e <1. 
Since lim Mash = 1, there exists a natural number ™ such that 
Toe < Ystt <1 +e forall n> m. 


Leti+e=r. ThenO<7 <1. 


We have “Bt! <r, Smt? <r, ee eee tasty <7 wheren>m. 


Consequently, # <r"~™ for alln >m 
Or, Un < 4.7” for alln > m. 


4m is a positive number and =r” is a geometric series of common 
ratio r where 0 <r < 1 and therefore Ur” is convergent. 


Therefore Sun is convergent by Comparison test. 
Case 2,1 > 1. 
Let us choose a positive e« such that /—e > 1. 
Since lim watt ==: 1, there exists a natural number k such that 
Toe < Hatt <i+e for alln > k. 


Let 1—e=p. Then p> 1. 
We have 9 > Piao & Ps -+, 34 >p where n > k. 


Coubequentiys oa > p’—* for alln > s OY, Un > 


ra =k p™ for alln > k. 


ae is a positive A cue Bue and Dp" is a geometric series of common ratio 
1 and therefore “ip” is divergent. 


Therefore Nu, is divergent by Comparison test. 


Note. When / = 1, the test fails to give a decision. 
Let un = me Then Su, is a divergent series and lim Mott = 1 


Let un = 37>. Then Su, is a convergent series and lim Hatt cae 


Bucudes es both. the series lim “++ = 
and the other is a divergent series. 


1, one is a convergent series 


ed 
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Therefore if lim aad =], nothing can be said about the convergence 
or divergence of the series Lup. 


_ Theorem 6.3.5. (Cauchy’s root test) 


Let Du, be a series of positive real numbers and let lim ul!” = 1. 


Then Hu, is convergent if 1 <1, Su, is divergent if! > 1. 


Proof. Case 1. 1 <1. 

Let us choose a, positive « such that 1+ e < 1. 

Since lim ul!” = i, there exists a natural number m such that 

lL—e<ul/”? <l+eforalln>m 

or, (lI —€)” < un < (i +e)” for alln >m. 

Letl+e=r. Theno<r<landu, <r” for alln >m. 

But Ur” is a geometric series of common ratio r where 0 < r < 1. So 
ur” is convergent. 

Therefore Sun is convergent by Comparison test. 


Case 2. 1 > 1. 

Let us choose a positive « such that l-« > 1. 

Since limul/” = l, there exists a natural number k such that 

eee OG pr aln>k 

or, (l-—€)* <u, < (i+e)” for alln > k. 

Let l!—e=p. Then p> 1 and wu, > p” for alln > k. 

But Xp” is a geometric series of common ratio p > 1. 
divergent. 

Therefore Du, is divergent by Comparison test. 


So Nip” 


Note. When / = 1, the test fails to give a decision. 
Let u, = 1/n. Then lim ui! " =1land Lu, isa divergent series. 
Let u, = 1/n?. Then lim ui/” = 1 and “up is a convergent series. 


Although for both the series lim unl” = 1, one is a convergent series 


and the other is a divergent series. 


Thus if lim u}/” = 1, nothing can be said about the convergence or 
divergence of the series Duy. 


Worked Examples (continued). 
4. Test the convergence of the series 1+ 3 + = + Z 5 


Let ba tn be the given series. Then te = an—) | 


n=1 
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nth = wan and lim Gath =O<1. 


By D’Alembert’s ratio test, San is convergent. 
5. Examine the convergence of the series 2 + z ER ness ,c > 0. 


oO . . . . 
* Let net un be the given series. Since x > 0, Duy, is a series of positive 


terms. tet A wi and lim ee = 2, 
By D’ ” Alembert’s ratio test, 


“un is convergent if z <1, Du, is divergent if z > 1. 


When x = 1, the series becomes 1 + 4 + 3 +: 
divergent. 


- and this is 


6. Test the convergence of the series 1 + + + x 


Ignoring the first terra, let a un be the series. Then up, = 4. 


Math — (241)? and lim snd =e> 1. 


Ren 


Xu, is divergent by D’ Alembert? s ratio test. 
Therefore the given series is divergent. 


7. ‘Test the convergence of the series 

l+ptoetetate 

Here uy, = {2"+(-)"}-1 and lim ul/” = lim {22+ y-1 = 

‘Therefore the series is convergent by Cauchy’s root test. 
Note. Here “#++ = % if n be odd, 

= 2 if n be even. 

lim S344 does not exist and therefore the convergence of the series 

cannot be decided by D’Alembert’s ratio test. 


It follows that the root test is more powerful than the ratio test in 
deciding convergence of a series of positive real numbers. 


Nie 
; 


The fact is elas by the theorem 5.16.4 which states that ifu, > 0 


then 
lim “24 < lim ul/”™ < Tim ul/” < lim aa 


If ee some series Su, of positive terms lim exists and equals I, 


Hatt 
then lim ul! ” also exists and equals J. Therefore if the ratio test: decides 
the convergence of the series Du, then the root test also does. 

But if for some series Nu, of positive terms lim ul/ ” exists and equals 
i, then lim a does not necessarily exist. Therefore if the root test 


decides the convergence of the series Sun, whe ratio test may not do so. 


Analysis-13 
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Theorem 6.3.6. (General form of ratio test) | 6 Case 2. r > 1. 
Let Xu, be a series of positive real numbers and let ; ‘Let us choose a positive « such that r—~e¢ > 1 
lim “t+ = R lim “+ =r. Since lim u7/” = 1, ull” > i i 
, = ni r ~ € for infinite numbe 
Then Dun is convergent if R < “1, ee is divergent ifr > 1. That is, infinite number of elements of the Die ek 
Tt eater 


Proof, Case 1. R <1. than 1 and therefore limu, cannot be 0. 
Let us choose a positive € such that R+<¢ <1. 
Since lim “2+ = R, there exists a natural number m such that 


Yast < R+€ for alln 2m. 


Th is di i 
erefore Wun is divergent, since a necessary condition for conver- 
gence of the series Nu, is limu, = 0. 


Worked Examples (continued). 


Let R+e=p. Then0<p<l. 
8. Test the convergence of the series. 


We have U4 <p, (3 <P .., = <p where n> ™. 
m mah Un-1 
tii 1 1 i 
3 3 gz + az + og + gs + was Aaa 


Consequently, @ < p?-™ for alln > m 


Th a oo 
or, Un < ump for aln>m. ; Let © un be the given series. 


= isa positive number and =p” is convergent since O<p<l. 
1 


é Then U = oA U =< 1 
Therefore Nun is convergent by Comparison test. Qn = grr Uln+1 = gett: U2n—-1 = Br 
lim eee = lim(2)" = tay U2ntl pactitart 
(3 ) 0, hn ae es 


Case 2. r>1 
Let us choose a positive « such that r-—e¢ > 1. 
wath, there exists a natural number k such that 


It follows that lim sup a = oo, liminf “+4 = 0. 
Clearly, the ratio test gives no decision. 


Since lim 
“Bat = i 

> r—e for all n> k. | Tim(uan)1/2" = Je, Tinm(uangs)/OntD = Sp. 

Let r-e€=4q- "Phen ¢> 1 ; 2 
It follows that limsu t/n — 4 
We have aa > g, acd > G5 wo > gq. q Th : P(un) Va <1. 
erefore Dun is convergent by the root test 
Consequently, ## > g7~* for alln > k ; 9. Test the seri | 
Or, Un > for alln > k. ; ei 
a > Seg" atb+ar2+4+b%*+a3 +b +--+ +: whereO<a<b<1 


oF is a positive number and Dq” is divergent since g > 1. 


CoO 
Therefore Dun is divergent by Comparison test. Let Bun be the given series. 


Theorem 6.3.7. (General form of root test) ere tant (2), et) = a(%)”. lim 722~ = co, lim Mandl = 0, 
in It follows that lim “8+ = oo, lim “S++ = 0. 


Let Nun be a series of positive real numbers and let lim wl =r. : 
The ratio test gives no decision. 


lim u3h'” = lim(")/?" = Vb, 


lim(uan 3 GN) = = lim(a"+1)77T = = fa. 


Then “Su, is convergent ifr < 1, Dun» is divergent ifr> 1. 


Proof. Case 1.7 <1. 
Let us choose a positive € such that r-+e < 1. 


Since lim ui/" =r, there exists a natural number 7™ such that It follows that limsup(un)!/" = Vb < 1. 
lf/n j . : 
fig EGOS eT: Therefore Nun is convergent by the root test. 
Let r+€=DP. Then 0 <p <1 and un <p” for alln 2m. - Note. Her : 
a . e the ratio test does not decide conv: i 
ergence of th 
- But Ep” is a convergent series since 0 < p <1. the root test does. The root test is more nee fi then the aay cea 


Therefore Hun is convergent by Comparison test. | deciding convergence of a series positive real numbers 
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Theorem 6.3.8. (Cauchy’s condensation test) 


Let {f(n}} be a monotone decreasing sequence of positive real num- 
bers and a be a positive integer > 1. 


Then the series x f(m) and Sa" f(a") converge or diverge together. 
a 


Proof. Grouping the terms of =f(n) as 

{f(1)} + {F(2)+---+fla)} + (flat) +---+f(a?)}+--- 
the first term, let Sv, be the new series. 

Then vw, = f(a"~1 4-1) + f(a ~! + 2)4-+-+ f(a”) for alin > 1. 


The number of terms in vy is a” — a"™~!, Since {f(n)}} is a monotone 
decreasing sequence, each term of vu, < f(a"~1 +1) and > f(a”). 


Therefore (a" — a™~") f(a") < up, for alln > 1 
or, Sa" f(a") < vu» for alln > 1. 


— Let wp = a" f(a"). Then wy < =4; vp for all n > 1. 


= a-l 
a of 
scy 3s Positive. By Comparison test, 
; Sw, is convergent if uv, is convergent 


. and Sv, is divergent if Ow, is divergent. ... ... 


Again, vn. < (a%—a™~*)f(a™"!+1) 
< (a®—- a~*) f(a") for all n > 2. 
That j is, Un < (a@— 1)wn-i for all n > 2. 
a— 1 is positive. By Comparison test, 
Cun is convergent if Ow, is convergent 
and Dw, is divergent if Xv, is divergent. . 


and ignoring 


(A) 


. (B) 
From (A) and (B), Dvn and Sw, converge or diverge together. 
But Dv, and Uf(n) converge or diverge together. 


. Therefore Uf(n) and Own,, ie., Uf(n) and La" f(a") converge or 
diverge together. 


Worked Examples ee 
10. Test the convergence of the series ee 


“. Then {f(n)} is a monotone decreasing sequence of 
positive real numbers. 
By Cauchy’s condensation test, the two series Uf(n} and 27 f(2”) 
converge or diverge together. 
_ 2" £(2") = 1 and therefore san (2) is divergent. 
It follows that f(n) is divergent, i.e., D1/n is divergent. 


Let f(n) = +. 


11. Discuss the convergence of the series S1 /n?, p> 0. 
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Let f(n) = 1/n?. As p > 0, the sequence {f(n)} is a monotone 
decreasing sequence of positive real numbers. 

By Cauchy’s condensation test, the two series Df(n) and un f f(2") 
converge or poe together. 


2” f(2") = = he our = oNGST: 

But UO(s41)” is a geometric series and it converges if p > 1 and 
diverges ifp <1. 

Therefore 1/n? is convergent when p > 1 and is divergent when 
O<p<il. 


1 
12. Discuss the convergence of the series = ———— , p> 0. 
n(logn)p’ ? 
Let f(n) = aqoguye >? 2 2. As {logn} is an increasing sequence and 


p > 0, flog(n + 1)}? > flogn}” and therefore (n + 1){log(n +1}? > 
n(log n)?. 

Therefore {f(m)}§° is a monotone decreasing sequence of positive real 
numbers. 

By Cauchy’s condensation test, the two series 0 f (n) and ¥ 2” *f (27) 
converge or diverge bOpeiiere 

S27 F(2") = =u and this converges when p > 1 and diverges 

when p < 1. 4 


(n oe 2)P 


‘Therefore so f(n) is convergent when p > 1 and divergent when 
n= 
O<p<il. 


If the limits lim “++ or lim ~/u, be equal to 1, D’Alembert’s ratio 
test and Cauchy’s root. test fail to decide convergence of the series Lup. 
In such cases it is often helpful to use a more delicate test due to Raabe. 


Theorem 6.3.9. (Raabe’s test) 


Let Sun be a series of positive real numbers and let limn(=@s- —1) = 


Then Du, is convergent if] > 1, Du, is divergent if 1 < 1. 


Proof. Case 1. 1 > 1. 
Let us choose a positive € such that !-—e > 1. 
Since limn( 4s; — 1) = 1, there exists 2 natural number m such that 
b-e <n(sea- -1) <i +e for alln =m. 
Let l—e=r. Thenr> 1. 


We have nun — NUn+1 > TUn+1 for allan >m 
OT, NUy — (1+ unui > (r — Duns: for alln > m. 
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We have mum — (m+ L)um4i > (vr — Dtimei 
(m + l)umsi — (M+ 2)um+2 > (7 — 1)um+s2 


(rn — 1)tn-1 — Nun > (r—1)un wheren > m. 

Consequently, mttm — Nun > (r — 1)(tm41 + Ume2 +:+++ + Un) for all 

n>m 
OT, Un+1 bUms2 bor tun << giy(mum — nun) 
< symun 

OF, $n — Sm < ~+yMum where Sp = Ur + Ug +++ + Un 

Or, Sn < w4y>MUm + Sm for alln > m, 

This shows that the sequence {s,} is bounded above and therefore 
the series Du, is convergent. 


Case 2.1 <1. 


Let us choose a positive « such that /+e¢ <1. There exists a natural 
number & such that 


lL—e<n(_ —- 1) <i +e for alln =k. 


Let /+¢=p. Then p< l. 

We have n(=t2- -1)<p<1 for all n > k. 
Therefore n(tun — Un41) < Pln4i < Unai for alln >k 
OF, NUn < (1+ Luni for alln > k. 

We. have kux < (k + l)uryi 

(kh + 1)tgai < (kK + 2)ugere 


(1 — 1l)tn-1 < nu, wheren > k. 

Consequently, nu, > ku, for alln > k 

OF, Un > kup.2. 

kuz is a positive number and os is a divergent series. 
Therefore Lu, is divergent by Comparison test. 


Note. If / = 1, the test is inconclusive. This can be established by taking 
the series Du, where u,, > 0 for alln € N and ior = 14234 2 >2 


niogn? 
and the series Xv, where vz = +, for alln EN. 


Theorem 6.3.10. (General form of Raabe’s test) 


Let Du, be a series of positive real numbers and 

let lim n( {23> ~1) = Rand lim n(* - =r. 

Then Du, is convergent ifr > 1, Du, is divergent if A <1. 
Proof. Case 1. r> 1. 

Let us choose a positive « such that r—e> 1. 
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Since lim n(=#s- — 1) =r, there exists a natural number m such that 


n(—="— —-1)>r—e foralln >m. 
nei 


Let r—e=k, Then k> 1. 

We have ntuy, — NUnz > Kunz. for alla >m 

or, NU — (n+ L)ungi > (kK - Dunzi for alln >m 

We have mum — (m+ l)tmai > (Kk — Wums1 
(m+ 1)tn+1 — (M+ 2)Um+e > (k - 1)tn+e 


(n —V)un-1 — Nun > (K—1)un where n > m. 
Consequently, mum — Nun > (k - 1)(Uum+1 + Um+2 +++: + Un) for all 
n>m 
OF, Umi tUmp2 tits tun <  giz(mum — ntn) 
< go MUm- 


Let 8p = Uy tug te +t. 
Then sp < 8m +744 ™MUtm for all n > m. 


This shows that the sequence {s,} is bounded above and therefore 
the series Du, is convergent. 


Case 2. A<1. 
Let us choose a positive e,such that R+e< 1. 
Since lim n(=“- — 1) = R, there exists a natural number & such that 


nia —-1)< R+e foralln>k. 


trntd 
Let R+e =p. Then p <1. 
We have n(tin — Unsi) < ptny1 foralln >k 
i.€., 2(Un ~ Ungi) < Un4i foralln >k 
or, Nun < (n+ 1)uns, for all n > k. 
We have kup < (K+ L)uns1 
(A+ l)urpi < (K+ 2)ue+e 


(n —1)tn—-1 < nun wheren>k. 
Therefore ku, < nun for alln>k 
OF, Un > kux.+ for alln > k. 
ku, is positive and ©1/n is a divergent series. 
Therefore ©u, is divergent by Comparison test. 


Worked Example (continued). 
13. Test the convergence of the series 


id 131 13-3 ba... 
1+ 3-3 + 34-5 + 46-7 + 


‘ 
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Let 53 ttn be the given series. 
nmol 


Then un = 1.9.5. ae}. seq foralln >2. v 


Therefore “2++ = = Goma and lim “++ = 1. 


D’Alembert:s $ ratio test gives no decision. 


ee us apply Raabe’s test. 
— : 6n? — es 

T Hotere. Sun is convergent by Raabe’s tty 
Theorem 6.3.11. (Logarithmic test) 

Let Zu, be a series of positive real numbers and limnlog rans == 1, 

Then Su, is convergent if] > 1, Dun is divergent if 1 < 1, 
Proof. Case 1.1 > 1. 

Let us choose a positive « such that 1—e« > 1. 

Since lim n log ae = 1, there exists a natural number m such that 

'—e<nlog <l+e for alln > m. 

Let l!—e=r. Thenr > 1. 

We have nlog st >r>1foralln>m 

or, gt > e”/” for all n > m. 

sie { ( 1+ +4)"} is < monotonic increasing sequence converging to e 
and e is irrational, (1+ +)" <e forallneN. 

It follows that “"— > (1++4)" foralln>m 


Vinh 
ee hy 
Let un = +. Then aes — for all n > mm. 


That is, “st+ < *8+ for alln >m. 

By Comparison test, Dun is convergent since Nv, is convergent. 
Case 2.0<1< 1. 

Let us choose a positive « such that 1 +¢«< 1, 

Since lim n log = Tne == 1, there exists a natural number p such that 

le <nlog a <l+eforalln> p. 

Letl+e=k. ThenO<k <1. 

nlog 4a <k for alln > p 

or, (ua < e*/® for all n > p. 


Since 1a + =47)"}2.2 isa eHanePOnG decreasing sequence converging 
to e and e is irrational, (l+<)">e bos all n > 2. 


ip 
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Therefore 4 < (~";)* for alln >p> 1. 


UntlL 
Ww 
Let wn = oma for n > 2. Then = wn is divergent and Math > iar 


for alln >p>l. 


By Comparison test, wn is divergent. 


Case 3. 1 <0. 


Let us choose a positive « such that 1 +e < 0. 

Since limn log oy ==: 1, there exists a natural number g such that 
nlog <il+eforalln >q. 

Let l+e= 5s, Then s < 0 and nlog “> <s<Qforalln>q 

or, nlog “S++ > —s >0 : 

or, nlog “++ > p’ > 0 (where p! = —s) for alln >@ 

or, 2+ > eP/” for all n > q- 


Since e > (1+ 4)" for alln EN, it follows that “44 > (1+ 1)P" for 


alln > q. 


Let wn =n”. Then Seti > Sti for alln 2 q. 
As Sw, is a divergent ; series, Sun is divergent by Compasiron test. 


Worked Example (continued). 


14. Test the Bc he salad of thé series 


Ti 742 > 0 
Ignoring the first term, let = un be the given series. 
n= 
Then un = a . a => (1 + 1)" x and lim Sree = ex. 


By D’Alembert’s ratio test, 
Su, is convergent if 0 < x < 1/e, Lu, is divergent if xz > l/e. 


When z = 1/e, let us apply Logarithmic test. 


limn log #2 = limn{1 + nlog —37] = lim[n + n? log 5] = 3 


Un+l 
By Logarithmic test, Nu, is divergent “is Se 


. . * I 
So the given seriés is convergent if0 <2.< i and divergent if x > 4 
Theorem 6.3.12. (Kummer’s test) 


Let Sun and £1/d, be two series of positive real numbers and let 
Uy wa dn ont dn+1: 


If limw, =k > 0 then “uy, is convergent. 
If limw, = k < 0 and Y1/dpy is divergent then Lun is divergent. 
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Proof. Case 1. k > 0. 
Let us choose a positive « such that k ~ e« > 0. 
Since imw, = k, there exists a natural number m such that 
k-e€<wyp<k +e foralln>m. ; 


? 


Let k~e=r. Then 7 > 0 and ae ent >rforalln>m 
Or, Undn — Un+idns1 > TUn+1 for alln > m. 
Then we have umdm ~ Um+41dm4i > TUm+1 


Um+1dm+1 es Um+2am+2 > TUm+2 


Un—1dn—-1 — Undn > run, where n > m. 
So umdm — Undn > r(um+1 + Um+2 +°°* + Un) for alln > m 
OL, Um+1 + Um+2 te: tun < 4 (mdm — Undy) 
lumd 

< pum 7 
OF, Sn — 8m < tUmadm, where sp = Uy + U2 +++ t+ Un 
OF, Sn < 8m + =Umdm for alln > m. 
The sequence {s,} is bounded above and therefore Du,, is convergent. 


Case 2,.k <0. 
Let us choose a positive « such that k +e <0. 
Then there exists a natural number p such that 
k-e<wn<k+e foralln> p. 
So Hadn —di41 <0 for all n > p. 
OF, Undn <Un4idn4i1 for all n > p. 
We have tpdp < Up+idp+1 
Up+1dp41 < Up+2dp+2 


Un—1dn—1 < Und for all n > p. 
So upd, < Und, for alln > p. 
Or, Un > “ete for all n > p. 
Updy is positive and Xj is a divergent series. 
Therefore Huy, is divergent by Comparison test. 


Corollary 1. If we take d, =n then 
Wn = nee —- (nt )D =n; -1)-1 
lim wy, = limn({%3, - 1) -1. 


Let lim 1 as -1)=J/. Then Kummer’s test gives 


Yun is convergent if/ > 1, Du, is divergent if 2 < 1. 
This is Rabbe’s test. 3 


Corollary 2. If we take d, = 1 then w, = in —land 


nt 
; mae (4 tM -_ 
limw, = lim (74 1). 
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Let lim “242 = J. Then Kummer’s test gives 
Un ; 
Su, is convergent if+ > lie, if <1; 
Sty is divergent if } <1, Le., ifl> 1. 
This is D’Alembert’s ratio test. 
Theorem 6.3.13. (Gauss’s test), 
b 
Let Su, be a series of positive real numbers and let “"- = 14+2$+75) 


nbd 
where p > 1 and the sequence {b,} is bounded. 
Then Sun is convergent ifa > 1, Uun is divergent ifa <1. 


Proof. Case 1.a# 1. , a 
him a(t) lim n(£ + 7%) = a, since lim <32r = 0. 
By Raabe’s test, 

Su, is convergent ifa>1 and Sur is divergent ifa < 1. 


Case 2.a=1. 


i b 
Then > = DS ae 


Let us apply Kummer’s test by taking d, = nlogn. 
Thenw, = dotn — dn+1 


Un+l 


= nlogn(l+i+ bn.) — (n+ 1) log(n + 1) 
= (n+1l)logn + Re? — (n + 1) log(n + 1) 
= (n +1) log <4y + BETOn. 


nem 


lim wn = lim(n + 1) log(1 — s¢y) + im 1287 bp 


= —1, since lim log(1 — ;-4y)"** = log e7~! = —l and 
lim 198 = 0 and {b,} is a bounded sequence. 


By Kummer’s test, Dun is divergent. 


Worked Examples (continued). 


: G2 9 od? 2g ee 
15. Examine the convergence of the series 1+ 32 + 92°32 1 32.57.77 


and *. * * 
Let F un be the given series. 
nel 
2? .42...(2n~2)? 
Then Un = 35 52—finF i)? for all n > 2. 
Until 4n? say Unt = J, 
“A ™ 4n2+4n+1 and lim lin 


D’Alembert’s-ratio test gives no decision. 
Let us apply Raabe’s test. 

. 1 oe 
lim n( a, —1) =lim n( qt) = 1: 
Raabe’s test gives no decision. 


Let us apply Gauss’s test. 
i 
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* 


tn — ye 1 
Un+i Lae oe gas 


Gan is of the form 1+ oo +24, where a = 1 and bn, = 4 and so {bn} 


is a bounded sequence. 
By Gauss’s test, Cu, is divergent. 


16. Hypergeometric series. - 


a(a+1)B(B4+1) 2 , a(a+1)(at+2)8(8+1)(8+2) 3 
1+ $80 + ee +S ENGE ies ea 


where rs B, y,c>0. 


Ignoring the first term, let Eun be the series. 


Then un = So) (atm =1)8(B41) =(B4m=1) an 


~ny(¥+1)(y+R— 1) 
wna an) (B+n nits —_ 
= ee) z and jim, = t 
- By D’Alembert’s ratio test, Du, is convergent ifO0 < «<1 and 
Dun is divergent if x > 1. 


2” forn > 1. 


When z = 1, 
ty _. (rt inty 
Ung (nba)(n+8) 


a ytl-—a—-B)n+{y—aF 
ses a n?+(atBn+ae 


= 14 (AHS eS 4 98) + SHE 4 98)- 
14 (Tee 4 198), ate BB 


=i14+ THise=8 + [(y-a8)—(a+8)(y+1 ae terms containing 
+ and higher powers of 3] 

=1+ wine 8 + £0), where jim, (n) is finite and therefore {¢(n)} 
is bounded. 

By Gauss’s test, when xz = 1, 

“Lu, is convergent ify+1l1—a—,£>1 and 

Du, is divergent ify+l—-a-@<1. 


Therefore the series is convergent if 0 < z < 1 and divergent if x > 1. 
When x = 1, the series is convergent if y > a+ @ and divergent if 
yY¥Sat+8B. 


The order symbol O. 


Let f and ¢ be two functions of n defined for all n > m, m being 


a natural number; and ¢ be ultimately monotone with ¢(n} > 0 for. 


sufficiently large n. 
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If there exists a natural number m, > m such that |f(n)| < ké(n) 
for all n > m,,k being a positive constant, we write f = O(¢). 
Thus O(¢) denotes a function f such that f(n) = h(n)¢(n) where h 
is a bounded function of 7. 
‘ In particular, f = O(1) means that f is a bounded function of n. 


Examples. 


1. Let f(n) = 5n? +3n4+1. Then f(n) = O(n), since f(n) < 5n for 
alln > 1. 


2. Let f(n) = <2“. Then f(n) = O(3), since a —+lasn—- oo 


3. Let f(n) = 2225882. Then f(n) = O(4), since 4 — 3 as n — ov. 
4, Let f(n) = 
Than O&O. 


5. Let f(n) = 2sin nt, Then f(n) = O(1), since | f(n) |< 2 for all 
n>. 


Then f(n) = O(4), since 4 — } as 


1 
vn? —14Vn241° 


Alternative form of Gauss’s test. 


Let Su, be a series of positive real numbers and let 
to —1+42+40O(4) where p> 1. 


Yer) 

pace Su, is convergent ifa > 1, Du, is divergent if a <1. 

O(;5) denotes a sequence f such that f(n) = h(n). where A is a 
Beunded sequence. 


; : ; 
Therefore a =1+5+ Ain) | where h(n) is a bounded sequence 
and p> 1. 


By Gauss’s test, Dun is convergent ifa > 1, Dun is divergent if a > 1. 
Worked Example (continued). 


17. Test the convergence of the series 
(4)? + (4 is 3)? 4 (238)? + 
2 


Let = un be the given series. 


n=l 
— a id al Ht a 
Then uz, = (235403-0 38. tenat }? for all n > 1. 
mn — (2nt+2)? _ 1)2 _1)-2 
ace < (Oni) a as =) (1+ a5 


7 ie + 4) 2+0(2)) 
SN Es rr Mare O(25). 
By. Gauss’s test, Lun is divergent. 
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Theorem 6.3.14. ( De Morgan and Bertrand’s test) 


Let Xun be a series of positive real numbers and 
lim[n( 3; —1)-ljlogn=1. 


Then Su, is convergent if 1 > 1; and divergent if 1 < 1. 


Proof, Let by = Ina — 1) — ljlogn. 

Then - =1+2+4 ofa5. 

Let wp = ie an — dry where d, = nlogn. 

Then Ss x= is a divergent series and 
nss2 7% 

Wn = ae — (n+ 1)log(n + 1) 

= (l+i+ abea)nlogn — (n+ 1) log(n + 1). 
a (n+ 1) log ="; + by. 


lim wy = limlog Gpiywar +l = -1+l. 


By Kummer’s test, Dun is convergent if 1 —1 > 0,ie, if! > 1 and 
Du, is divergent if1~1< O,ie., iff <1. 


“Worked Example (continued). 
18. Test the COMErEEN Ce of the series 


(3)° + 4 34 (p42 iret 
1.4.7...(3n—2) 


Let =. Un be the given series. Then un = {3593 ~Gan1 b. 


Mngt 


= _ : 3n+2)3—(3n+1)? 
1) = limn| (341) 
—_ 27n8427n2+7n 71. 
; = lim Vins $Q7n7+On+1 1. 
Raabe’s test gives no decision. 


Let us awe De Morgan and Bertrand’s test. 


: —2n—1)1 
—1)-llogn = lim Gees 
Leh fe —2n3—n? 
ad ane Sa BTR 
= 5#.0, since lim joan 2 =0 
= O<1. 
By De Morgan and Bertrand's test, Du, is divergent. 


lim [n(— 
noo rae os 
Og 7 


Theorem 6.3.15. (Abel’s theorem or Pringsheim’s theorem) 


If Su, be a convergent series positive real numbers and {uy} is a 
monotone decreasing sequence then imnun = 0. 
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Proof. Since Xuy is convergent, for a pre-assigned positive ¢ there exists 
a natural number m such that 

| Uni + Unga ts: + Untp |< § for all n > m-and for every natural 
number p. 

Let n =m. 

Then umi1t + Um+o2-- 

But Um41 + Um+2 +°°: 
decreasing sequence. 


+Um+p < § for every natural number p. 
+Um+tp > PUm+p, Since {u,} is a monotone 


Consequently, pum+p < § for every natural number p. 


Let p = m. Then 2muem <€.. .. (i) 
Let p= m-+1. Then (m+ 1)uam+i < §.- 
Therefore (2m + l)ueama1 < (2m + 2)Uems1 < € 0. 6. (ii) 


From (i) and (ii) nu, < e for all n > 2m. 
This shows that lim nu, = 0. 


Note. If {u,} be a monotone decreasing sequence of positive real num- 
bers and limnu, = 0, then “wu, is not necessarily convergent. 


For example, let un = Seen > 1. Then uns: < Un for alln > 1 


CO 
and limnu, = 0. But Su, is a divergent series. 
2 


Worked Examples (continued). 
19. Prove that the series (4)? + (43)? + ($38)? + - 
is convergent for p > 2 and divergent for ps2. 


Let Ss Un be the given series. 
n=l 


Then <#s- = (2243)? = a+apad ae ol 
= 1+ 24+0(a)HI- z 
= 14+ +O0(z2). 


+ O(2)} 


By Gauss’s test, 
the series Lu, is convergent if B > 1, Le, if p > 2 and divergent if 
EP<l,ie., if p < 2. 


20. If Xu, be a divergent series of positive real nurnbers prove that the 


series U7f3— is divergent. 


Let 5, =u, tugt- cee ae 
Since the series Stun i is a divergent series of positive real numbers, the 
sequence {s,} is a monotone increasing sequence and lim s,; = oo. 


Therefore for every natural number n we can choose a natural number 
P such that snip > 1+ 28n. 


i 
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Unti Unt eae Ain-+p 
Now Ll+tn+i + L+tin-2 =r + Ll+tun+p 
. nth Un+2 es Ahr . 
ae ree + ifsase a + Tenae? SINCE Spin F Sn4i > Un+t; 
Sntp 2 8n42 > Un+a,-"-, Snip > Untp 

— Sntp—~5n 

1+Snip 


> 4 (+sn+p) pare | 
l+8n-p 


This shows that Cauchy’s principle of convergence is not satisfied by 
the series oT erat Hence the series is divergent. 


Exercises 9 


1. If Su, be a convergent series of positive real numbers prove that Duz is 
convergent. 


{ Hint. There exists an m € N such that un <1 for alln >m. .. u2 < up 
for all n > m. ] 


2. If Xu, be a convergent series of positive real numbers prove that Ds is 
convergent. 

2 2 
[ Hint. uz.i<-* thin .j 
3. If Lu, be a convergent series of positive real numbers prove that the series 
“ten is convergent. . 
Hint. Let sp = ui tue +--+ + un, te = U2 + ua +--+ + Uean. Then tn < Son 
for alln € N. The sequence {t,} is a monotone increasing sequence bounded 
above. 


4. If Dun be a convergent series of positive real numbers prove that nya 
is convergent. ; 


{ Hint. Let uv, = Tea; Then lim $2 =1.] | 


5. If Dun be a series of positive real numbers and tn = sitwet tun prove 


that Xv, is divergent. 
[ Hint. vl tv2+++++ un >us(1t+d4.--42).] 


6. If Dun be a divergent series of positive real numbers and sn = ui + we + 
‘+++ Un, prove that the series sia is divergent. 


{| Hint. Since {s,} is a monotone increasing sequence diverging to oo, for 
every natural number n, we can choose a natural number p such that snip > 


Smith 4 Ente 1 ...4 inte 1 
a6y. Then sae tae ee gee SS: J 


7. If {a1,a2,a3,-+-} be the collection of those natural numbers that end with 
1, prove that the series oe. is divergent. 
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Hint. Considering the collection as an increasing sequence of natural num- 
bers, Gn = 10n — 9 for alln EN. = > war for allneN, 


8. Test the convergence of the following series 


Be tae ea Pe 


Try 1 1 i 
(iii) ppgsr + pease + reese + 


(v) ga+ae tert 


sy 1 1 1 
(ii) ia + rez + peas + 


--» (iv) sin? +sin$ +sin} +-- 


[ Hint. (iv) 2® <sing forO<a2< $.] 


9. Test the series Du, for convergence where un = 


(i) 242, Gi) Mn? +1 n?, 


gn 43? 


(v) Fa tan+, (vi) sini, 


: 1 
(ix) aie aticriseny: @ > 3. 


Gii) YnF +1—n, 


(vii) gee 


i 
niogn? 


(viii) 


10. Test the convergence of the following series 


2 92 


@) Aa Pea 


3A 2 2 32 
(iii) $5 + goede + 


12,3? 52 
22.42.62 


3 = a 3 
(iv) (2e — 2) + (3 8)7 + (GE ee 


Wili+td+etetatetat:: 


(Vi) l+$+etagtae tert 
(vi) $+44+ H+ 5+ a+ ete 


(viii) }+AaA+etet+ 


(ix) oes + eed + wa ah 
{ Hint. log(1+«) <2 fora >0. } 


(x) tan + tan j + tan +: 


i 
gr Sa 


{ Hint. «< tana forO<a2< §. j 
(xi) (aye + (4) 8? 4 (Aye 3 4 ae 
(xii) 3+ (44 4+ (tat +. 
(xiii) 24 (2)243 4 (Ata te + 


{ Hint. (xi), (xii), (xiii). Use Logarithmic test.. ] 


1 


«3 2 


(xiv) 1+ 4a+ j4c 


(xv) 2+ 2404 


Andlysis-14 


2.4.6 


3.5.7 


1.3.53 
+ aye + 


a ars 


: i 1 
(vi) toa tga tea te 


n> 2, 


eee 


(iv) nat het St 
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(xvi) l+ $0+ 3a? + Bar tes se ,z>0 
(xvii) 2 + Op 4 209 9? Meee ---,2>0 
(xviii) $62 4 Gt22)" 4 Grae) 4 ee: _2>0 


[ Hint. Compare with the series D2°2",z > 0. ] 


ne! 


(xix) 1+ 2 aot BAe? 5 ,c2>0 


(xx) 1+ Ha + 2" ao? + (NF gs 4 veines ,2>0 


11. Prove that the series $+ gene + F SESE ae oe ee eee ,a,b,c>0 


is convergent if b > a+c and divergent ifb<a-+ce. 


2 2 2 2 
12. Prove that the series 1+ a+ an Cas + Seria t+ mae > 


0 is convergent if G > 2a and Avett if 6 < 2a. 


6.4. Series of arbitrary terms. 


Let Su, be a series of positive and negative real numbers. 
Let ui, = |u,|. Then Su!, is a series of positive real numbers. 


If Sui, is convergent then Huy is said to be an absolutely convergent 
series. 


Theorem 6.4.1. An absolutely convergent series is convergent. 


Proof. Let Sun be a series of positive and negative real numbers and 
be absolutely convergent. Then S]u,| is a convergent series of positive 
terms. 

Let us choose a positive «. Then there exists a natural number m such 
that 

| [until + jun+zel +++: + lunep| | < € for all n > m and for every 
natural number p. 

That is, |un+zil+ lun+el+:+++luntp| < € for all nm > m and for every 
natural number p. 

But Junsi + Unea +--+ + Unt! < fungal + funze| +--+ + lunigl- 

Therefore |un+1 + Un+2 +-+> + Un+p| < € for all n > m and for every 
natural number. p. 


By Cauchy’s principle of convergence, Hu, is convergent. 


Examples. 


1. The series 1 — 35 + ge + qe - 
absolutely convergent. 


- is convergent since it is 


aes 
| 
ce 
+ 
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2. The series 1-453+4-24+24- &@+-:: is convergent since it is 


absolutely convergent. 


3. For a fixed value of z the series binge f= is absolutely convergent. 


pape is a series of arbitrary terms. 
| Spe |< 4. Since UA; is a convergent series, © | 
convergent series, by Comparison test. 


Consequently, singe is an absolutely convergent series. 


sin RX | is a 


Theorem 644. If the series Hun be absolutely convergent and {vy} 
be a bounded sequence, then the series Nunvn is absolutely convergent. 


Proof. There exists a positive real number k such that |v,| < k for all 
neN., 

Now |un4i1¥n4i1| + |un+etnte| +--+ + [Unsptns+pl 

< k{| ungi | + | unze | +++: + | Untp |}- 

Since Dun is absolutely convergent, the series |u,| is convergent. 

Therefore for a chosen positive « there exists a natural number m 
such that | ungi | + | unze |t-+++ | unsp |< €/k for all n > m and for 
every natural-number p. 

Therefore | un4itnti | + | Unzevn+e | te-- + | Un+pUntp |< € for all 
nm > m and for every natural number p. 


By Cauchy’s principle of convergence, the series 22 | unvn | is conver- 
gent and consequently, the series Nunv, is absolutely convergent. 


Worked Example, 


1. Test the series 4 —- 3+ 4—-Pte0:-: 


Let 5 un be the given series. Then wu, = (— 1)"+) B4) = eS it 
nal 


+) = anbn, say, where an = oN os =1++# 

The series Sa, is absolutely convergent and {b,} is a bounded se- 
quence and therefore the series Ua,b,, i.e., the given series is absolutely 
convergent. 


Theorem 6.4.3. Ratio test. 


Let Su, be a series of arbitrary terms and let lim henctal See. 
Then (i) Nu, is absolutely convergent if i < 1, 
(ii) Xu, is divergent if 1 > 1. 


Proof. (i) Let us choose a positive e« such that ]+e¢« <1. 
There exists a natural number m such that 
l-e< lentil <1 + for all n > m. 
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4 
(eae Then 0<7< 1 and Ta Lie<cr for alln >m. 


mat Urn +2 : mh 
mee mand ory aod ial <r. 


<r"™-™ for alln >m 


or, {un| < [Yel pn for all n > m. 

But <r” is a convergent series, since 0 <r < 1. 

By Comparison test, the series D|un| is Saver Therefore the 
series Du, is absolutely convergent. 


Geely, feat 


(ii) Let us choose a positive « such that 1 -—« > 1. 
There exists a natural number k such that 
te < Hetil <1+e for alln > k. 


Therefore Vinal >l—-e>Ilforalln>k. 
Hence the sequence {|u,/} is ultimately a monotone increasing se- 
quence of positive real numbers. 
~ So lim |u,}| # 0 and this implies limun # 0. Consequently, the series 
“Lun, is divergent. 


Theorem 6.4.4. Root test. = 


Let Su, be a series of arbitrary terms and let lim |u,|!/" = l. 
Then (i) Sun is absolutely convergent if f < 1, 
(ii) Su, is divergent if {> 1. 


Proof. (i) Let us choose a positive « such that [+e <1. 
There exists a natural number m such that 
lL—e < juni" <l+e foralln >m. 


Letl+e=r. ThenO<r<il. 

We have jeen 17" <r for alln >m. 

or, |un| <r” for alln > m. 

But Dr” is a convergent series, since 0 <r <1. 

By Comparison test, the series © | un | is convergent. Therefore the 
series Su, is absolutely convergent. 


(ii) Let us choose a positive « such that 1—e«> 1. 
There exists a natural number & such that 
L—e<|un|!/" <l+e for alln>k. 
Therefore |u,| > 1 for alln > k. 
So lim |u,| 4 0 and this implies limu, # 0. Consequently, the series 
“un is divergent. 


Worked Examples (continued). 


2. Examine the convergence of the series 


os 
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2 3 4 
1— a of x ad a Boil 8% 

= mt 
Let S un be the given series. Then u, = (—-1)"*?> 4. 

n=1 ! 

n { +1)"t . “ 
cn ci ret =(1+ 4) and lirn Hate —e>l. 
By Ratio test, the series Nu, is divergent. 
2 2 
3. Examine the convergence of the series 1 — oe Ei 2 mals shag 


Let Sun be the given series. Then up, = (— 1 hae aN for n > 2. 


nl 


Juns Pa n+1)? 
lim = = lim Gaan@nta) = 


By Ratio test, the series Du, is absolutely convergent. 


Sigs i 


- Alternating series. 


Definition. If u, > 0 for all n, the series E(- 1)"*+1u,, called an alter- 


nating series. 


- Theorem 6.4.5. (Leibnitz’s test) 


If {un} be a monotone decreasing sequence of positive real numbers 
and limwz,, = 0 then the alternating series 
uy — U2 + ug — Ug +++: is convergent. 


Proof. Let sn = U, — ug +u3 —+:° + (—-1)** un 

Then s5an+2 — Son = Uangi — Uange = O for alln EN. 

The sequence {son} is a monotone incréasing sequence. 

Sensi ~ $2n—1 = —Uon + Uans1 < O for allne€ N. 

The sequence {s2n+1} is a monotone decreasing sequence. 

Again Son = Uy, — Ug + Ug — U4 tees — Un 

=Ui — (ug — ug) — (ua — Us) — + tan < U1 
The sequence {s2,} is bounded above. ~ 
San+. = U1 — Ugh Ug — Ua bet Uand+d 
= (uy — Ug) + (uz — ta) bess + Uangi > U1 — U2 

The sequence {s5an+1} is bounded below. 

Therefore both the sequences {son} and {san41} are convergent. 

Now lim(san41 — Son) = lim tansi = 0. 

This shows that both the sequences {s2n41} and {s2,} converge to 
the same limit. 

Hence the sequence {s,} is convergent and consequently the series 
X(—1)"t1u, is convergent. 
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Note. If s be the sum of the series and s, be the nth partial sum then 
0 < (—1)"(s — sn) < Uns, for alln EN. 


$ — Sy = (—1)" 4? {ung — Unga + nts — +++} 
or, (—1)"(s — Sn) = Unsi — Un+2 + Uns3 — °° 
= Un+l 7 (un+2 Un+3) set < Uns. 


Also (~1)"(s — 8n) = (Uni — Un+e2) + (Un+3 — Unda) +++ > 0. 
Combining, we have 0 < (—1)"(s — sn) < Un41 for alln EN. 


Examples. 

1. The series 1 — $ + 3 = 4 -+--- is convergent by Leibnitz’s test. 

2. The series ior — gq4gz + age — «*¢ is convergent by Leibnitz’s test. 
3. The series 1- 4433 138+... is conversent by Leibnitz’s test, 


: 2.4. 
eebetee 3. _ (2n-1) _ 6 and bBu(2n-) y 1.3. (2n+1) 


2.4.0.4. 2n 2.4.0. 2n 3 Daas (2n+2 ° 


Theorem 6.4.6.(Abel’s test) 


If the sequence {b,} is a monotone bounded sequence and Day is a 
convergent series then the series Lanb, is convergent. 


Proof. Let sn = @1 + G2 + +++ +n, ty = A101 + aabe + +--+ andn. 
- Then t, = $16) + (52 — 81)b2 + (83 — $2)b3 +--+ + (Sn — Sn-1)bn 
= 81 (b1 — bg) + 82(b2 — b3) + +++ + Sn (bn — bn41) + Snbndi- 
Since Say, is convergent, the sequence {s,} is convergent. Since the 
sequence {b,} is monotonic and bounded, {b,} is convergent. 
Therefore s,bn41 tends to a limit .. ... (i) 


Let dn = bn — bn41. Then either d, > 0 for all n, or < 0 for all n; 
and d; + dg+++++d, = bj — bn41 tends to a definite limit since {b,} is 
convergent. Therefore Ud, is absolutely convergent. 

Since the sequence {sn} is bounded and the series Dd, is absolutely 
convergent, the series ©s,d, is absolutely convergent, by Theorem 6.4.2. 

Therefore the sequence {Xsnd,} is convergent ... ... Gi) 

From (i) and (ii) it follows that the sequence {t,,} is convergent and 
this proves that the series Danb, is convergent. 


Examples. 


n+1 


1. The series by is convergent by Abel’s test, since py eae a is 


nilogn 


a convergent bnids and the sequence {;;4= <n }% is a monotone decreasing 
sequence’ bounded below. 
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1 n+ 


2. The series s 5a is convergent by Abel’s test, since ro is 


a convergent saride and the sequence {(1++)~"} is a monotone decreasing 
sequence bounded below. 


Theorem 6.4.7.(Dirichlet’s test) 


If the sequence {b,} is a monotone sequence converging to 0 and the 
sequence of partial sums {s,,} of the series Da, is bounded, then the 
series Ya,b, is convergent. 


Proof. Sn = @, +ag+---+an. 
Let tp = a,b, + agbe ++++ + anbn. 
Then t,, = $16, + (82 — 81)be + (83 — $2)bg +++: + (Sn — Sn-1)0n 
= 51(b1 _ ba) + 82 (bg — b3) tee + Sn (bn — basi) + Snbn4i- 
Since the sequence {s,} is bounded and limb, = 0,lims,b,41 = 0. 


Let dy = by — bn4i. Then either d, > 0 for all n, or < 0 for all n; and 
dy +dg+++-+dn(= b; — ba+1) tends to a definite limit since lim b, = 0. 
Therefore Sd, is absolutely convergent. 

Since the sequence {s,,} is bounded and the series Ud, is absolutely 
convergent, the series is,d, is absolutely convergent by Theorem 6.4.2. 


Hence the series Ds,d, is convergent and therefore the sequence {tn} 
is convergent. 


This proves that the series Da,b, is convergent. 


Note. Leibnitz’s test is a particular case of Dirichlet’s test. If {b,} 
is a monotone decreasing sequence converging to 0, then the series 


oO : 
u(—1)"*"b, is convergent by Dirichlet’s test, since the sequence of partial 


sums {s,} of the series ©(—1)"t+! is bounded. 
This is Leibnitz’s test for an alternating series. 


Examples. 


‘ oo (—1 n+l 
1. The series 3X 


n=1 
sequence of partial sums {s,} of the series ©(—1)"*? is bounded and the 
sequence {ga} is a monotone decreasing sequence converging to 0. 


is convergent by Dirichlet’s test, since the 


2 < xo ae | ret 
. The series nek oalnel 
sequence of partial sums {s,} of the series ©(—1)"*+! is bounded and the 


sequence {iegmntay} is a monotone decreasing sequence converging to 0. 
i 


is convergent by Dirichlet’s test, since the 


- 
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6.5. Conditionally convergent series. 


Definition. A series Nu, is called conditionally convergent if Xun is 
convergent but D | up, | is not convergent. 

A conditionally convergent series is also called a semi convergent series 
or a non-absalutely convergent series. 
Examples. 7 


1. The series 1-$+4+ 3-34... 
ee ere oa 

Pete t gk gp ete is divergent. 
Therefore the series 1-44 4—i+ 


- is convergent, but the series 


teres is conditionally convergent. 


2. Let un = g4;. Then {un} is a monotone decreasing sequence of 
positive real numbers and limu, = 0. 


By Leibnitz’s test, X(—1)"*+!u, is convergent. But Duy is a divergent 
series. Therefore ©(—1)"+!uy is a conditionally convergent series. 
3. Show that the series 
Vc i + 1 —eee ees god 
(+a)? (24a)? (3-+a)P ? 
is (i) absolutely convergent if p > 1, 
(ii) conditionally convergent if 0 < p< 1. 
Let Lu, be the given series and uz =| un |. 
Then Dv, is a series of positive real numbers and vz = 
Let wn = 45. Then lim 2 = 1. 
By Comparison test, Xv, is convergent if p > 1, 
Lv, is divergent if 0 <p<l. 


L 
(n-+a)P * 


Case 1. p> 1. 


In this case Du, is an alternating series and © | uy | is convergent. 
Therefore Du, is absolutely convergent. 


Case 2.0 <p<l. 


In this case {v,} is a monotone decreasingusequence of positive real 
numbers and limv, = 0. : 


By Leibnitz’s test, £(—1)"*1un, ie.) Cun is convergent. 
Since © | un | is divergent, Su, is conditionally convergent. 


Let “iu, be a series of positive real numbers and let 
Pn = Un ifttn >0 gn =Oif un, > 0 
= OQOifu, <0; =Un ifun < 0. 
Then Up, is a series of positive real numbers along with some 0’s and 
“=@, is a series of negative real numbers along-with some 0Q’s. 


— 
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For example, for the series 1 — 4 + 4 _ 4 Sr 


Spn =1+04+24+04+34--- and Eqn =0-F+0-G40--- 
Pn = Entel gn = Sete! and un = Pn + In- 


Theorem 6.5.1. Let Cun be a series of arbitrary terms and pn = 
vatlunt| Qn = nual 
2 9Un : 


(i) If Sup, is absolutely convergent then both Up, and Yq, are convergent. 


(ii) If Su, is conditionally convergent then both Sp, and Nq, are diver- 
gent. : 


Proof. (i) Since Duy is absolutely convergent, both.Nun and Dun} are 
convergent. 

But pr = untlunl | Qn = tn lunl | Hence Upn and Lan are both 
convergent. 


(ii) Since Duy is conditionally convergent, Hun is convergent but 
Slu,| is divergent. . 
Now lun] = 2Pn — Un es - (A) 


If we assume that Sp, is convergent then if follows from (A) that 
Slun| is convergent, a contradiction. Therefore Up, is divergent. 


Again |un| = un —2gn -. « (B) 


If we assume that Eq, is convergent then if follows from (B) that 
Sjun| is convergent, a contradiction. Therefore Sqn is divergent. 


Note. For all n, pn > 0 and q, < 0. From (i) it follows that in an 
absolutely convergent series, the series formed by the positive terms alone 
and the series formed by the negative terms alone are both convergent. 

From (ii) it follows that in a conditionally convergent series, the series 
formed by the positive terms alone and the series formed by the negative 
terms alone are both divergent. 


_ Introduction and removal of brackets. 


Theorem 6.5.2. Let Dun be a series of positive and negative real. num- 
bers and Evy, is obtained-from Lun by grouping it terms. Then 


(i) if Dun converges to the sum s, then Dv, also converges to s, 
(ii) if Dun converges, then Xu, may not be convergent. 


Proof. (i) Let vy = Ur: + U2 ore bh Urs U2 = Uris + Unto bore + 
Urgs tts Un = Urn itl + Ure t2 beet Ura, een eee 
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Then {r,} is a strictly increasing sequence of natural numbers. 

Let 8s, = ur tug t--- tun, tn = U1 tue $+ tn. 

Then tn = uy tug +++ + Ur, = Sry- 

Since Nu, converges to the sum s, lims, = s. 

The sequence {t,} is a subsequence of the sequence {s,,} and therefore 
the sequence {t,} also converges to the sum s. : 

In other words, the series Mv, converges to the sum s. 


(ii) That the converse is not true can be established by the following 
example. 
Let u, = (—1)"*!. Then the series Dun, is l-1+1—-1+-:- 
This is not a convergent series. 
Let ©v, be obtained from Lu, by grouping the terms as 
(l—~1)+(1-1)4+(1—-1)+------ 
Then Xv, is clearly a convergent series. 


Examples. 
1. Prove that log2= 54+ a4 +e ¢+-°: 


1 
“2 6 
The series 1 — 5 + 3 ~ } +--+ is convergent, by Leibnitz’s test. 
3 
ie x 


We have log(l+e2)=2z2-3+%5-::: when -lL. <2 <1. 
Sol~$+3-—}+---=log2 


Grouping the terms of the series as (1 — 3) + (4 —$)+(5-#)+°°: 
we have the series ~5 + Gg +egtcc: 


By Theorem 6.5.2, the surn of the series is log 2. 


2. Prove that $= 744+ 5+¢5y+°°: 


The series 1 ~ 3 + } ~ 7 +--+: is convergent by Leibnitz’s test. 
We have tan-'g =a—- #42) -. 
series) 
rae eee a 
Sol~—4+¢-¢4+++: = §. 


+ when —1 < a2 < 1 (Gregory’s 


Grouping the terms of the series as (1— 3) +(3 -—4)+--- 
we have the series 35 + 4 + 54, +°°° 


By Theorem 6.5.2, the sum of the series is 4. 
1 1 i _ 

Hence pg +s7 toto =s: 

Re-arrangement of terms. 


Theorem 6.5.3. If the terms of an absolutely convergent series be 
rearranged the series remains convergent and its sum remains unaltered. 
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Proof. Let Sup be an absolutely convergent series and let the terms be 
re-arranged in any manner. 

Let the new series be Dv,. Then every u is a v and every v 1s @ U. 

Let Sju,| = s. Then Djun| + un is a series of positive real numbers 
and un + |un{leq2|un|. 

By Comparison test, X(jun| + un) is convergent. 

Let X(|un| + un) = 8’. Then Dun = 8’ — 5. e 

Since Djun| and Llun| + un) are convergent series of positive real 
numbers their sums are not altered by re-arrangement of terms. 

Therefore D|v,! = s and U(|vn| +n) = 8’. 

Consequently, Ev, = s' — s. This shows that Lv, is convergent and 
Lu, = Xun. This proves the theorem. 


We state here without proof an important theorem of Riemann about 
the behaviour of a conditionally convergent series. 


Theorem 6.5.4. (Riemann’s theorem) 


By appropriate re-arrangement of terms, a conditionally convergent 
series Dun can be made 


(i) to converge to any number I, or (ii) to diverge to +00, or 
(iii) to diverge to —oo, or (iv) to oscillate finitely, or 


(v) to oscillate infinitely. 


Worked Example. 


Prove that the series 1 — 4 + 3 _ ¥ cheats 
re-arranged series 


3 —logn =n. Then jim Yn = 7- 
Let sn =1—-4+4—14---+(-1)* "3. 
Then son =1-4+4-44-+ai- 
=(ithtigige th) —-2g+agt-- + mn) 
=log2n +n -(l+$t+e04+5 
= log 2n + 7en — (logn + Yn) = log2 + Yan — Yn- 
Therefore lim sen = log 2. 


L i = li = log 2. 
Sond¢1 = $2n + 3ATT° Therefore lim sen+1 = lim S2n og 
A 


210 


' REAL ANALYSIS 


¥ 
{ 
‘ 


This proves lim s, = log 2. That is, the series converges to log 2. 


=-j—1 1 1 
Let t, = 1 a-at3-e-ete-b-St tenes to n terms. 
as 1 4 
Then tan = (1-9 -4)+(3~g-a) +: +a - aa -& 
a 1 
H(t greta) - d+ Rt ht gt th) 


=(1+ 5+ +gt-+e)—-(G4+h4---44) -L4de- te 
= log 2n + yan — §(logn +m) — 4 (log 2n + yn) 
= (log 2n + yan) — 4 (log n + Yn) 

= $log2+ on — dy. 

Therefore lim t3, = 4 log 2. 


Again tant. =tan + wert and t3n+2 = t3an41 7 veeet Therefore 

lim tan41 =, limt3n =} log 2 and limtgn42 = limtgn41 = 4 log 2. 
This proves that limt, = 3 log 2 and hence the series 

tee nes convergés to } log 2. 


6.6. Multiplication of series. 


Let ap + a1 + @2+a3+-++, bp +b; + bo +b3 +--+ be two series. Then 
the product (a9 +a1 +a2+a3+-:-+)(bo +1 +b +b3-+-+--) contains doubly 


infinite number of terms of the type a:b; and they can be arranged in the 
form of a doubly infinite array 


agbo agbt agbg aob3 ree 
aibo a,b; aybg a bs 
az2b9 a2b1 azbe ab; 
-a3b9  agb;  a3b2  agbg 


This array extends to the right and also downwards. We can arrange 
the terms of the array in the form of an infinite series in many ways. 
Two particular arrangements are described below. 


Figure 2 


1. We take the first term as agbp in which the sum of the suffixes in the 
product agbo is 0; the second term as a9b; + a1b9 in which the sum of the 
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suffixes in each product a,b; is 1; the third term as agb2 + a1b) + abo in 
which the sum of the suffixes in each product a,b; is 2; and so on. 
The series takes the form 
Go%o + (aob; + a1bo) + (agb2 + a,b, + a2bo) a (i) 

‘The nth term of the series is the sum of all products lying between the 
(n ~1)th and the nth lines as shown in tle figure 1 where dots represent, 
the products (the dot appearing in the 7jth entry represents the product 
aib;). hs 

If ch = Qobn + aiby~1 + Gebn-2 +++: + Anbo then the series (i) is 
Co + C1 + cg +--+. The series co +c; + co +--- is said to be the Cauchy 


.. product of the series a9 + a; + ag + a3 +--- and bp +b, + bg +63 +-:: 


[Note that cp, is the co-efficient of 2” in the product of the two series 
a9 + a,x + ax? + age? +--+ and bo +.bin + box? + bgx? + ---] 


2. We take the first terim as agbg in which both the suffixes are 0; the 
second term as abo + a,61 + aod, where each term contains the suffix 1 
but no higher suffix; the third term as agbo + agby + agb2 + ayb2 + agbe 
where each term contains the suffix 2 but no higher suffix; and so on. 


The series takes the form aobo + (a)bo + 161 + @0b1) + (a2b9 + aabi + 
agb2 + aib2 + @ob2) +--- 


The nth term of the series is the sum of all products lying between 
the (rn — 1)th and the nth squares as shown in the figure 2 where dots 
represent the products (the dot appearing in the ijth entry represents 
the product a;;). 


The sum of the first (n+ 1) terms of the series is (@9 + a1 +a2+a3+ 
“+++ Gn)(bo + b1 + bg + b3 + +++ + bn). 


Theorem 6.6.1. If-a9 +a1 + @2 +a3+:-- and bo +b] + be +63 +--- be 
two convergent series of positive terms with s and ¢ as their sums, then 
the series agbp + (a0) +a1b0) + (aob2+01b1+agb9) +--+: (ie., the Cauchy 
product) is convergent and has the sum st. : 


Proof. Let us arrange the terms of the product (ao +a, + @2 +az3+ 


+ e)(bo + by + b2 + b3 +++-) in the form of a doubly infinite array 


agbp a0b1 aobe aobs 
Q1bo a1b, a,bg ards 
a2bo a2b; @2b2 abs 
a3b9 a3b, agb2 agb3 


This array extends to the right and also downwards. Let us arrange 
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the elements of the array in the form of an infinite series in two ways — 
(i) aobo + (aob, + a1bo) + (agbe + ayzby + abo) sees (A) 


(ii) aobo + (a1b9 + a1) + a9b1) + (@2bo + agb1 + Gabe + aybg + apbe) +--: 
. (B) 
Let 8, = G9 +a; +09 +°+>+ an, th = dn +b) the t-+++ +b. Then 
lim s, = s, limt, =t. — ; 
Let co, be the sum of the first (7 + 1) terms of the series (B). 
Then o9 = Soto, 01 = $1), 02 = Sote,... On = Sntny... 


limon = limSnt, = st. Therefore the series (B) is convergent and 
has the sum st. 


Since the series (B) is a convergent series of positive terms, the se- 
ries remains convergent with the same sum st after removal of brackets. 
The series (A) is obtained from the resulting series by rearrangement of 
terms and then by introduction of brackets. Hence the series (A) remains 
convergent with the same sum st. 

This completes the proof. 


Theorem 6.6.2. If a9 +a; +a@2+a3+--- and bo +b; + bg +b3+- 
be two absolutely convergent series with s aan t as their sums, then the 
series agbo + (agb1 + a,b) + (aobe + a1b1 + a@ebo) + - 
product) is absolutely convergent and has the sum st. 


Proof. Since an absolutely convergent series remains convergent either by 
rearrangement of terms or by introduction of brackets and in either case 
the sum remains unaltered, the theorem can be established by following 
the same lines of proof as discussed in the previous theorem. 


The following theorem due to Mertens is a further extension of the 
previous one and it is stated below without proof. 


Theorem 6.6.3. (Mertens) 
If a Qn and Edn be convergent series with sums s and ¢ respec- 
n=Q TLS 


tively and one of the series, say ee Gn be absolutely convergent, then 


the series a Cn, where cn’ = dobn + ajbn_-1 + a2dn— 2 des 


convergent id its sum is st. 


Note. If both the series Na, and 1b, be non-absolutely convergent 
then their Cauchy product may not be convergent. 


- (i.e., the Cauchy 


i+ anbo, is 
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For example, let us consider the series 1 — wat ha my 


The series is non-absolutely convergent. Let the series be > Gn- 
n=l] 


Let the Cauchy product of tne series > An. = an be = Gs 
Tre] nal n=1 


Then c, = (-1)"-1[+ 


Pama: See cee! CRORES Gees 1 
© Tagen. Jaga ot Sa 


r(m—r+1) = (a1)? - (62 — 1)? < (241)? for all r satisfying 
l<r<n. 
len| > ay and this impliss limc, #0. The necessary condition for 


convergence of the series xs Cn is not satisfied. 


n=1 


This establishes ‘that the Cauchy product of two non- absolutely con- 
vergent series may not be convergent. 


If, however, the Cauchy product of two non- -absolutely convergent 
series be convergent, then the following theorem due to Abel establishes 


that the sum of the Cauchy product is the product of the sums of the 
series. 


Theorem 6.6.4. (Abel) 
foe] wo. 
If net Qn and mon b, be convergent series with sums A and B respec- 


tively ee if their ae product Pin Cn be convergent with the sum C, 
then C = AB. 
First we prove the following lemma. 
Lemma. Iflim u,, = u,limup, = v, then lim @uitie=12t tute ay 
A : 
Proof. Let un =U+ Qn, Un = Ut Bn. Then liman = 0,lim 6, = 
UntituUn—rate turn 


™ 
(Utan)(vt+A1)+(vtan— 2 me - \(vtBn) 
~ FP) (eran 1 )et Ba)beb(uton (ur B = Up h S61 + Bo + 
+ On) + On Fon —1 Bata Bn te) 


>+ Bn) +E[or +aget- 
By Cauchy’s theorem, lim ®tt02+-ton — Q, lim Prt Bet + Bn =O. 


Since lima, = 0, the sequence 1a is bounded. So. there exists a 
positive real number k such that a, < k for all n. 


Therefore lim Sn fi tena 1 Bet to Bn < k. lim Bitiet ‘+Bn _ 9g 


From (i) it follows that lim “2¥t%- imate FUlUn aay, 
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Proof of the theorem. 
Let Sp = @1+42++-++0n, tn = bi +be+++++bn, Pa = Cr tC2t:+ +n. 
Then cy = a,b), co = a,b2 + aeb1, cg = 0163 + aeb2 +.43bj,-°: 
n = (€,b1) + (a, bg + abi) +++ + (aibn + Gabn—y + +++ + andj) 
= Attn + deatn—1 +++: + Gry. 
Pr tpates+ + Pn = Snti + Sn-ite +--+4+ Sitn. 


Since lim s, = A,limt, = B, by the lemma we have 
Sntit+tsn—1ta+ +a} tn ‘e 
Snipe oe = : AB » (ii) 


lim 
Again since limp, = C, by ee s theorem‘we have 
lim® Pat +P — Ct.. (iii) 


Prom (ii) and (iii) it follows that AB =C. 


Examples. 


1. The series 1+ 27+ 2? +25 +--- is absolutely convergent for |z| <1 
and the sum of the series is ;4., |z| < 1. 


(i) Let us consider the product (l+2+2?+---+2%+---)(lt+r+a?4 
sepa... -). 
.Let the Cauchy product be the series cp + c1u + Cox* + egz3 + - 
This cone is absolutely convergent for |z| < 1 and the sum of the series 
is Wes? |x| <i. 
Here ce, = n+ 1. 


Therefore 1+ 22 + 322+. r+ (nt lja* +--+ = qh, lal <1, 


(ii) Let us consider the product (1+ 224+ 3z7+---+(n+l1)a™+---)(1+ 
re a es he 

Let the Cauchy product be the series cg + c1z + coz” +egn5°+4+---. 
This series is absolutely convergent for |z] < 1 and the sum of the series 
is awsy |x| <1. 

Here c, = 1+24+3+---+(n4+1) = $(n+1)(n+2). 

Therefore 1+32+627+-:-+4(n+1)(n+2)z2"+-.- = aoa la] <1. 


2. The series 1+ 4+4+3+--: is a convergent series of positive terms 


and the sum of the series is e. 
Let us ae the product (l+q+at+ate +t 
3 +4 3 Ee 7a aed oe 


Let the ae product be the series cg + c). + ¢2 +¢3 +---. This 
series is convergent and the sum of the series is e?. 


“)(l+a+ 
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1 
Cn = art inna + ara iS ; 


= D(l+ ce + cg +--+] = a 
Therefore 1+ 24 2-4---+ 25 +- = 


Exercises 10 


1. If San? and Xb,? be both convergent prove that the series Lanbn is abso- 
lutely convergent. 


2. If {un} be a sequence of real numbers and Eu2 is convergent, prove that 
XL(un/n) is absolutely convergent. 


3. If {an} be a monotone decreasing sequence of positive real numbers and 
lima, = 0, prove that the following series are convergent. 


(i) a;— d(a1 + a2) i 3 (a1 + ti2 + a3) _ 

(ii) a1 — $(a1 +3) + 3 (a1 +03 -+a5)—-"* -*: 

(iii) ay — 4(a1 +03) +3 (a, +a3 +as)— ste te 
Hint. (i) Let b, = sete2zt-<ten Then by > 0,bn+1 < bn for all mn > 1 and 
limb, = 0; (ii) The sequence {a2n—1} is a monotone decreasing null sequence. 


A. Prove that the following series are convergent. 


+ 7 i 1 1 1 i sen nae 
CY tigi ax ge mgr er 


Gdi-s+ee-set Shes Ge 

(ii) 2-34+45-H4t-0--- 
G@v)i-sget+ee ope te 

(vy 1—42004+4) 4904+ $48) - 
(vi) 1952 — #983 + 84 — ctidt cots 

Wit) sis - igs tebe 
(viii) -2 — a + ,O<2<1, 


5. Prove that the following series are conditionally convergent. 


3 Pcp Ae ss TSB he hc he 
(iii) l~ 3+ 54 — gag + 


: 1 i Dea lene, at das 
(iv) log 2 log 3 + log 4 


(v) sin = —sin} +sin§#—-++ +7: 


Analysis-15 
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(vi) G yp-(G P+ (E38 2 


(vit) (4)? — (24)? + (EEE)? 
6. Show that the series 1-$+2—-—}+--- 0+: converges to log 2, but the 
rearranged series 
(G@)1-$-4-4-4$4+43-4-n%-8-¢t+i- - converges to 0, 
(Gi)1+¢—-F4+24+3-34---6.. converges to 2 log 2, 
(iii) 1+$—-$~-44+34+4-4-F4---5 converges to log 2, 
(iv) 1+ $4+3-$4+ 3444+ 3-44-----: converges to } log 12. 
7. Prove that the series 
1+$-$+5+2—-h4----5: is divergent. 
{Hint. Let s, be the nth partial sum. Then s3, > (¢ +3 -— 4)+(44+3- 


tec e(hth-S) | 
8. If Xun be a convergent series, show that the following series are convergent. 
(i) D4, (ii) En) /" un, (iii) O 


peeertL. ; ieee 
leg(n+1)° 


9. Test the series: for convergence. If the series te convergent, determine 
whether it is absolutely or conditionally convergent. 


2 —.\yr7-1 a _yj\yn~nl,,2 n-l, 
@) : ~~ > fi) 2 : =, (iii) > s ai 8 
(iv) s ae (v) 3 ee ss, (vi) = UE gn ; 
x (-1)*7* log(n + 1) (—1)"*? 
(vii) = oor See ee (viii) ee CEST e Eh 


7. LIMITS 


7.1. Limit of a function. 


Let f be a real function defined on a domain D C R. Im order that 
f may have a limit 1(€ R) at a point c, for a sufficiently close to c, f(a) 
should be arbitrarily close to 1. For this to be meaningful, it is necessary 
that c be a limit point of the domain D. Keeping this requirement in 
view, we give the formal definition. 


Definition. Let D C Rand f: D—R be a function. Let ¢ be a limit 
point of D. A real number / is said to be a limit of f at c if corresponding 
to any neighbourhood V of | there exists a neighbourhood W of c¢ such 
that f(x) € V for alla € (W — {c}] ND. 

This is expressed by the symbol iim f(z) =U. 


Equivalent definition. Let D C R and f: D — R be a function. Let 
ec be a limit point of D. A real number / is said to be a limit of f at cif 
corresponding to a pre-assigned positive e there exists a positive 6 such 
that 

l—-e< f(x) <l+eforallzé N’(c,d)ND, 
where N’(c,6) = {c# €R:0 <|2—-—c|< 56} = (ec -—56,c¢+4+ 56) — {ce}. 


Note 1. In order that we may enquire if lim f{z) exists, c must be’a 
Ger & 
limit point of the domain D of the function f. 


Note 2. The definition demands that all values of f in some deleted 
d-neighbourhood N’(c,d6) contained in D must lie in the chosen e- 
neighbourhood of J. It does not matter whether c belongs to D or not, 
Even if c € D, f(c) need not lie in the e-neighbourhood of f. 


Theorem 7.1.1. Let DC Rand f: D-—R bea function. Let ce D’. 
Then f can have at most one limit at c. 


Proof. Suppose, on the contrary, there exist two different limits, l,m of 
the function f at c. 

Since 1 #4 m, we assume m > lI, without loss of generality. Let « = 
met > 0. Then the neighbourhoods (/ — «,/ + €) and (1m — ¢,m-+«) are 
disjoint. 
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Since /.is a limit of f at c, there exists a positive by such that 

l—~e< f(x) <l+e for all  € N'(c, 61) ND. 

ace m is a limit of f at c, there exists a positive 62 such that 

—ée< f(z) <m-+e for all  € N’(c,d2) ND. 

Let 5 = min{6, 42}. 

Then 1 —e < f(z) <l+eandm-—e < f(x) <m-+eforallze 
N'(c,6)ND. This is a contradiction, since the neighbourhoods (/~e, I+e) 
and (m — €,m-+e) are disjoint. 

Therefore 1 = m and the theorem is done. 


Worked Examples. 
1. Show that lim f(z) = 4, where f(x) = a4 ip of 2. 


x—2 
Here the domain D of f is R — {2}. 2 is a limit point of D. 
When =z € D, | f(x) -4J=| = -=4 ~4|=|r2—2|. 
Let us choose € > 0. 
| f(z) — 4 |< € whenever | z — 2 |< € and z €.D,i., for allze D 
satisfying 0 <| 2 —2|[<e. 
Therefore | f(x) — 4 |< « for all x € N’(2,5) D [taking 6 = €). 
So we have lim, f(z) = 4. 
os 


2. Show that lim, f(x) =4, 


where f(z) = 2=3 a= Re e's 
= 10, =o 
Here the domain D of f is R. 2 is a limit point of D. 
When a € D — {2},| f(x) —4|=| 2 eA _ 4 |—|2—2 |. 


Let us choose ¢ > 0. 
| f(z) — 4 |< « whenever | z—2 |< andz 42. 
Therefore | f(x) — 4 |< ¢ for all x € N’(2,6) 7 D [taking 6 = ¢]. 
So we have lim f(xj=4. 
o— 


3. Show that lim f(z) = 0 where f(r) = V/z,x > 0. 


Here the domain D of f is {x € R: x > 0}. 0 is a limit point of D. 

Let us choose ¢« > 0. 

When z > 0,| f(z) -0 |= Jz. 

Therefore | f(x) — 0 |< ¢ for all x satisfying 0 < « < e€?, i.e., for all 
a € N’(0,5) 9D [taking 5 = e?}. 

So we have jim f(z) =0. 


Note. Here N’(0,5)N D = (0,6), since D= {x € R: x > O}. 
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Theorem 7.1.2. (Sequential criterion) 


Let Dc Rand f: D-R bea function. Let c be a limit point of D 
and / € R. Then lim f(x) =/ if and only if for every sequence {z,} in 
ce 


D-— {c} converging to c, the sequence {f(2,)} converges to U. 


Proof. Let. lim tf (x) = 1. Then for a pre-assigned positive e, there exists 


a positive § such that 

l-~e< f(z) <lt+eforalawe N(c,d)ND... «.. (i) 

Let {xn} be a sequence in D — {c} converging to c. 

Since lima, = c, there exists a natural number k such that 

e-—S8 <2, <ct+6 for alln>k. 

Therefore from (i) l—¢ < f(zn) <l+eforalln>k. 

This proves that lim f(z,) = é. 

Conversely, let for every sequence {z,} in D — {c} converging to 
ce, lim f(z) = 1. We prove that jim =: 

If not, there exists a neighbourhood V of | such that for every neigh-. 
bourhood W of c there exists at least one element zt, € [(W — {c}] ND 
for which f(x.) does not belong to V . 

Let W, = N(c,1). Then there exists an element 2, € N’(c,1) ND 
such that f(x) ZV. 

Let W2 = N(c,4). Then there exists an element x2 € N’(c,5) ND 
such that f(2) ZV. 

Proceeding in this manner, we obtain a sequence {x1,%2,23,.-..} in 


_ D such that lim, = ¢, since z, € W, = N(c,4) for all n € N; but the 


sequence f(r,) does not converge to /, since f (rn) does not belong to 
the neighbourhood V of / for alln EN. This is a contradiction to the 
hypothesis and therefore im f(x) =l. 


This completes the proof. 

Worked Examples (continued). 

4, Prove that jim f(x) does not exist where f(x) = sint,2 #0. 
Here the domain D of f is R — {0}. 0 is a limit point of D. 


Let us consider the sequence {xn} in D defined by tn = qa2gyzo7 © 


N. The sequence is {2, 4%, #, ---} and this converges to 0. 


The sequence {f(#,)} is {sin $,sin 52 sin 9 aE, -+-}, Le, {1,1,1,.. .} 
and this converges to 1. 
Let us consider the sequence {y,,} in D defined by yn = an EN. 


The sequence is {+, s-, #;,---} and this converges to 0. 
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The sequence {f(yn)} is {sinw,sin2a,sin37,---}, ie. {0,0,0,...} 
and this converges to 0. 


Thus we have two sequences {z,} and {y,} in D both converging to 0 
but the sequences {f(z,,)} and {f(yn)} converge to two different limits. 
Therefore lim sin 4 does not exist. 
sz 


5. Show that lim, [x] does not exist. 
“2-9 


Let f(#) = [cz]. The domain of f is IR. In order to examine whether 
lim, f(x) exists or not, it is sufficient to consider the function f in an 
fe omoed 
arbitrary nieghbourhood of 0, say N(0,1). 

f(x) —-1,if -l<z<0 
0, ifO<a2<1. 


ii 


Let us consider the sequence {z, } in N(0, 1) defined by zn = shy, n € 
N. The sequence {z,,} converges to 0. 


The sequence {f(z,,)} is {0,0,0,...}. This converges to 0. 

Let us consider the sequence {yn} in N(0,1) defined by yn = 
—si7:7 € N. The sequence {yn} converges to 0. ie 

The sequence {f(yn)} is {-1,~-1, ~1,---}. This converges to ~1. 

Thus we have two sequences {z,,} and {y,} in N(0,1) both converging 


to 0 but the sequences { f(xz,)} and {f(yn)} converge to two different 
limits. Therefore lim f(x), ie, lim, [x] does not exist. 
“2 cs 


6. Show that lim, sgn xz does not exist. 
w—_ . 


Let f(z) = sen z. Then f(x) = lforx>O0 
= Qforr=0 
= -~lforz <0. 
Here the domain of f is R. 0 is a limit point of the domain of f. 


Let us consider the sequence {r,} in R defined by zn = 4,n EN. 
Then lima, = 0. f(x,) = 1 for alln € N and therefore lim f(z,) = 1. 
Let us consider the sequence {y,} in R defined by yn = =1,n EN. 
Then limyn = 0. f(yn) = —1 for alln € N and lim f(yn) = -1. 


Thus we have two sequences {z,} and {y,} in R both converging to 
0 but lim f(z7,) #% lim f(y,). Therefore lim, f(x) does not exist. 
. cn 


Theorem 7.1.3. Let DC Rand f: D—R be a function. Let ¢ € D’. 


If f has a limit 1 € R at c then f is bounded on N(c) MD for some 
neighbourhood N(c) of c. 
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Proof. Let lim f(z) = l, 

Let us choose « = 1. Then there exists a positive 6 such that 

| f(z) —l|<1 for allz € N’(c,d) ND. 

But | f(z) —/ (21) f@) 1-121 

It follows that | f(z) |<|l| +1 for all  € N’(c,6) ND. 

Therefore ifc ¢ D,| f(x) |<|/| +1 for allz¢ N(c,6)N D, showing 
that f is bounded on N(c,6) 9D. 

If, however, c € D, let B = max{| f(c) | +1,|/| +1}. 

Then | f(x) |< B for all 2 € N(c,d) 1D, showing that f is bounded 
on N(c, 6) ND. 

This completes the proof. 
Corollary. If f be not bounded on N(c,5)ND for some §-neighbourhood 
N(c,6) of c then lim f(z) does not exist in R. | 

ze 

For example, lim 1 does not exist in R. 

Let f(x) =+,2€ D. Here D = R-— {0} andOe€ D‘. f is unbounded 
on every neighbourhood of 0. Therefore iim 4 does not exist in R. 
Theorem 7.1.4. Let DC Rand f : D — R bea function. Let ¢ € D’ 
and lim. f(x) =. 
(i) If 1 > 0 then there exists a positive 6 such that f(x) > 0 for all 
zeN (c,d)ND. 
(ii) If 2 < 0 then there exists a positive 6 such that f(z) < 0 for all 
x € N'(c,6)ND. 
Proof. (1) Let us choose a positive « such that l-e>QOdO. 

Since lim f(x) = 1, there exists a 5 > 0 such that 

L—7o é a 

l—-e< f(x) <l+e for all z € N’(c, 6) D. 

Since 1—¢ > 0, f(x) > 0 for all z € N’(c,d) ND. 
(ii) Let us choose a positive ¢ such that 1+ < 0. 

Since lim f(x) =/, there exists a 6 > 0 such that 

Im 
L—e< f(x) <l+e for allz € N’(c,d) ND. 


Since 1 +«€ < 0, f(x) < 0 for all zg € N’(c,6) ND. 
This completes the proof. 


Theorem 7.1.5. Let D C R and f and g are functions on D to R. 
Let c€ D’ and lim f(x) = L, lim g(x) =m. Then 
c—Cc — 


(i) lim (f+g)(a) =l+m, where f +g: D — R is defined by (f+g)(x) = 
f(z) + g(x), © eD. 
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(ii) ifke R, lim (xf) (a) = kl, where kf : D > R is defined by (kf )(2) = 
K.f(z),créeD. 
(iii) jim (f.9)(x) = lm, where f.g : D — R is defined by (f-9)(x) = 
f(z).9{x), 2 € D. 
Proof. (i) (f + 9)(x) - (t+m) =| Fl@) +9) | -Ttm | 
S| f(z)—-1| +] 9(z)-m|]. 
Let us choose « > 0. 
Since jim f(x) = l, there exists a positive 6; such that 
| f(z) —l |< § for all x € N'(c, 61) ND. 
Since lim g(x) = m, there exists a positive 52 such that 
| g(x) — m |< § for all x € N’'(c, 62) ND. 
Let 6 = min{é,, dg}. 
Then | f(z) —l|< § and | g(x) — m |< § for all r € N’(c,d) ND. 
Hence | (f + g)(z) —l4+m{<| f(z) -l|+[g(2)-—m|] 
<§+4+§ forall ze N’(c,d)ND. 
That is, | (f + g)(z) —l+m |< « for all x € N’(c,5) OD. 
This proves that lim(f + g)(z) =l+™m. 
3 om+S . 
Another Proof. Let {z,} be a sequence in D — {c} converging toc. 
Since jim f(z) =l and lim g(z) == m, we have 
jim, f(@n) =land jim, 9(x%n) = m, by sequential criterion for limits. 
Therefore lim [F(tn) + g(a,)} =l+m. 
That is, lim (f + 9)(#n) =l+m. 


Since {z,} is an arbitrary sequence in D — {c} converging to c, it 
follows from the sequential criterion for limits that lim(f +g9)(z) =l+m. 
Lome C 


(ii) Proof left to the reader. 
(ili) | (f.g)(x) — im |=| F(z) g(x) — Im | 
=| (f(z) — g(x) + g(x) ~ m) | 
Si f(z) -' {| ole) |+|tllo@)-m|. 
Since jim g(x) exists, there exists a positive number B and a positive 


6; such that | g(x) |< B for all g € N(c,d,) ND. 
Let k = max{B,|i|}. Thenk>Oand © 


| (f.9)(2) —lm |< k{| f(z)-1| + | g(z)—m ]} forall zeé N(e,6,)ND. | 


Let us choose « > 0. Since jim f(x) = 1, there exists a positive 62 
such that | f(z) —l |< & for all c € N’(c, 62) ND. 
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Since iim g(x) = mm, there exists a positive d3 such that 
| g(a) — m |< x& for all x € N’(c, 63) N D. 

Let 6 = min{d,, 62, 53}. 

Then | (f.9)(x) —lm |< kis +k. for all « € N’(c,d) ND. 

That is, | (f.g)(z) —lm |< e€ for all x € N’(c, 6) ND. 

This proves that lim(f.g)(x) = lm. 

re aa Ou 

Note 1. Using sequential criterion for limits as in the alternative proof 
of part (i), the proof of the parts (ii) and (iii) can also be done. 


Note 2. Let fi, fo,...,fn be nm functions each defined on some domain 
DcR and letcé D’. If lim fi (x) -_ ty, lim fo(z) = lg,+++, lim f,(z) = 
l, then 

(i) lim (fat fet---+fn)(2) = +le+---+ln, where (fit fot: + +fn)(z) = 
filz) + fa(z) +--+ fn(z), z € D; 


(ii) jim (fi fo ene) = tylg...ln, where (fife...fa)(z) = 
Sil2) fal2) is fale), 2]. 
In particular, if Si = fo meee Fn = f and jim f(z) _ l, then 


lim[f(x)]" = 1". Therefore if n be a positive integer and lim f(x) =1, 
Lome un] 
then lim [f(z)]” = 1”. 
Bane 
Theorem 7.1.6. Let D C R and f and g be functions on D to R and 
g(a) #0 for alla € D. Let ce D’ and jim f(x) = l, lim g(x) =m #0. 
Then lim f(x) = + where the function £ : D — R is defined by 
Coe 
L(z) = 22 
9 


g(x) 
Proof. First we prove that lim aay =i. 
1 1] — |jg(a)-m 
| ates 7 = = Ole 
Let p = 3 | m |. Then p > 0. Since lim g(x) = m, there exists a 
cn 
positive 6, such that | g(x) — m |< p for all e € N’{c,di) OD. 


Since || g(x) | — | m ||<| g(x) -- m |, it follows that |] g(x) | - 
]m |< p for all 2 € N’(c,d1) ND. 


Therefore | m | —p <| g(x) |<| m | +p for alla € N’(c,d1) ND 
or, | g(x) |> § | m| for all z € N’(c,d,) ND. 


Let us choose e > 0. Since lim g(x) = m, there exists a positive d2 
i Poet 9 
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such that 
| g(a) —m |< 4 |m |? « for all x € N'(c,d2) ND. 
) 


Let 6 = min{d,,62}. Then |aty - &| <e for all ee N'(6,6) ND. 


( 
This proves that lim is) x. 
The proof of the theorem is completed by considering the limit of the 


product of the functions f and 1/g. 
Hence lim £(2) = lim { f(@)-zty } sali. 


m™m 


Theorem 7.1.7. Let D C R and f and g be functions on D to R. Let 
c € D'. If f is bourded on N’(c) M D for some deleted neighbourhood 
N’‘(c) of c and iim g(a) = 0 then lim i(f.9)(x) = 0. 


Proof. Since f is bounded on N’(c) MD for some neighbourhood N(c) of 
c, there exists a positive number 8 and a positive 6, such that | f(z) |< B 
for all x € N’(e,6,) ND. 


Let us choose « > 0. Since jim. g(x) = 0, there exists a positive d2 
such that | g(z) —0 |< § for all : a ne N'(¢, da) AD. 


Let 6 = min{d,, 6g}. Then | f(x) |< B for all x € N’(c,6) ND and 
| 9(z) |< § for allz e N%(c,d) ND. 


Therefore | f.g(x) — 0 |=| f(x) || g(x) |< € for all x € N’(c,6) ND. 
This proves lim (f.9) (2) = 0. 


Worked Examples (continued). 


7. Prove that lim, asin as = 0. 
oa 


Here lim, a = 0 and sin os is bounded in some deleted neighbourhood 
uw, , 
of 0. Therefore lim « sin sz = 0. 
Ft ee 2 
8. Prove that lim Jzsint =0 
Let f(z) = /esint,« ¢ D. Then D= e ER: 2 > O}. 
OE D’. Let g(a) = /e,2 € D, h(x) =sint,« € D. 
Here jim g(x) = 0 and A is bounded on N’(0) M D for some neigh- 


bourhood (0) of 0. : 
Therefore jim g(x)h(x) = 0, ie., lim VZsin 3 = = 0. 


LIMITS 225 


Theorem 7.1.8.(a) et DCR and f: D— R be a-function. Let 
ce D’. lf f(z) <b for all e € D — {c} and lim f(z) = 1, then! < b. 


Proof. Let {z,} be any sequence in D — {c} converging to c. 
Since lim f(z) =J, lim f(#,) =1. 
wns NOOO 


Let us define a sequence {tun} by up» = 6 for all neN. 
Then f(rn) < un for alln EN. : 
Since lim f(z,) = / and limu, = 6,1 < 6, by Theorem 5.5.4. 


Note. If there exists a positive 6 and a real number b such that f(x) <b 
for all « € N’(c,6) ND and lim f(z) = 1, then / < 6. 
cc 


Theorem 7.1.8.(b) Let D C Rand f : D — R be a function. Let 


ce D’. If f(x) > a for all g € D — {c} and lim f(z) = 1, then | > a. 
ei omc 


Proof. Let {zn} be any sequence in D — {c} convergeing to c. 
Since lim f(z) = 1, lim f(@n) = l. 
zc Noo 


Let us define a sequence {vn} by vn = a for alln EN. 
Then f(a) > vp for alln EN. ; 
Since lim f(x) =/ and limv,n, = a,! > a, by Theorem 5.5.4. 


Note. If there exists a positive 6 and a real number a such that f(r) > a 
for all « € N’(c,6)N D and lim f(a) =1, then! >a, 


Theorem 7.1.9. (Sandwich theorem) 
Let D CR and f,g,h be functions on D to R. Let ce D’. 
If f(a) < g(2) < h(x) for alla: € D—{c} andif lim f(x) = lim h(a) = 
Lime C cc 
i then lim g(x) = 1. 
Proof. Let us choose ¢ > 0. 
Since iim f(x) =1, there exists a positive 6; such that 
l—e.< f(x) <l+e for allze N’(¢,d,) ND. 
Since lima h{x) = l, there exists a positive dg such that 
l—e< h(x) <i +e for all z € N"(c, dg) ND. 
Let 6 = min{6j, 62}. 
Then l—e < f(x) <l+eandl—e < A(x) < l+e forall 2 € N’(c,d)ND. 


Therefore 1—e < f(x) < g(x) < h(x) <l+€ for all x € N’(c, ND 
or,l—e€ < g(x) <l+e for alla e N’(c, 6) ND. 


This Proves lim g(x) =. 
zZz—¢ 
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' 
4 


Note 1. If f(r) < g(a) < h(x) for all z € D ~ {c} and if jim f(x) = 
jim A(x) = 1, then im 1 g(x) = i. 


Note 2. If there exists a positive 6 such that f(x) < g(v) < A(x) for all 
zé N’(c,6)ND and lim f(z) = jim h(x) = 1, then lim 1 g(z) sad, 


Worked Example (continued). 
9. Show that lim, xcos 4 =0. 
Let f(x) = cosi,x € D. The domain of f is D = {zx ER: 2 £0}. 
—1 < f(z) <1 for all x € D. 


Hence —x < af(x) < z for allx > 0 and z < af(x) < —z for all 
z<0. 


Therefore — | a |<af(x) <| 2 | for allz 40. 
dim | x |= 0 and lim — | z |= 0 


By Sandwich theorem, lim, zf(x) = 0, Le., lim xcosi = 0. 
x=— wm & 


Theorem 7.1.10. (Cauchy’s principle) 
Let DC Rand f: D—R bea function. Let ce D’. 
A necessary and sufficient condition for the existence of jim f(x) is 


that for a pre-assigned positive € there exists a positive é such t that 
| f(a’) — f(@”) |< ¢ for every pair of points x/)2" € N'(c, I) ND. 


Proof. Let im f(x) = l. Then for a pre-assigned positive « there exists. 


a 6 >0 such that | — ¢ ee Ge ee ae for alla € N’(c,d)ND. 
So for every pair oF points a’ i” e N’(c,6) MD, we have 
[-§ < f(a’) <i+6§ and! —£ < f(a") <i+¢ 


But Lf’) -f(@")| = | f(a’) -l4+l— f(a") | 
s Ae yl | elie atl 4 +3 
It follows that | f(2’)— f(x”) |< ¢ for all 2’, 2” € N’(c, 5)ND, proving 
that the condition is necessary. 


Let us assume that for a given « > 0 we can find a 6 > 0 such that 
the given condition holds. 

- Let us take a sequence {zn} such that 2, € D — {c} for alln EN 
ana lim z, = c. Then there exists a natural number k such that c — 6 < 
fn <ec+d6 foralln>k. 

In other words, 2, € N’(c,6) MD for alln > k. 


Hence for every natural number p and every n > k, 
Zn € N'(c,d)ND and tnzp € Nc, d) ND. 
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By the condition, | f(an) — f(an+p) |< ¢ for alln > k and p = 
eke eee 
This proves that the sequence {f(z,)} is a Cauchy sequence and is 
therefore convergent. 
. Thus for every sequence {x,} in D — {c} such that limaz, = c, the 
sequence { f(z,,)} is convergent. 


We now prove that all such sequences { f(z,)} converge to a common 
limit. Let {p,} and {gn} be two sequences in D — {c} such that limp, = 
ce, lim gn = ¢ and lim f(pn) = p, lim f(qn) = q. 

Let us consider the sequence {z,} where fan_1 = Pn, Zan = Qn i.e., 
{zn} a {Pi 91, P2.42,°° +} 

Then limz, = c and therfore {f(zn)} is a convergent sequence. 
{f(ven-1)} and {f(xen)} are subsequences of {f(xn)}. Since {f(rn)} 
is a convergent sequence, lim f(ren—1) = lim f(zen). 

Therefore p = q = /, say. 

Thus for every sequence {z,,} in D—{c} such that limz, = c, {f(zn)} 
converges to J. 

By the sequential criterion for limits, jim f(z) exists and this proves 


that the condition is sufficient. This completes the proof. 


Worked Examples (continued). 
10. A function f : (0,1) — R is defined by 
f(x) = 1, if x is rational, x € (0,1) 
, = —1, if x is irrational, x € (0,1). 
Using Cauchy’s principle prove that jim f(x) does not exist, where 
a € {0,1}. 
Here the domain of fis D={mER:0<a<l} ae Db’. 
Let us choose ¢ = 1. In order that jim f(x) should exist, it is nec- 


essary that there exists a d > 0 such that. i f(z’) — f(x") |< 1 for every 
pair of points 2’,2” € N’(a,d)M (0,1). 

Whatever 6(> 0) may be, the set N’(a,d) (0,1) contains rational 
and irrational points. Let x’ be rational and 2” be irrational in N’(a,6)M 
(0, 1). 

Then f(z’) = 1, f(x”) = —1l and | f(x’) — f(z”) |= 2 

Therefore | f(x’) — f(z”) |< ¢€ for some pair of points 2’,2” € 
N‘(a,6) (0,1) for every 6 > 0. 

Therefore Cauchy’s condition for the existence of iim #@) is not sat- 


isfied and lim f(z) does not exist. 
ca 3 
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11. Using Cauchy’s principle prove that lim cos + does not exist. 
z— 


Let f(x) = cos4,z2 40. Here the domain D of f is {x € R: « £0}. 
Let us choose « = oe In order that lim J(x) should exist, it is neces- 
Dome 


sary that there exists a 6 > 0 such that | f(x’) — f(x”) |< $ for every 
pair of points #’,2” € N’(0,d) ND. 


For a given positive 6 we can find a natural number n such that 


VS oe : Poe 22 oe ge 8g ; 
, ena asin! < 6, because las (an+ija | — aw On(4n+1) and this 


can be made less than 6 for a suitable natural number n. 


Let 2’ = 54- and 2” = Then 2’,2" € N’(0,5) ND and 


an7T Gna 
f(z’) =1,f(2”) =0. 
Therefore | f(z’) — f(@”) j< ©€ for some pair of points 2’,2” € 
N‘'(0,5) 9 D for every 6 > 0. , 


Therefore Cauchy’s condition for the existence of lim, cos + is not 
: nes : 


satisfied and lim cos 4+ does not exist. 
pare 


7.2. One sided limits. 


There are cases where a function f does not have a limit at a limit 
point c of its domain D, but the restriction of the function f to an interval 
at one side of ¢ (either right or left) may have a limit. 


For example, the function f : R — R defined by f(z) = sgn x does 
not possess a limit at 0 but the restriction of f to (0,cc) does have a 
limit at O and also the restriction of f to (—oo,0) does have a limit at 0. 

In.the former case we say that f has a right hand limit at 0 and in 
the latter case we say that f has a left hand limit at 0. 


Definitions. 


Right hand limit. Let Dc R and f: D—- Risa function. Let c bea 
limit point of D) = DN (¢,co) = {rz ED: a> ct}. 
f is said to have a right hand limit i(€ R) at c if corresponding to a 
pre-assigned positive e there exists a positive 6 such that 
| f(w) —l|<e for alla é N’(c, J) ND, 
i.e., L—e < f(x) < 1+ for ali x in D satisfying ¢e< 41 < c+, 


In this case we write lim f(x) =1. 
mgm e+ 


Left hand limit. Let D Cc R and f: D — R is a function. Let c bea 
limit point of Dg = DN (-—0o0,c) = {re D: x <c}. 
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Ff is said to have a left hand limit I(€ R) at c if corresponding to a 
pre-assigned positive e there exists a positive 6 such that 


| f() —t |< for alla € N’(e,5)M Do 
ie, l—e< f(x) <l+e for all x in D satisfying c—S <2 <c. 


In this case we write lim f(z) =. 
Kt ad Olena 


Note. In order that we may enquire if im, f(x) exists, the domain D 
of the function f must be such that c is a limit point of DN (c, 00). 

Similarly, in order that we may enquire if lim f(x) exists, D must 
be such that c is a limit point of DN oe 


Sequential criterion. 


Let DC Rand f: D—R bea function. Let c be a limit point of 
D, = DM (c,00). Then im, f(x) = lif and only if for every sequence 
{zn} in D, converging to c, the sequence { f(zn} converges to I. 

Let D C Rand f: D—R bea function. Let ¢ be a limit point of 
Dy = DM (—0o0,c). Then im f(x) = if and only if for every sequence 
{zn} in D2 converging to c, the sequence { f(x,} converges to l. 

Note. It is possible that both the right hand limit and the left hand 


limit may exist, or both may not exist, or one of them exists while the 
other does not. 


Worked Examples. 


1. Let f(x) = sgn 2. Examine if lim | f(z) and lim f(z) exist. 


Here the domain D of f is R. 
Let Di = DN (0,00). Then D, = {rx € R: x > 0}. O is a limit point 
of Dy. f(z) = 1 for all x € Dy. Therefore lim, f(x) = 1. 


Let D2 = DM (-—oo0,0). Then Dg = {x € R: « < O}. O is a limit 
point of Do. f(a”) = —1 for all « € Ds. Therefore lima f(z) = ~1. 
2—0— 


Note. Here both the right hand limit and the left hand limit of f at 0 
exist. f is defined at 0 but f(0) 4 lim, J (x) and also f(0) 4 lim f(x). 


2. Let f(x) = e!/*. Examine if lim f(z) and lim J (x) exist. 
vom Homey Q— 


Here the domain D of f is R — {0}. 


i 
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Let D) = DN (0,00). Then Di = {x ER: 2 > 0}. Ois 5 limit point 
of Dy. | 

f is unbounded on N(0)M D, for any neighbourhood N(0) of 0. 

Therefore im, f(x) does not exist in R. 

Let Dz = DM (-—oco,0). Then De = ER: is a limi 
eee g= {x >a < O}. 0 is a limit 

es have ef > ¢ > 0 for allt > 0. Taking t = —1, we have e-= > 
y * ; 

~—z > 0 for all x < 0 and this implies 0 <ez <—z for all x <0. 

By Sandwich theorem, lim f(z) =0. 

s—0— 


3. Let f(z) = sin 4. Using sequential criterion for limits examine if 
ao f(x) and im f(x) exist. 

Here the domain D of f is R ~ {0}. 

Let Di = DM(0,00). Then Di = {x €R: 2 > O}. 0 is a limit point 
of Dy). 

Let us consider the sequence {x,} where rz, = +,n EN. 

Then z, € D, for alln € N and lima, = 0. i 

f(2n) = 0 for all n € N and therefore lim f(x,) = 0. 


Let us consider the sequence {y,} where yn = 2 
: Yn = asin? © N. 
Yn & D, for alln€ N and limy, = 0. aor 
f(¥n) = 1 for all nm € N and therefore lim f(yn) = 1. 
Therefore by sequential criterion lina f(x) does not exist. 
xO 
Let Dz = DM (-oo,0). Then Do = {mf € R: x < O}. 0 is a limit 
point of Dg. 
7 Considering two sequences {tn } and {v,} where up = —i and uv, = 
(ntijx We can establish that jim f(x) does not exist. 


Theorem 7.2.1. Let DC Rand f: D—R be a function. Let c bea 
limit point of both the sets Di(= DM (c,o0)) and Do(= DN (—oo,c)). 
Then iim f(x) =1€R if and only if im, f(z)=l= jim f(x). 


Proof. Let lim f(x) =l. Then for a pre-assigned positive ¢, there exists 
a positive 6 such that 
| f(x) —l|<e for alla € N’(c,6) ND. 
That is, for all x in D satisfying 0 <| r—c|<6,| f(z) -Ll<e. 
Therefore for all x in D satisfying c< x <c+4, |f(x) —l| < 6; and 
also for all x in D satisfying c— 6 <a <c, |f(x)—l| <«. 


It follows that jim, f(z) =land lim f(z) =1 . 
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Conversely, let lim f(x) =! and lim f(x) =. 
Boch Lm Coe 


Let ¢ > 0. Then there exists a 6; > 0 such that 

f(x) — l| < for all x in D satisfying ec <2 < c+. 
‘Also there exists a dg > 0 such that 

| f(x) —1| < ¢ for all x in D satisfying e — 62 <2E<c. 


Let 6 = min{6,,62}. Then |f(z) —l| < ¢€ for all z in D satisfying 
e-é6<xu<candce<2z<c+,ie., forallze€ N'(¢,6) OD. 
Therefore lim f(x) =/. This proves the theorem. 
2c 


This completes the proof. 


Worked Examples (continued). 
A. Find lim sina; lim sinz, lim sinz. 
w= 0+ xs—O0— o—0 
InOd<a2< %,0<sing <2. 
Let d(x) =O in 0<g¢ < 3. Then lim o(a) = 0. Also lim x= 0. — 
a+ OF : a OF 


By Sandwich theorem, lim, sing = 0. 
gos 
In -3<2<0, a<sinz <0. 
Let (2) =Oin -$ <2 <0. Then lim ab(az) = 0. Also lim xz=0. 
: . t= 2—O0— 
By Sandwich theorem, lim sing = 0. 
240 
Since lim sinz = lim sing = 0, we have lim sinz = 0. 
e—O+ 230 x—+0 
5. Prove that lim cosxz = 1. Deduce that lim cosz = lim cosz = 1. 
: a0 zw—-0+ 2—+0— 


|cosa —1] = |2sin? | < CaN since |sinz| < |x| for all x ER. 
Let us choose e > 0. 

Then |cosx ~ 1| < « for all x satisfying = <€, 

i.e., for all x satisfying —/2e < x < V/2e. 

Therefore lim cosz = 1. 


Let f(z) = cosx. The domain D of f is R. 
Let Dy = DM(0,0o) and D2 = DN (~o00, 0). 
Since lim cosz = 1 and 0 is a limit point of both D; and Dg, each ¢ 


1 m cos and lim cos xz exists and equals 1. 
x i eS 


i 


6. Prove that lim sine = 1. 
z—70 


InO<z<%, sing<2<tanz. 
x 1 ‘ zx 
Therefore 1 < g2g < meq MO<2<q- 
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‘ 1 pce ‘ x 
As lim coss = 1, we have lim ans 


= 1, by Sandwich theorem. 


Therefore lim %8# = 1, 
20+ * 
In -~$ <2<0, tone <a<sing. 


Therefore l = <b in-%<2<0. 


sins cos x& 


As lim ses = 1, we have lim a> = 1, by Sandwich theorem. 
: z—0— 
ieee lim sing ay: 
tO 
Since lim “22 = lim %®2 = 1, it follows that lim sine = 1, 
x—O+ 7 r—0- 


7. Evaluate the one sided limits — (i) lim [x}, (ii) lim, [x]. 
vey Q) me <s— 
Show that lim [2] does not exist. 
x— 
Let f(x) = [x]. The domain of f is R. 
Since we like to evaluate lim f(z) and lim | f(x), we are interested 
sO cmt 
in the nature of the function f in the neighbourhood of 0. 
f(x)=-l,if-l<a<0 
=O0,ifO<a<1. 
lim f(x) = -1, im, f(z) = -0. 


Since im f(x) Z ip f(x), lim f(x) does not exist. 
8. Evaluate lirn ([2]~{3]). 


Let f(x) = [x] — (¥]. The domain of f is R. 
Since we like to evalaste iim f(x), we are interested in the nature of 
the function f in the neighbourhood of 3. 

iz] = 2,1f2<2 <3 (7]=0,ifO<2 <3 

=3,if3<a< 4. =lif3<2¢<6. 
Therefore f(x) = 2,i1f2<2<3 

=2,if3 <2 <4, 

lim f(x) =2and lim f{x) = 2. Therefore lim f(x) = 2. 
x—3— wom 34> eet) 


7.3. Infinite limits. 


Let D C R and f : D - R be a function. Let c be a limit point 
of D. We have seen that if f is not bounded on N(c) MD for some 
neighbourhood N(c) of c, f does not approach a finite limit J. 


Definition. Let D C R and f: D-— R be a function. Let c be a limit 
point of D. If corresponding to a pre-assigned positive number G, there 
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exists a positive 6 such that 
f(z) > G for alla E N’(c,d)ND, 
then we say that f tends to co as x — ¢ and we write lim f(x) = 


Definition. Let D C R and f : D - R be a function. Let c be a limit 
point of D. If corresponding to a pre-assigned positive number G, there 
exists a positive 6 such that 


f(x) < -G for alae N’(c,d)ND, 
then we say that f tends to ~co as 7 — c and we write lim, f(r) = -o. 


Note. In both these cases we say that limit of the function f at c exists 
in R*. When lim f(x) = /, (1 € IR) we say that limit of the function f at 
ce oe od 


c exists and it is expressed by saying that the limit of the function f at 
c exists in R. 


As in the case of finite limits, the sequential criteria can be formulated 
in the case of infinite limits. 


Sequential criterion. 

Let Dc Rand f: D—R be a function. Let c be a limit point of 
D. Then lim f(x) = oo if and only if for every sequence {x,,} in D— {c} 
converging “to c, the sequerice { f(x,)} diverges to oo. 


Let Dc Rand f: D-R bea function. Let c be a limit point of D. 
Then lim f(x) = —oo if and only if for every sequence {2,} in D — {c} 
converging to c, the sequence {f(z,,)} diverges to —co. 

Worked Examples. 
1. Show that lim. f(x) = 00, where f(x) = 4. 
‘os 

In every neighbourhood of 0, f is unbounded above. 

Let us choose G > 0. Then f(z) > G for all x satisfying aa a: <a2< 
Wek x # 0. 

That is, f(z) > G for all x € N’(0,6) where 6 = Wek 

Therefore lim, f(x) = 

pe 
2. Show that lim, f(x) does not exist in R*, where f(z) = 1, 
xc- 


Here the domain f is D = R — {0}. 0 is a limit point of D. 


Let us consider the sequence {x,} where z, = +,n EN, 
Then z, € D and limz, = 0, f(r,) = n, lim f(an) = co 


Let us consider the sequence {yn} where yn, = —iin EN. 
goat 


* 
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t 
‘ 


Then y, € D and limyn = 0, f(yn) = —n, lim f(yn) = —o0. 


We have two sequences {zx,} and {y,} in D both converging to 0 but 


the sequences {f(x,)} and {f(y,)} approach to two different limits in 
R*. Therefore lim 2 does not exist in R*. 


Theorem 7.3.1. Let DC Rand f: D—R bea function. Let c bea 
limit point of both the sets Dy = DN(e,.co) and De = DN(—o.c). Then 
lim f(x) = co(co) if and only if lim f(x) = lim f(x) = c0(—oo). 
ue wet 5 sed Ota 

Proof left to the reader. 


Worked Example (continued). 


3. Examine if lim tanz exists. 
am % 


Let f(z) = tanz. The domain of f is D = R— {(2n+1)% :n is an 
integer }. D, = DN (3.00) $$, D2 = DN (—-1, 8) ¥ . Also $ is a 
limit point of both D; and Dg. 


In} <x <7, f is a monotone increasing function abounded below. 
Therefore lim f(z) = —oO. 
za Bb 


InO<2< %, f is a monotone increasing function unbounded above. 
Therefore Rte f(z) = oo. [Theorem 7.6.1] 
Since lip Fz) and im f(x) both exist in R* and lim f(z) # 
a ts r—+F 


ae f(x), lim aq: ideas not exist. 


7.4. Limits at infinity. 


Definition. Let D C R and f: D—R be a function. Let (¢,oo) C D 
for some c € R. We say that f tends to /(€ R) as x —» oo if corresponding 
to a pre-assigned positive e there exists a Teal number G>ec such that 
| f(z) -—L|<e for alla > G. 

In this case we write jim, f(xj=l. 


Definition. Let D C R and f : D— R be a function. Let (~co,c) Cc 
D for some c € R. We say that f tends to l(é R) as x — —oc if 


corresponding to a pre-assigned positive e« there exists a real number — 


G <esuch that | f(z) -1 |< foralla <G. 
In this case we write _ Jim f(z) =1. 


Note. In order that we may enquire if lim f(x) exists, the domain D 
* tos 
of # must be such that (c.co) C D for some c € R. 
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In order that we may enquire if lim f(a:) exists, the domain D of 
w= OO 


f must be such that (—oo,c) C D for some ce R. 


Sequential criterion. 
‘Let Dc Rand f: D — R bea function. Let (c,oo) C D for some 
c€R. Then lim f(z) = l(€ R) if and only if for every sequence {7} 
E+ oO 
in (c,0o) diverging to oo, the sequence {f(2,)} converges to l. 
Let D c Rand f: D— R bea function. Let (—oc,c) C D for some 
cER. Then lim f(x) = l(€ R) if and only if for every sequence {zy} 
ze OD 


in (—0oo,c) diverging to —oo, the sequence {f(:cn)} converges to U. 


Worked Examples. ~ 
1. Prove that lim + =0. 
tro 


Let f(x) = 4. The domain of f is D = R-— {0}.(0,0c0) c D. 
Let us choose € > 0. 
When x #0,| f(z) -0 |= 2 


Therefore | f(x) — 0 |< « for all z > G where G = 1/e > 0. 


Hence lim f(z) = 0. 
WOO 
2. Show that lim zsin z does not exist in R*. 
Too 


Let f(#) = xsinz. 

Let us consider the sequence {,} where a:,, = 5 +2nz.n EN. Then 
limz, = &. 

f(wn) = f(E+2nn) = 
oO. 


%+2nn for alln EN and therefore lim f(2,) = 


Let us consider the sequence {yn} where yn = —$+2n7.n EN. Then 
lim yp, = co. 

f(yn) = f(-F + 2nz) 
lim f(yn) = —oo. 

We have two sequences {z,} and {yn} both diverging to co But the 
sequences { f(xn)} and {f(yn)} approach to two different limits in R*. 


= § — 2nm for all n € N and therefore 


By sequential criterion, lim f(x) does not exist in R*. 
_ BOC 


Theorem 7.4.1. Let DC R and f: DR be a function. 
Let (c,0o) C D for some c € R. If f(x) > 0 for all x € (c, co) and 
jim, f(z) =1, then! > 0. 
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Proof. If possible, let 1 < 0. 
Let us choose a positive « such that 1+ e¢« <0. 
Since jim f(x) =1, there exists a real number G > c such that 
| f(a) — L |< for all xn>G 


or,’ ~e< f(x) <l+e foralla >, 
l+e<O= f(z) <0 for alla >G. 


But by hypothesis f(z} > 0 for all x > c. Thus we arrive at a 


. contradiction. Therefore / > 0. 


Theorem 7.4.2. Let DC Rand f: D-R,g:D-—R be functions. 
Let (c,co) C D for some cE R. Let f(x) < g(x) for all x € (e, 00). 
If Jim, f(x) =l and Jim, g(x) =m then 1 < m. 


Proof. Let h(x) = g(x) — f(x),x € (¢, 00). 

Let us choose « > 0). Since jim, f(z) = l, there exists a real number 
G, > csuch that |f(x) —l| < £ © for alla > Gi. 

Since jim, g(x) =m ere exists a real number G2 > c such that 
| g(x) — m leg for all z > Go 


Let G = max{G1,Go}. Then | f(x) —1 |< §.and | g(x) — m |< § for 
allz>G. 


We have |AGir) -(m—)| = | g(a) —m— f(x) +1] 
S |[f(x)-!|+]| 9(x)-m| 
< §+ 5 forallaz>G. 

Therefore | h(x) — (m— 1) |< for alla >G. 


That is, Jim, h(a) =m — 1. 

Since A(zys = 0 for all « € (c,co) and Jim, h{z) =m—l,m-1>0, 
by Theorem 7.4.1. That is, 1 < m. 
Theorem 7.4.3. Let D ¢ Rand (c,0oo) c D. Let f,g9,h be functions on 
D to R such that f(a) < g(x) < A(x) for all x € (c,00) and lim f(x) = 
jim A(z) = t then Jim, g(a) = 1. oy 


Proof left to the reader. 


Theorem 7.4.4. Cauchy criterion 
Let Dc Rand f: D—R be a function. Let (c,co) C D fer some 
cé€R. Then jim f(x} = l(€ R) if and only if for a pre-assigned positive 


€ there exists a positive number G > c such that | f(#’) — f(x”) |< ¢ for 
every pair of points 2’,2” > G. 
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Worked Example. 


1. Using Cauchy’s principle prove that lim cosz does not exist. 
wm OO} 


Let f(x) = cosz,xz €.R. Here the domain of f is R. 


Let us choose « = 4. In order that Jim f(z) should exist, it is 


necessary that there exists a positive G such 1 that 
| f(x’) — f(a") |< 4 for every pair of points z’,2” > G. 


For a given positive G we can find a natural number n such that 
2nnz > G, say 2ka > G. 

Let zg’ = (2k +1) and 2” = 2knx. Then x’,2” > G and f(z’) = 
~1, f(z”) = 1. Therefore [f(z’) — f(#”)| € € for some pair of points 
z',2” > G for every G> 0. 

This shows that Cauchy’s condition for the existence of zim cos a is 

“oo 
not satisfied. Therefore lim cosz does not exist. 
Ere ORS 


7.5. Infinite limits at infinity. 


Definition. Let D C R and f : D — R be a function. Let (c,co) ¢ D 
for some c € R. If corresponding to a pre-assigned positive number C 
there exists a real number & > c¢ such that 
f(z) > G (or < —G) forala>k 
then we say that f tends to co (or, —oo) as z — oo. 
In this case we write jim, f(x) = ce (or, —oo). 


Definition. Let DC Rand f: D—R bea function. Let (—co,c) C D 
for some c € R. If corresponding to a pre-assigned positive number G 
there exists a real number k < c such that 
f(z) > G (or < ~G) for alla <k 
then we say that f tends to oo (or, —co) as x > —oo. 
In this case we write Jim f(x) = 00 (or, —oo). 


Sequential criterion. 
Let DC R and f: D—R be a function. Let (c,co) C D for some 
e€R. Then lim f(z) = co (or, —oo) if and only if for every sequence 
woo 
{zn} in (c, oo) diverging to oo, the sequence {f(z,)} diverges to oo (or, 
—oo). 
Let DC Rand f: D->R bea function. Let (—co,c) C D for some 
céR. Then lim f(x) = co (or, —oo) if and only if for every sequence 
Lime me CD . 


4 
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{zn} in (00, ¢) diverging to —oo, the sequence { f(an)} diverges to oo 
(or, —oo). 


Theorem 7.5.1. Let g: D — R be a function on D and (c,0o) C D for 
some c€ R. Then lim g(x) =1 (i € R) if and only if lim, 9(3) =. 
zm oo z=— ° 


Proof. Let f(z) = 3. Then lim f(x) = oo. 
xz=— 
Let Jim, g(x) = 1. Then for a pre-assigned positive e« there exists a 
Positive number d > ¢ such that | g(x) —1 |< for all x > d. 
Since lim | f(x) = 00, for the chosen positive number d, there exists 
«<—_ 


a positive number 6 such that f(x) > d for all xe (0, 6). 
Therefore | g f(x) —1|<e for all x € (0,6). 


. . . . Pa . . 1 mes 
This implies that lim, gf(x) =, ie., zlim_9(3) l. 
Conversely, let lim gf (x) = 1. 


’ Then for a pre-assigned positive e there exists a positive 6 such that 
l-e<gf(x) <l+e forall z €(0,6)ND,D being the domain of gf. 
x & (0,6) = f(x) > }. Hence 1 —e€ < g(x) <1+€ forallz> ;. 

This implies that jim, g(x) =. 


This: completes the proof. 


Note 1. The thoerem can be generalised to include the cases | = oo and 
l= —oo, 


Note 2. The theorem in the generalised form says that in order to 
evaluate lim f(a) it is sufficient to evaluate lim f(4). 
L200 y—o+ y 


Theorem 7.5.2. Let g : D — R be a function on D and (—o0,c) C D 
for some c € R. 
Then lim g(x) =1 if and only if lim g(4) =1. 
r+ —~00 2z—0— 7 
Proof left to the reader. 


Worked Examples. 
1. Find lim ¥2=2 


zoo Ve * 
11 
‘ 2 . . -1 
lim seat = lim ¥y H¥ = lim vy =~] 
tooo VEtz yoO0+ wats yo0+ VoFl 
2. Find lim 222. 
xr Co = 
lim #2 = lim “24 — lim ysin 1 =0 
Zco OF yo0+ 5 ay ee y , 
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7.6. Limits of monotone functions. 


Theorem 7.6.1. Let I = (a,b) be a bounded open interval and f:I — 
R be a monotone increasing function on I. 


. (i) If f is bounded above on J then im f(z) = SF) 


(ii) If f is bounded below on J then jim, f(z) = ani f(x) 
(iii) If f is unbounded above on J then Jim f(z) = co 
(iv) If f is unbounded below on J then jim, f(z) = —co. 


Proof. (i) Let M = eUp ee): 
pete . . 

Let « > 0. Then f(x) < M for all x € (a,b) and there exists a point 
Zo € (a,b) such that M —e < f(x.) < M. 

Let 6 =b—2z,: Then f(b—6) = f(t.) > M —«. 

Since f is monotone increasing, f(x) > M — for all # € (b — 6,6). 

Hence M —e < f(z) < M<M-+e forall ze (b~ 6,6) 

or, | f(z) — M |<e for all x € (b — 6,6). 

This implies im f(z) = M. That is, im f(x) = a, f(x). 

(ii) Let m = oe f(x). 


Let e > 0. Then f(z) > ™m for all x € (a,b) and there exists a point 
Zo € (a,b) such that m < f(xo) < M+. 


Let 6-= «9 —a. Then f(a+6) = f(v%o) < m+e. 

Since f is monotone increasing, f(z) < m+ for all x € (a,a+ 6). 
Hence m—e<m< f(x) <m-+e for all x € (a,a+ 4) 

or, | f(x) — m |< for all x € (a,a+ 6). 


This implies lim, f(x) =m. That is, jim, f(x) = set 
(iii) Let G > 0. Since f is unbounded above on (a, 6), there exists a 
point x, in (a,b) such that f(x.) > G. 


Let 6 =b—z,. Then f(b—6) = f(to) > G. 
Since f is monotone increasing, f(x) > G for all x € (b — 6,6). 


This implies lim f(z) = c. 


(iv) Proof similar to (ili). 
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Theorem 7.6.2. Let J = (a,b) be a bounded open interval and f : J — 
IR be a monotone decreasing function on J. 


(i) If f is bounded above on J then lim | f(v)= sup f(z) 
La x€(a,b) 


(ii) If f is bounded below on J then lim f(z)= inf f(z) 
tb x€(a,b) 


(iii) If f is unbounded above on J then lim f(z) = 
coat 

(iv) If f is unbounded below on J then lim f(t) = —co. 
wm b— 

Proof left to the reader. 


Theorem 7.6.3. Let J = (a,b) be a bounded open interval and c € (a,b). 
lf f : J + R be a monotone function on J then lim f(x) and lim f(z) 
w2—-co~ Bet 


both exist. 


Proof. Case 1. Let f be monotone increasing on J. Then f is monotone 
increasing on (a,c) and f is bounded above on (a,c), f(c) being an upper 
bound. Let M be the supremum of f on (a,c). Then M < f(ce). 


By Theorem 7.6.1, lim f(z) = M < f(c). 
omc “ 
Also f is monotone increasing on (c,b) and f is bounded below on 


(c, 6), f(c) being a lower bound. Let m be the infimum of f on (e, d). 
Then f(c) < m. 


By Theorem 7.6.1, im, f(x) =m > f(c). 
Therefore im f(a) ar jim f(z) both exist and im f(z) < 
lim, f(z). 
Case 2. Let f be monotone decreasing on J. Then f is monotone 


decreasing on (a,c) and f is bounded below on (a,c), f(c) being a lower 
bound. Let m be the infimum of f on (a,c). Then f(c) < m. 


By Theorem 7.6.2, lim f(z) =m > fie). 
tom O— : 
Also f is monotone decreasing on (c,b) and f is bounded above on 


(c, 6), f(c) being an upper bound. Let M be the supremum of f on (ce, 6). 
Then M < f(c). 


By Theorem 7.6.2, lim, f(s) =M < f(c). 
Bow Co 
Therefore im f(a) and jim f(a) both exist and lim f(a) < 
lim f(z). == a 


C—O 
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Theorem 7.6.4. Let a € R and I = (a, 00). 
Let f : J > R be a monotone increasing function on I. 


(i) If f is bounded above on J then Jim f(z) = sup f(s). 


x€(a,0c) 


(ii) If f is unbounded above on J then Jim, f(x) = 
(iii) If f is bounded below on J then tim, “i(2) = yer ie 
(iv) If f is unbounded below on J then im, pee = 00. 
Proof left to the reader. 

Theorem 7.6.5. Let a € R and I = (—00,a). 
Let f : 1 — R be a monotone increasing function on I. 


(i) If f is bounded above on J then lim _ f(z) = Cs we 


wel —oo,2 


(ii) If f is unbounded above on J then im f(z) = 


(iii) If f is bounded below on J then lim f(r) = __ inf f(z). 
E+ OO z€(—oo,2) 


(iv) If f is unbounded below on J then jim f(x) = —0oo. 


Proof left to the reader. 


Similar theorems can be formulated for a monotone decreasing func- 
tion f. 


Examples. 
1, Let¥(s) = tan aye € (— Fs): 
f is a monotone increasing function on (=§, 5): 
above on (—%, %). Therefore jim tan % = 00. 
f is unbounded below on (—#, %). Therefore , lima | tan 7 = —oo. 
; sae 


f is unbounded 


2. Let f(x) = logz,z > 0. 

f is a monotone increasing Sei on (0,00). f is unbounded above 
on (0,co). Therefore jim, f(x) = 

f is unbounded below. on (0, <Ahetsiovs lim log xz = -0o. 


3. Let f(z) = 1,2 > 0. 
f is a monotone decreasing function on (0,oc). f is bounded below 
on (0,00). Therefore lim f(z) = eae ihe) = 0. 


+ 


ed “ae 
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_ f is unbounded above on (0,00). Therefore im, f(z) = 


4, Let f(z) = 1,2 <0. 


f is a monotone decreasing function on (—oo, 0). fi is bounded above 


on (~o0,0). sup f(x) =0. 
xrE(~oo,0) 


Therefore lim f(z)= sup f(x) =0. 
ar i ae zE(—-o0,0) 
f is unbounded below on (—oo, 0). Therefore lim f(a) = —oo. 


5. Let f(x) = 4,2 € R — {0}. 


f is a monotone decreasing function on (0,00). f is bounded below 
and unbounded above on (0, 00). 


s =oo, inf = 0. 
oes F(z) ae sein es f(z) 


,lim, f(z) = 00, Jim f(x) = 0. 


f is a monotone increasing function on (—oo, 0). f is unbounded above 
and bounded below on (—oo,0). 


su x) = 0Oo,7 inf z)=0. 
Pi ) xE(—oo,0) f( ) 


a cit al oa 


7.7. Some important limits. 
1. Prove that lim (1+ 1)" =e. 
roo 
. 1 ae, 
We have wim (1 +2)" =e. 
Since xs — oo, we assume x > 1. 
Let [zr] =k. Thank <a2<k+land1+ 74, <1+i<1+} 
It follows that (1 -+ gty)* < (1+ 2)" < (+ pert. 
Taking limit as x — oo and noting that as 7 — 00, k — co 
we have Jim (1 +4)*> im a (1 +h) 
== tim Gray (1 + ar) = €. 
j Lyz : Ayk+1 
Also jim (1 +Syr< Jim + ¢) 
=} ‘Lyk 1) _. 
= Jim, (1 + %) (1 + mE) = €, 


It follows that lim (1+ 4)" =e. 
tox 


2. Prove that 
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lim (1+ +4)* =e. 
Lt — OO 
Let w= —y. ASZ—> OO,Y—- —OO. 
Then | jim tae 2)? = jim, (1 - a) ¥ 
= tim, (G4 yy 
= jim (1+ t)yitt 
= iim n [(1 + 4)t. (1 + $)] 


eae 


where t=y-—1 


8. Prove that lim (1+ xr)/® =e, 
bi tac 4 


We have lim (1+ 1)? =e. 


ae See cers 

= 1)t = 1 ME see GA 
anes e= lim (1+ 2) jim, ( +y) (i) 
Also we hee e= lim (1+ 4)*. 
Let y = Stas rea ane 


Then e = _Jim (+ 4)? = jin (l+y)i¥¥ ow. (ii) 


From. (i) and (ii), lim( 4 ae =e. 
That is, lim (1 +2)? =e 


Exercises 11 


1. Use sequential criterion for limits to show that the following limits do not 
exist. 


ee ‘ ey lain 2 f; F 2 ; 
(i) lim, cosy, (ii) lim sini, (iil) jim « (iv) Jim, a°sgn cos x 
2— 


Hint. (iii) Take a, = 32 4 2nt yn = F + Ann. 
(iv) Take tn = 2n7; yn = 7 + 2nt. 
2. Let f(x) =2, c€Q 
=2-—-2,rE€R-Q. 


Show that (i) lim f(x) = 12; (ii) lim f(x) does not exist, if c #1. 
at mn 1 moe 


3. Show that the following limits do not exist. 


(iii) lim gets 


(i) lim isin 


1 
(ii) jim Say ares i 
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4. Evaluate the limits 


ae a a 


(ii) lim lin — : 
z0+ @F 4] 2-O- eF +1 


(iii) tim {[2] + [2 — e]}, tim {fx] + [1 - a}. 


bk Se he 
(iv) Jim e{Z], lim 22]. 


: sin x] 1 sin x 
(v) lim ("54 ], lim [PS]. 


(vi) Jim (83 =}, 
zw for alla é R. 
Hint. (iv) For all non-zero real x, [2} = 4 — 6(x), where 0 <'6(z) < 1. 
(v) For allz € (0,%),0<sin 2 <a> O< S82 <1 => [#24] =0. 
(vi) For all « € R, [z]'+ {x} = «a. For all x € (0, =), [224] = 0 and this 


lim {22}, where {x} = x — [x] = fractional part of 
xz-+0- 


implies {22-2} = #84. . 
5. Evaluate the limits 

* ‘ 2g os : sina ere Vz 

O) Magetrert) (A) Tih ateerss (Ma eee 


(iv) Jim + 2)*"," (vy) Jim (« ~V~/«x?—-1), (vi) Jim (¥ x+1— ¥z). 


8. CONTINUITY 


8.1. Continuity, 


Definition. Let DC R and f: D —R bea function. Let c € D.f is 
said to be continuous at c if given any neighbourhood V of f(c) there 
exists a neighbourhood W ofc such that for allz EWOD, f(r) eV. 


‘Equivalent definitions. 


1. Let DC R and f: D—R be a function. Let c € D. f is said to be 
continuous at c if for a pre- ene Positive € there exists a positive 6 
such. Pas 
(x) — f(c) |< for all x € N(c, 4) nD. 
2. Let Dc Rand f: D-—R be a function. Let c€ D. f is said to be 
continuous at c if for a pre-assigned positive e there exists a positive 6 
such that 

| f(e+h) 


Note. In order that we may enquire if a function f is continuous at a 
point c, c must belong to the domain of f. 


Theorem 8.1.1. Let D C Rand f: D.4 R be a function. If ¢ be an 
isolated point of D then f is continuous at c. 


s 


— f(c) |< € for all h satisfying |h |< éd andc+heD. 


Proof. Since c is an isolated point of D, there exists a neighbourhood 
N(c,6) of c such that N(c,6) 9D = {c}. 

Let « > 0. Then | f(x) — f(c) |< € holds for = ¢. 

Therefore there exists a positive 6 such that 

| f(x) — f(c) |< for alla € N(c, 6) ND. 


This shows that f is continuous at c. 


Theorem 8.1.2. Let Dc Rand f: D—R bea function. Ife € DN D’ 
then f is continuous at c if and only if lim f(x) = f(c). 
CTC 


Proof. Let f be continuous at c. Then for a pre-assigned positive ¢ there 
exists a positive 6 such that 
| f(z) + fle) |< ¢ for alla Ee N(c,d) ND. 


2 
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We also have | f(x) — f(c) |< e for all ve Nc IND. 
This implies that dim f(z) = f(c). 


Conversely, let jim f(z) = f(c). Then for a pre-assigned positive e there 
exists a positive 6 such that 

| f(z) — f(c) |< e for allze N'(c, d) ND. 

Also for x = c,| f(x) — f(c) |=| f(c) — f(o) |= O-<e. 

Combining, we have | f(x) — f(c) |< € for all z € N(c,5)ND. 

This shows that f is continuous at c. 


Continuity on a set. 


Let DC R and f: D—R bea function. Let A Cc D.f is said to be 
continuous on A if f be continuous at every point of A. 


Continuity on an interval. 


Let J be an interval and f:J ~ R bea function. 
(i) Let c be an interior point of J. 


f is said to be continuous at c if for a pre-assigned positive ¢ there 
exists a positive 6 such that 


| f(a) — f(c) |< € for all x E N(¢,d) NZ. 

Equivalently, f is said to be continuous at c if for a pre-assigned 
positive € there exists a positive 6 such that 

| f(e+h) — f(e) |< for all A satisfying |h|<dandc+he IJ. 
(ii) Let a be the left end point of J andaé J. 

f is said to be continuous at a if for a pre-assigned positive « there 
exists a positive 6 such that 

| f(z) — f(a) |< forallze N(a,d)nJI 

ie., | f(x) — f(a) |< efor alae [a,a+d)nJ. 

Equivalently, f is said to be continuous at a if for a pre-assigned 
positive € there exists a positive 6 such that 

| f(a+h) — f(a) l<eforallh satisfying [hk |< 6 anda+he J. 


(ili) Let 6 be the right end point of J and be I. 


f is said to be continuous at 6 if for a pre-assigned positive € there 
exists a positive é such that 


| f(a) — f(b) |< e forallze N(b,d) NI 
ie., | f(x) — f(b) |< for allze (6—46,b]) A 2. 


Equivalently, f is said to be ‘continuous at 6 if for a pre-assigned 


. positive € there exists a positive § such that 


| f(b+h) — f(b) |< forallh satisfying |h |< d andb+he I. 
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Theorem 8.1.3. (Sequential criterion for continuity) 

Let D Cc Rand f: D—R be a function. Letc é€ DOD. f is 
continuous at c if and only if for every sequence {z,,} in D converging to 
c, the sequence {f(z,)} converges to f(c). 


Proof. Let f be continuous at c. Let {z,} be a sequence in D such that 
lima, =. 

Since f is continuous at ¢, for a pre-assigned positive ¢, there exists 
a positive 6 such that | f(z) — f(c) |< ¢ for alla € N(c, 6) MD. 

Since limz, = c, there exists a natural number m such that | z,—c |< 
6 for aln >m. 

Therefore for alln > m, 2, € N(c,6d) and this implies x, € N(c,d)ND 
for all n > m, since z, € D for allnéE N. 

We have | f(zn) — f(c) |< € for alln >™m. 

This shows that lim f(t) = f(c). 


Conversely, let lim f(zn) = f(c) for every sequence {2,} in D converging 
to c. We prove that f is continuous at c. 

Let f be not continuous at c. Then there exists a neighbourhood 
N(f(c),€0) of f(c) such that no matter what neighbourhood N(e. 4) of 
c we consider, there will exist at least one point p(d) € N(c,6) MD such 
that f(p) € N(f(c), €o). 

Let 6 = 1. Then there is a point, say x; in N(c,1)MD such that 
f(z) € N(f(c); €o). 

Let 6 = 3. Then there is a point 22 in N(c, 4) MD such that 
f(a2) € N(f(c):€0). 


Thus we obtain a sequence of points {x,} in D such that |x, —cl) <i 
for all n € N and therefore limz, = c. But the sequence {f(z,)}} does 
not converge to f(c) since f(tn) € N(f(c),€.) for alln EN. 

This is a contradiction to the hypothesis that for every sequence {z,,} 
in D converging to c, the sequence { f(z,)} converges to f(c). 


Therefore our assumption is not tenable and f is continuous at c. 


Worked Examples. 


1. Let k € R. Prove that the function f defined by f(z) = k,z € R is 
continuous on R. 

Let cE R.| f(x) — f(c) |=| k—k |= 0, for allz ER. 

Let us choose ¢ > 0. be 

Then | f(x) — f(c) |< € for all x € N(c,4) for every positive 6. 
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This implies f is continuous at c. Since c is arbitrary, f is continuous 
on R. 


2. Prove that the function f defined by f(x) = z,x € R is continuous 
on R. 


Let cE R. | f(x) — f(e) |=|a2—el]. 

Let us choose ¢« > 0. 

Then | f(z) — f(c) |< € whenever | x — ¢ |< «. 

That is, | f(x) — f(c) |< € for all z € N(c,d) where d = «. 

So f is continuous at c. Since c is arbitrary, f is continuous on R. 


3. A function f is defined on R by f(z) = cosi,a #0 


Prove that f is not continuous at 0. 


Let us consider a sequence {z,} where a, = man é N. Then 
lima, = 0, f(@n) = 1 for alla € N. Therefore lim f(z,) = 1. 

We have a sequence {zn} in R that converges to 0 but lim f(z,) # 
f(0), proving that f is not continuous at 0. 


ACA function f is defined on R by f(z) = 1,x2€Q 


Prove that f is continuous at no point ce R. 


Case 1. Let c be a rational point. Let {x} be a sequence of irrational 
points such that lima, = ¢. 

Then f(z,) = 0 for alln € N. Therefore lim f(z,) = 0. 

But f(c) = 1. Thus there exists a sequence {z,} € R that con- 
verges to c but the sequence {f(zn)} does not converge to f(c). By the 
sequential criterion for continuity, f is not continuous at c. 


Case 2. Let c be an irrational point. Let {y,} be a sequence of rational 
points such that lim y, = c. 

Then f(t) = 1 for alln € N. Therefore lim f(y,) = 1. 

But f(c) = 0. Thus there exists a sequence {y,} € R that converges to 
c but the sequence { f(yn)} does not converge to f(c), By the sequential 
criterion for continuity, f is not continuous at c. 
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This implies f(0)=0 .. 2... @ 
Taking y = —z, we have f(x) + f(—z) = 0. 
This implies f(—2) = -—f(z) .. 0... (ii) 
Let x be a positive integer, say n. 
Then f(z) = f(l4+1+---+1) 


Hot 


fQ)+ fC) +---+f(1) (m times ) 
nfl) =kn=ka. © 


So f(x) = ka if x be a positive integer ... ... ... (iii) 
Let x be a negative integer, say —n. 
f(x) =f(-n) = —f(n) by (ii) 
= —kn=kz. 
So f(x) = ka if x be a negative integer ... ... ... (iv) 


. From (i), (iii) and (iv) it follows that f(z) = kx if x be an integer 


Let x be a rational number, say 2 where p€ Z and geEN. 
f(qz) = f(p) = kp by (v). 


Also f(qz) = f(m+a+-+:+2) 
- = f(x) + f(z) +---+f(xz)[¢ times ] 
= f(z). 


Therefore q f(x) = kp 
or, f(z) = Sp =k2: 
So f(z) = kx if x be a rational number ... ... ... (vi) 


Let x be an irrational number a. 

Let us consider a sequence of rational points {z,} converging toa. ~ 
Since f is continuous at a, lim f(@n) = f(a). 

But lim f(#,) = lim kez, since x, is rational. 

As lim kz, = ka, it follows that f(a) = ka. 

So f(x) = ka if x be an irrational number ... ... ...(vii) 


From (v), (vi) and (vii) it follows that f(z) = kx for allzeé R. 


6. A function f : R — R is continuous on R and f(@+y) = f(x) f(y) for - 
allz,y € R. Prove that either f(x) = 0 for all a € R, or f(x) = a® for 
all « € R, where a is some positive real number. 

Taking x = y = 0, we have f(0) = f(0)f(0). 

This implies either f(0) = 0, or f(0) = 1. 


Since every real number is either a rational number or an irrational 
number, it follows that f is not continuous at any point c € R. 


Note. This function f is called Dirichlet’s function. Dirichlet’s aineuen 
is everywhere discontinuous on R. 


5. A function f : R > R is continuous on R and f(x + y) = f(z) + f(y) 
for allaz,y € R. If f(1) =k prove that f(z) = kx for alae R 


Taking x = y = 0, we have f(0) = 2f(0). 


Case 1. f(0) = 0. 
For any real c, f(c) = fle +0) = f(c)f(0) =0. 
Thus in this case f(x) = 0 for allz € R. 
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Case 2. f(0) = 1. 
For any real c, f(e) = f(§ + 9) =[f(H)? 0... ..) 
Also 1 = f(0) = f(e—c) = f(e)f(—e)...  ... (ii) 
From (i) and (ii) it follows that f(c) > 0 for all real c in this case. 


Let x be a positive integer, say n. 


Then f(z) = f(l1+1+---+1) 
= f(1)f()---f(Q) (n factors ) 
= [f(1)]}*" =e” where a = f(1) > 0. 
So f(x) = a® if x be a positive integer... ...(iii) 


Let x be a negative oe say —n. 


f(x) = f(—n) = zAy by (i) = B= 0-7 =a". 
So f(z) = a® if x be a negative intaeee Sen, aecliV) 
From (iii) and (iv) it follows that f(x) = a® if x be an integer... ...(v) 


Let x be a rational number, say ® wherep € Zand gEN. 
Fp)=f(E +B +---+2) (q times) = [f(2)]*. 
or, a? = [f(x)]? 
or, f(x) = at =a’. 
So f(x) = a®* ifx bea rational number... ...(vi) 
Let z be an irrational number a. 


Let us consider a sequence of rational points {z,,} converging to a. Since 
f is continuous at a, lim f(zn) = f(a). 
But lim f(z,) = lima", since z, is rational. 


As lima’ = a® by Corollary 1 of Example 3, 5.8, it follows that 
f(a) = a%. So f(x) = a® if x be an irrational number ... _ ...(vii) 


From (v), (vi) and (vii) it follows that f(z) = a” for allz ER. 
Theorem 8.1.4. Let D Cc R and f and g are functions on D to R. Let 
c€ D and f and g are continuous at c. Then 
(i) f +g is continuous at c 
(ii) if &k € R, Af is continuous of ¢ 
(iii) fg is continuous at c 
(iv) if g(x) 4 0 for all 2 &€ D, f/g is continuous at c. 
Proof. (i) \(f + 9)(z) ~ (f + 9)(c)| 
= |f(z) + 9(@) — fle) + 9(e)| 
< lf(z) — Fle)| + lo() — afe)]. 
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Let us choose ¢€ > 0. 
Since f is continuous at c, there exists a positive 6, such that 


lf(z) — Fle) < § 


for allz € N(e,6,) ND. 
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Since g is continuous at c, there exists a positive dg such that 


\g(z) — gle} < 


§ for all x € N(c,62) ND. 


Let 6 = min{é1, 5g}. 
Then | f(x) — f(c) |< § and | g(x) — g(c) |< § for allz € N(c,d)ND. 


Therefore | (f + ea - 


This shows that f + g is continuous at c. 


(ii) Proof left to the reader. 


(iii) | fo(z) — fale) |=| f(x).9(@) — F(e).9(e) | 
=| f(z){9(x) — 9(e)} + g(){ f(x) — f(e)} | 
<| f(x) || g(z) — 9(e) | + | af) Il f(z) — FC) |- 
Let us choose € > 0. 
Since f is continuous at c, there exists a positive 6), such that 
| f(x) — |< € for alla € N(c,d1) ND. 


Since | [f(z)| — [f(o)| Ist. f(z) — f(e) |, it follows that | 


lf(e)| |< e for all x € N(e,61) 9 


or, | f(c) | ~e <| f(x) |<| f(e) | +e for all x € N(c,d1) ND. 


(f + g)(e) |< € for all € N(c, 6) ND. 


lF(x)| — 


Let | f(c) | +e = By. Then | f(x) |< Bi for all ze N(e,d1) ND. 
Let B = max{B,,| g(c) |}. Then B > 0 and 


| f9(z) — fo{e) |< B| g(x) — 9(c) | +B | f(x) 


— fle) |- 


Since f is continuous at c, there exists a positive 62 such that 
| f(z) — f(c) |< s& for all @ € N(c,d2) ND. 


Since g is continuous at c, there exists a positive d3 such that 
| g(x) — 9(c) |< a& for all c € N(e, 63) ND. 


Let 6 = min{dé,, 62,63}. 


Then | fg(x) — fg9(c) |< (s§ + 3) B for all z € N(c, 6) ND 


ie., | fg(x) — fg(c) |< for all e € N(c,6) ND. 


This shows that fg is continuous at c. 


(iv) First we prove that 3 is continuous at c if g(a) # 0 for all z € D. 


| 8) — 3(c) |= 


1 1 | Iele)—g9(e) 
stay ~ ats |= TST 


Let us choose e = 4 | g(c) |. Since g is continuous at c, there exists a 


positive 6, such ones 
| 9(z) -— ge) |< 3 


| g(c) | for alla € N(c,61) nD. 
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Now | |g9(z)| — ig(e)l I< Ig(z) — gc) < Slo). 

Therefore | g(x) [> § | g(c) | for all z € N(c,5,) ND. 

Let us choose « > 0. Since g is continuous at c, there exists a positive 
d2 such that ' 

| g(x) — gle) |< Ietole for all x € N(c,ds) ND. 

Let 6 = min{d,, 52}. 

Then | 3(z) - 3 (c) |< ¢ foralla € N(c,d)ND. 

This shows that 2 is continuous at ec. 


The proof of the theorem is completed by considering the product of 
two functions f and a 


Note 1. If fi, fo,...,fn be m functions on D and each of them be 
continuous at c€ D, then f,; + fo +---+ fn is continuous at c. 


Note 2. (iv) holds if g(z) 4 0 in some neighbourhood N(c,6) < D. 
The existence of such a neighbourhood is guaranteed if g(c) # 0, by the 
neighbourhood property of continuity to be discussed later. Therefore 
(iv) holds under the single condition g(c) # 0. 


Theorem 8.1.5. Let DC Rand f:D— R,g: D— R be both 
continuous on D. Then 
Gi) f +g is continuous on D 
(ii) if k € R,kf is continuous on D 
(iii) fg is continuous on D 
(iv) if g(z) #0 on D, f/g is continuous on D. 
Immediate consequence of the Theorem 8.1.4. 


Remark. The set of all real functions continuous on the closed and 
bounded interval [a,b] is denoted by C[a, 6}. 


Theorem 8.1.6. Let D Cc R and a function f : D — R be continuous 
at ce D. Then |f| is continuous at c. 


Proof. |f|: D — R is defined by |f|(z) = |f(x)|, cs € D. 
| |fl(x) — Ifl(e) =I If(@)1 - I fle) Is I f(z) — FCe)]. 
Let us choose ¢« > 0. 
Since f is continuous at c, there exists a positive 6 such that 


| f(z) — fle) |< for all z E N(c, 5) ND. 
Therefore | |f|(z) — |f\(c) |< « for alla € N(c, 6) ND. 


This shows that }f| is continuous at c. 


An immediate consequence of this theorem is the following theorem. 


CONTINUITY ; 253 


Theorem 8.1.7. Let D C R and f : D — R be continuous on D. Then 
|f| is continuous on D. 


Note. If | f | be continuous on D then f may not be continuous on D. 
For example, let f : R — R be defined by 
f(x) = 1,2€Q, 
= -lreEeR-Q. 
Then |f| : R — R is defined by |f{{(z) =1,2 €R. 
Here |f| is continuous on R but f is not continuous on R. 


Definition. Let D Cc R and f: D— R,g: D — R be functions. We 
define the function sup(f,g) : D — R by 

sup(f,g)(z) = sup{f(z), 9(x)}, 2 € D. 

We define the function inf(f,g) : D — R by 

inf(f,g)(z) = inf{ f(z), 9(z)},z € D. 


Theorem 8.1.8. Let D Cc R and let f: D— R,g:D— RB be 
continuous at c € D. Then sup(f,g) and inf(f,g) are continuous at c. 


Proof. sup(f,g)(z) = sup{ f(x), 9(x)} 
3(F (2) + g(x)) + 3 | f(x) — (x) | 
S(ft+g)(xv)+3lf—g|(z),ceD. 


inf { f(x), g(x)} 
3 (F(z) + g(z)) — 5 | f(x) — 9(2) | 
4(f+g9)(z2)-$1f-—g|(@),e€D. 

Since f and g are continuous at c,f+9,f—9,| f-g9 | are continuous 
at c. It follows that sup(f,g) and inf(f,g) are continuous at c. 


Theorem 8.1.9. Let D Cc Rand f: D— Randg: D—R be 
continuous on D. Then sup(f,g) and inf(f,g) are continuous on D. 


td 


inf(f, 9)(x) 


tH 


il 


Immediate consequence of the Theorem 8.1.8. 


Theorem 8.1.10. Let A,B Cc Rand f: A—>R,g: B — R be functions 
such that f(A) c B. 

Let c € A and f is continuous at c and g is continuous at f (c) € B. 
‘Then the composite function gof : A — R is continuous at c. 


Proof. Let W be a neighbourhood of gof(c). 

Since g is continuous at f(c), there exists a neighbourhood V of f(c) 
such that ye VON B= g(y) € W. 

Since f is continuous at c, corresponding to the neighbourhood V of 
f(c) there exists a neighbourhood U of csuch thatz € UNA=> f(x) eV. 

Since F(A) CB f(z) eV = f(z) EVNB. 
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ThereforexEUNA = f(r) EV 
=> f(r)EVNB 
= => gof(xjEeW 
lus corresponding to a chosen neighbourhood VW ( 
we Bt sen ne OF gofle) th 
exists a neighbourhood U of ¢ such that for alla e Un A ss 7 i € W. 
ryr = : sis ike , 
This proves that gof is continuous at ¢. 


ee 8.1.11. Let A,B C Rand let f: A — RK be continuous on 4 
and let g: B — R be continuous on B and fA) CB. 
Then the composite function gof :.A --+ R is continuous on A. 


8.2. Continuity of some important functions. 
1. Polynomial function. 


eo} sce oe Mhe wptt~ 
7 Let f(z) = agx™ 4ayu"7! 4 ++ 4 anc + Qn for all x € R, where 
as +++)@,, ave real numbers. Then f is a polynomial function 
- f isthe sum of n+1 functi fo. Fa ; noi 
t+1 functions fo. fi, Je..-., fy where fp = ajx?74,4 = 


O.1, Byiis sn Each f; is continuons on IR. Therefore by Theorem 8.1.5 
J is continuous on R. : =~ 


2. Rational function. — 


Let p(x) and q(2:) be polynomial functions on R, 

There are at most a finite number of real roots, say @;,a2,.. 
g(x). Ifa X C1) 2406+. Om then we can define a function ' by 

f(z) = me)» F O1,0Q,.4.. 8m. 

By Theorem 8.1.4, if g(c) 4 0 then f is continuous at c. 

That is, if ¢ be not a root of g(x) then f is continuous at c. 


58m of 


So a rational function is continuous f i 
_ Ss ; s for all a € R for ~ 
tion is defined. yee gt 
3. Trigonometric functions. 
(a) Let f(z) = sina,2 ER. LetceR. 


| sina — sinc | mae 


2 | cos sin =55 | 


S 2{sin 55%], since | cosx |< 1 
< 2] 55*], since | sing |<] x | 
= {a@-cl. 


Let us choose ¢ > 0. 
Then | sinz ~— sine |< ¢ for all x satisfying | z —c |<. 


So f is continuous at c. Since c is arbitrary, f is continuous on R. 


(b) Let f(a) = cosz,z €R. Letce R. 


£8, 
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in 2t£ sin S=¢ 
| sin 43* sin #3 


cosxz ~ cosc | 2 
2|sin 25 |, since | sin *$* |< 1 
2 
| 


| 252 |, since | sing |<| x | 
s—e| 


Then | cos x — cosc |< € for all x satisfying | x —c¢ |<. 
So f is continuous at c. Since c is arbitrary, f is continuous on R. 


{c) Let f(a) = tanz. 

f is not defined at the points (2n + 1)% ( 7 being an integer) where 
the denominator cos x = 0. 

Let c€ R andc # (2n+1)§. Then lim tan x == tance. 

So f is continuous at c when c 4 (2n + 1)§. 

Thus f is continuous on its domain. 
(d) The functions cotz, cosec Z, sec z are continuous on their respective 
domains. 


4. Exponential function. 


Let a > O and f(z) =a7,c ER. 
Let c € R. Let {zn} be any sequence in R converging to c. Then 
lima?" = a°, by the corollary of the worked out limit 3 in art. 5.8. 


So f is continuous at c. Since c is arbitrary, f is continuous on R. 


Corollary. The function f defined by f(x) = e”,x € R is continuous on 
R. 


5. Logarithmic function. 


Let f(x) = logz,z > 0. 

Let c > 0. Let {z,} be any sequence such that x, > 0 foralln Ee N 
and lima, = ¢, then limlogz, = loge, by the corollary of the limit 4 in 
art.5.8. ; 

So f is continuous at c. Since c is arbitrary, f is continuous on (0, oo). 


6. Square root function. 
Let f(z) = J/z,2 2 0. The domain of f is D={zER: 2 > 0} 
Let c > 0, f(c) = Ve. 
When x >0,| f(z) -—f(c)| = |ve~ ve] 
= [els le-cl- 
Let us choose € > 0. 
Then | f(x) — f(c) |< « whenever | x —¢|< ce and x > 0. 
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That is, | f(x) — f(c) |< « for alla € N(c, 5) ND. [6 = ce 
So f is continuous at ec. , 
Also jim f(x) = f(0), showing that f is continuous at 0. 


Thus f is continuous for all x > 0. 


7. Some composite functions. 


(a) Let DC Rand f: D—R be such that f(x) > 0 for all z € D.and» 


f is continuous on D. Then /f is continuous on D.- 
To prove this, let g(a) = \/z. 


Then the composite function gf : D — R is defined by gf(x) = 


Vflxe),x2 € D. 


Since f is continuous on D and g is continuous on f(D), the composite 
function gf, i.e., /f is continuous on D. 


Worked Examples. 


(i) Prove that the function A(x) = Va? + 3,2 € R is continuous on R. 
h is the composite function gf where f(z) = z? + 3,2 € R and 


g(z) = fz,c2 >0. f(x) > 0 for z ER. f is continuous on R and g is 
continuous on f(R). 


So gf is continuous on R, That is, h is continuous on R. 
(ii) Prove that the function A(z) = Vsinz,zx € [0,7] is continuous on 
(0, 7]. 

h is the composite function gf where f(x) = sinz,x € [0,7] and 
g(x) = fz,z > 0. 


f(z) > 0 for « € [0,7]. f is continuous on [0,7] = D, say. g is 
continuous on f(D). 


So gf is continuous on [0,7]. That is, & is continuous on (0, 7]. 
(iii) Prove that the function h(z) = /x+ /z,x > 0 is continuous on 
[0, 00). 

h is the composite function gf where f(x) = 2 + /z,x > 0 and 
9“) = f/z,z>0. , 


f(z) > 0 for « > 0. f is continuous on [0,00) = D, say. g is 
continuous on f(D). 


So gf is continuous on [0,o0). That is, A is continuous on [0, oo). 


(b) Let D Cc Rand f: D—R be such that f(x) > 0 for all x € D and 
f is continuous on D. Then log f is continuous on D. 
To prove this, let g(x) = logz,z > 0 
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The composite function gf : D — R is defined by g(x) = log f(x), z € 
D. . 

Since f is continuous on D and g is continuous on f(D), the composite 
function gf, i.e., log f is continuous on D. 


Worked Examples (continued). 


’ (iv) Prove that the function h(x) = log(x? + 3) is continuous on R. 


h is the composite function gf where f(z) = 2? + 3,2 € R and 
g(x) = logaz,x > 0. 

f(z) > 0 for x € R. f is continuous on R and g is continuous on 
F(R). 


So gf is continuous on R. That is, hk is continuous on R. 


(v) Prove that the function h(x) = logsinz is continuous on (0,7). 
h is the composite function gf where f(z) = sinz,x € (0,7) and 


g(x) = logz,x > 0. 
gf is continuous on (0,7). That is, 2 is continuous on (0,7). 


(c) Let DC Rand f:D-— R is continuous on D. Then e/ is continuous 
on D. . 
is let g(x) = e*. 
Tae SS . ee gf : D > R is defined on D and gf(z) = 
ef@ 2 ED. z 
Since f is continuous on D and g is continuous on f(D) the composite 
function gf, i.e., ef is continuous on D. 


Worked Example (continued). 


(vi) Prove the function h(x) = e'"* is continuous on R. 


h is the composite function gf where f(x) = sinz,x € R and g(x) = 
e™,2 ER. f(x) € [—1,1] forz eR. . 

f is continuous on R and g is continuous on f(R), i.e., on [—1, 1). 

So gf is continuous on R. That is, h is continuous on R. 


8.3. Limits of composite functions. 


Theorem 8.3.1. Let AC Rand f:A—R. Let g: D -—» R where 
f(A) cD. 

Let c be a limit point of A and lim f(z) a 
(i) If 1 € D and g is continuous at / then lim gf (x) a g(t). 


+ 


* 
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(ii) If 1 @ D but 1 € D' and lim g(y) = m then lim gf (x)= m. 
yo! Ze 


Proof. (i) Since g is continuous at !, for a pre-assigned positive e there 


exists a positive 6 such that 
| 9(¥) — g(l) |< € for ally € N(l, 5) ND. 
Since dim f(x) = 1, there exists a positive 5, such that 
f(x) € N(I,6) for all z € N’(c,5,) NA. 
Since f(A) C D,x € N’(c,d1) NA f(x) € N(1,5) ND. 
Therefore z € N’(c,d1)M A >| g(y) — 9(l) I< 
ie., 2E N'(c,d1) NA >| gf(z) — g(l) |<. 
This proves lim gf (x) = g(l). 


(ii) Since lim 9(y) = ™, for a pre-assigned positive ¢ there exists a positive” 
yw 


6 such that | 9(y) — m |< for all ye N’(1,5) ND. 


Since lim f(x) = J, there exists a positive 6, such that f(x) € N(J,6) 
cc 


for all x € N’(c,51) NA. 
Since f(A) C D,z € N(c,61) NA f(x) € N(,5)ND 


=> f(x) € N’(1,5) ND, since 1 ¢ D. 
Therefore x € N’(c,6,) NA =| 9(y) —m |<e 


ie., | of (x) — m |< €. This proves lim g f(x) =m. 

tote. In case (ii) if lim gy) = 
yo 

—oo). 


As an immediate corollary it follows that 


LAT if lim f(z) =1> 0 then lim log f(x) = log lim f(x), since log a is 
tC tc GI—c 


continuous on its domain (0, co); 


ee) if lim f(z) = 12> 0 then jim V f(z) = \/ lim f(z), since we is 


continuous on its domain [0, co); 


li x 
Ai) if lim f(z) = W(€ IR) then lim ef@ = exe 1 
me ze 


LC 
continuous on its domain (—o00, oo). 
Extension of the theorem. 


Let AC Rand f:A—>R. Let g: D — R where f(A) Cc D. 


(a) Let ¢ be a limit point of A and lim f(x) = 00. 


If for some b € R,(b,00) C Dand lim g(y) = mthen lim g f(x) = m, 
yoo zmume 


where m € R, or m = 00, or m = —oo. 


oo (or —oo) then lim gf(x) = oo (or 


, since e™ is 
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(b) Let c be a limit point of A and lim f(a) = —00. 


If for some 6 € R, (—o0, 6) C Dand om, 9) = m then lim. gf(z)= 


m, where m € R, or m = oo, or mM = — 00. 


(c) For some a € R, let (a, oo) ¢ A and jim, f(z) =4. 


(i) If 1 € D and g is continuous at / then Jin, gf(x) = gl). 

i =n the im of(e) = an 
(ii) If 1 ¢ D but 1 € D’ and lim, g(y) = m then Jim gf Cr) ? 
where m € R, or m= oo, or ™ = —OO. 
(d) For some a € R, let (—co, a) cA and din, f(z) = 1, 
(i) If 1 € D and g is continuous at l then lim gf (x) = g(t). 

] j — i z)=m™m™, 

(ii) If 2 ¢ D but 1 € D’ and lim g(y) =m then Jim gf (x) 
where m € R, or m = &, or ™ = —&. 


Some other similar extensions of the theorem can be foraulnice: _ 
A word of caution: m= oo(—oo) stands for the phrase “limgf(x) = 


oo(—0o)”. 
Examples. 
1. lim sin Jz = 0. 
Let f(x) = Vz, 2 = 0;9(z) =sinz,r € R. 


Here A = {x €R:2>0},D=Rand f(A) C D. 
=sin /2,2 > 0. 
oe and lim f(z) = 0.0 € R and g is continuous at 0. 
xr—0 


Therefore lim sin f/x = lim gf (x) =9(0) = 0. 


lim 1+ vz=1. 


=1+ Va,r > 0;9(z) = Vz,2 = 0. 
Sra {zx Hee 0},D={xeR/x}, f(A) CD. 
gf(z) = V1lt+ vz,2 2 9. 


i 5 s atl. 
0€ A’ and lim f(z) =1.1 € D and g is continuou 


Therefore lim 1+ /rc= lim gf (x) =g9(1) = 1. 


We}, lim el/* =1. 


‘ je — li 
‘ l/a __ = 0, lim e 
lim e!/? = oo, lim e ee z+ 00 | 


a—O0+ 
Let f(z) = 4,2 4 0;9(z) = e*, 2 ER. 


, 


Here A = {x ER: 2 #0},D =R,f(A) cD. gf (z) =e/?,2 #0. 


260 


= 


REAL ANALYSIS 


OE A’, lim f(z) does not exist. 

But lim, f(z) = oo and jim (2) = 00. 

Therefi a i im el/? = 
erefore jim, gf (x) = 0c, ie., jim. e/* = oo, 


wim f(z) = —oo and ,jim _ 9(z) == Q. 


Therefore lim gf(z) =0, ie., lim e!/* =0. 
z—O— zm O— 
jim f(x) =0,0 € D and g is continuous at 0. 
Therefore lim gf(z) = 9(0) =1, i.e., lim e!/* = 1. 
mex) Tmt OO 
im, f(z) = 0,0 € D and g is continuous at 0. 


Therefore , im of (z) = 9(0) = 1, ie, lim e!/* =], 


li 
oo OO] 


~—lf/ax 


=| « ae 4 
/= 0, lim e VW/@ = o0, lim e = 1, 
z—0— roo 


lim e 
0 


z—O0+ 


Let f(z) = 4,2 40; g(x) =e7*,2 ER. 
Here A= {xE€R:240},D=R, f(A) CD. 
of(z) =e" 2 £0. 


OE A’, lim f(x) does not exist. 
B i — i = 
ut lim, f(z) = co and jim, g(z) = 0. 
Therefore _1i =0, i im e71/* = 
erefore im, gf (x) =0, i.e., jim, e QO. 
lim f(z) =-—ooand lim g(x) = oo. 
2—0— I—+— OO 
Therefore lim gf(z) =0, ie., lim e~/® = 0, 
z—-0— ; x2—0— 

Jim f(x) = 0,0 € D and g is continuous at 0. 
Therefore lim gf(x) = 9(0) =1, i.e, lim e7/* = 1. 
wos ne OO 

dim f(z) = 0,0 € D and g is continuous at 0. 
Therefore lim gf(x) = g(0)=1, ie, lim e7/* = 1. 
=I — 00 mI——o00 


Some important limits. 


log(1 2 
a2 ee ee ht 
zx xr—O0 


(i) lim = 1, 
wey ge GU 1 
(iii) iim i log, a,a > 0. 


(i) Let f(z) = (1+2)!/*,2 > —-1 but z 4 0;9(z) = logz,z > 0. 
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Here A = (—1,0)U (0,00) D = {2 ER: 2 > 0}.f(A) CD. 

gf (x) = log(1e) ,ZEA. 

Q¢ A’ and lim (1 + z)'/* =e, e € D and g is continuous at e. 
2 

Therefore lim g(x) = g{e) = 1. 


_ log(l+2) _ 
0 


Hence lim gf(z) =1, ie, lim = 1. 


(ii) Let log(1 +2) =y. Then 1+2 = e¥, ie, z= e¥ — 1. 
Asz—-0,y—-0 


log(1 
iver (ied Nie Ee) 
me : id x—+0 ev _ i 
Therefore lim 2——- = 1, ie., lim vi =, 
yoo 6y «2—0 
Z_qy wlog,@ _.] zlog.a@ 4} 
(ili) lim So ee . log, a 
z—30 xz a2—+0 x cme xlog, a 
. e¥y—1 : 
= lim -log,a [let zlog,a=y; asx — 0,y — 0] 
Yo 
= log, a. 


8.4. Discontinuity. 


We have seen that a function defined on a domain D may be contin- 
uous at all points of D, or may be continuous at some points of D and 
discontinuous at the other points of D, or may be discontinuous at every 
point of D. 

If c does not belong to the domain of f, it is certain that f is discon- 
tinuous at c but the nature of discontinuity at c depends on the behaviour 
of the function f in the immediate neighbourhood of c. Even if c belongs 
to the domain of f, a discontinuity of f at c can occur in a variety of 
ways. 

We now discuss different types of discontinuity of a finction f at a 
point c irrespective of the cases whether c belongs to or does not belong 
to the domain of f. 


Discontinuity at an end point of an interval. 


I. Let c be the left end point of the interval J and let f be continuous on 
(c,d) but discontinuous at c, (c,d) Cc I. 


Three cases may arise. 
(a) lim f(x) exists but f(c) # lim f(z). 
in A ~ 
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In this case f is discontinuous at c. This type of discontinuity is 


called a removable discontinuity. ce 1s said to be a point 0 removabl 
»f € 


N _— = ae 
ote The discontinuity at ¢ can be removed by suitably defining f at 
oS x 


c. That is why the discontinuity is called a removable discontinuity 


Example. 


1. Let f(z) = =54,2>02 
= 10,2 =2. 
Mere 2 is the left end Point of the interval [2,00), the domain of f 


(2) = 10, lim f(x) = 4 #(2), 
f is not continuous at 2. 2 is a point of removable discontinuity, 


Note. If we define f by f(x) = 2-4 > 2 


=d2=2 
then f becomes continuous at 2. 


(b) Jim f(x) does not exist but there exists a neighbourhood N (c,6) of 
e such that f is bounded on Ne, Nz. 

Tn this case f is discontinuous at ce whether f ig defined at c 
This type of discontinuity is called an oscillatory discontinuit ‘ts 4 
to be a point of oscillatory discontinuity. ; os 


Example (continued). 
2. Let f(x) = sin i.c>0 
=O0,2=0. 
; jo. 0 i the left end point of the interval {0,00}, the domain of 
: = 0. Jim f(z) does not exist. f is discontinuous at 0. f is 
bounded on (0, 6) ford >0. Oisa point of oscillatory discontinuity. 


(c) f is unbounded on ever i 
y neighbourhood of ec. In this is di 
continuous at c whether f is defined at c or not. ee alt 


This type of discontinuity j ; ] 
s ty. y is called an infinite discontiny; i i 

to be a point of infinite discontinuity. ete 

a jim f(z) = 00 (or ~—0oo), ¢ is said to be a point of infinite disconti 
Muity. ‘ 
Ht iim f(x) does not exist iq IR*, c is said to be a point of infinite 
oscillatory discontinuity. 
Examples (continued). 


3. Let f(x) = logz,r>0. 
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Here lim, f(z) = —oo. f is discontinuous at 0. 0 is a point of infinite 
com F 
discontinuity. 
4. Let f(z) = Ferg > 3. 
Here lim f(z) = oo. f is discontinuous at 3. 3 is a point of infinite 
z— 
discontinuity. 
5. Let f(z) = isini,r >0 
=0,x=0. 
Here lim f(x) does not exist. f is unbounded in (0,4) for each 6 > 0. 
t— 
f is discontinuous at 0. 0 is a point of infinite oscillatory discontinuity. 
6. Let f(z) = + {sini |,z>0 
=0,2 = 0. 
f is unbounded on (0,4) for each d > 0. 
Here jim f(z) = 00, lim, io f(z) = 0. 
f is discontinuous at 0. 0 is a point of infinite oscillatory discontinuity. 
II. Let c be the right end point of the interval J and let f be continuous 


on (a,c) but discontinuous at c,(a,c) C J. 
Three cases as in I may arise and we have three types of discontinuity 


at c. 


Discontinuity at an interior point of an interval. 

Let ¢ be an interior point of the interval J and let f be continuous on 
(a,c) and (e,b), but discontinuous at c, (a,b) C J. 

Three cases may arise. 

i) li ‘ i ist and li = li 2). 
(a) (4) jim f(x) and lim, both exist. and dim f(z) jlim, f(z) 
Subcase (i'). If f is not defined at c then f is discontinuous at c. 
Subcase (i). If f is defined at c but f(c) ~ lim f(x), then f is discon- 
Timm Co 
tinuous at c. 

This type of discontinuity | either in (2’) or in (2’’)] is called a remov- 
able discontinuity. c is said to be a point of removable discontinuity. 
Note. The discontinuity at c can be removed by suitably defining f at 
Cc. 

AS him f(z) and lim, f(x) both exist and jim f(z) 4 im, f(x) 
In this case f is discontinuous at c whether f is defined at c or not. 
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This type of discontinuity is called a jump discontinuity. c is said to 
be a point of jump discontinuity. 


jim, f(x) - jim f(x) fie., f(e +0) — f(ce — 0)] is defined to be the 
total jump of f at c and it is denoted by J;(c). 


If f is defined at c, f(c+0) — f(c) is defined to be the right hand jump 
of f at c; and f(c) — Fe — 0) is defined to be the left hand jump of f at 
C 


The discontinuities discussed in (a) are called simple discontinuities 
or discontinuities .of the first kind. 


Examples ae ; 


7. Let f(z) = 254,242 


=10,2 = 2. 
Here lim f(z)=4, f(2)=10. 


f is discontinuous at 2. 2 is a point of removable discontinuity. 


Note. If we define f by f(x) = 


= 47= 2 
then f becomes continuous at 2. 
8. Let f(x) = jzj],0< 2 < 2. 
f(e) = 0,0<2<1 
= Ll<2z< 2. 


Here jim f(a) = 0, jim, f(z) =1,f() =1. 
f is discontinuous at 1. 1 is a point of jump discontinuity. 
Total jump of f at 1 = f(1+0)—- f(1-0)=1-0=1. 
Right hand jump at 1 = f(1+0)—-— f(1)=1-—-1=0. 
Left hand jump at 1 = f(1)— f(1-0) =1-0=1. 
9. Let f(z) =a2—-[elO<2<2 
f(z) | 


wO<a<1 
z2-lili<a2<2 


Here im fle =; lim, f(w#)=0, f)=0. 

fis discontinuous at ae Tt is a point of jump discontinuity. 
Total jump of f at 1 = f(1+0)-— f(1-—0)=O0-1=-1, 
Right hand jump at 1= f(1+0)—f(1)=0. 

Left hand jump at 1 = f(1) — f(1-0) =O0-1=A1. 


I 


I 


| 
| 
| 
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EOS At least one of im f(x) and im, f(z) does not exist. But f is 


bounded on some deleted fislchbouvkoed N‘(c, 6) of c. 
In this case f is discontinuous at c whether f is defined at c or not. 
This type of discontinuity is called an oscillatory discontinuity. 
Since f is bounded on some deleted neighbourhood N’(e, 46) 
of c,each of Tims e+ f(z) (f(e+0)), limes —e+/ (a) (f(e + 0)), 
lim, c- f(x) (f(c — 0)), lim, _,._ f(x) (f(c — 0)) exist finitely. 
Let M;(c) = max{f(c+ 0), f(c+0), f(c — 0), f(c — 0)}; 


my(c) = min{F(e +0), f(e +0), Fle= 0), f(c — 0)}. 
Then both M;(c) and m;(c) are finite. My(c) — mf(c) is defined to 
be the saltus of f at c. It is denoted by s;(c). 
Note. In particular, if both f(c +0) and f(c — 0) exist, 
Ss(e) =| f(e +0) — fle — 0) |. 
The discontinuities discussed in (b) are called discontinuities of the 
second kind. 
Examples (continued). 
10. Let f(x) = sin t,x 40 
=0,2=0. 
Here iim f(z) does not exist. f is bounded on N(0, ee for 6 > 0. 
foro = 1, f(0+0) = -1,f(0—0) =1 ,f(0—0) = 
f is discontinuous 0. 0 is a point of oscillatory ate The 
saltus at O = 1—{—1) = 2. 
11. Let f(x) =|sin+ |,2 #0 
=O,7 = 0. 
Here f(0 +0) = 1, f(0+0) =0, f(0 -0) = 1, f(0- 0) = 0. 
f is discontinuous 0. O-is a point of oscillatory discontinuity. The 
saltus atO =1-—-0O0=1. 
12. Let f(z) =sgnz|sin+ |,2 40 
=0,2=0. 
Here f(0+ 0) = L. f(0 +0) = 0, f(0 -0) = 0, f(0- 0) = —1. 
f is discontinuous 0. 0 is a point of oscillatory discontinuity. The 
saltus at,0 = 1 ~(—1) = 2. 
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* 


(c) f is unbounded on every neighbourhood of c. 
Since f unbounded on every neighbourhood of ¢, at least one of 
Fle +0), f(c +0), f(e — 0), f (c — 0) is 00 or —o0. 


If each of f(c+0) and f(c+0) is co (or —oc)f is said to have an 
infinite discontinuity at the right of c. 


If each of f(c ~0) and f(c— 0) is oo (or -2)f is said to have an 
infinite discontinuity at the left of c. 

In either case c is said to be a point of infinite discontinuity. 

If one or both of f(e+90) and f(¢+0) be infinite and f(c+0) ¥ 


ff(e+0), f is said to have an infinite oscillatory discontinuity at the 
right of c. 


Similar definition for an infinite oscillatory discontinuity at the left 
of c. 


Let My;(c) = max{f(e + 0), f(e + 0), f(e — 0), F(e — 0)}; 


my(c) = min{f(e+ 0), f(e +0), f(e — 0), f{e — 0)}. 
If f be unbounded above on every neighbourhood of c, My(c) = 
If f be unbounded below on every neighbourhood of c,my(e) = —oo. 


My(c) — mp(ce) is said to be the oscillation of f at c. It is denoted 
by wy(c). wy(c) is infinite if at least one of Av¢(c) and my(c) be oo (or 
—oo) and My(c) A m;(c). 

Examples (continued). 
13. Let f(z) = = 


f(0+0) = f(0+0) = 00, f(0—0) = (0-0) = 
f has an infinite discontinuity at the right of 0. 
f has an infinite discontinuity at the left-of 0. 

0 is a poli:? of infinite discontinuity. . are 


14. Let f(z) = 
FO +0) = f(0 +0) = FO—0) = (0-0) = 
0 is a point of infinite discontinuity. 


. 15. Let f(x) = tanz, 
F(F +0) = f(F +0) = -00, FF — 0) = f(F - 0) = 00. 


% is a point of infinite discontinuity. 


16. Let f(x) = sini. 
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F(0 +0) = 00, f(0 +0) = —o0, F(0 — 0) = 00, f(0 — 0) = —o0. 
f has an oscillatory infinite discontinuity at the right of 0 
f has an oscillatory infinite discontinuity at the left of 0. 

17. Let f(x) = + | sin2 |. 


F(0 +0) = 00, f(0+0) = 0, f(0— 0) = 0, f(0- 0) = —o0. 


f has an oscillatory infinite discontinuity at the right of 0 
f has an oscillatory infinite discontinuity at the left of 0. 


Worked Examples. 


1. A function f : [0,1] > R is defined by 
f(x) = x, x is rational in {0, 1] 
= 1—-— a, «x is irrational in (0, 1]. . 

Show that (i) f is injective on [0,1], (ii) f assumes every real number 
in [0,1], (iii) f is continuous at § and discontinuous at every other point 
in [0, 1}. 

(i) Let 21,22 € [0,1] and 21 # ze. 

Case 1. 21,22 are both rational. Then f(z1) = 21, f(z2) = 22. As 
x1 # x2, f(t.) # f(xe). 

Case 2. 2, is rational, xe is irrational. Then f(a.) = 21, f(xe) =1l—2zo. 
As f(x,) is rational and f(2x2) is irrational, f(a.) 4 f(xe). 

Case 3. 2, is irrational, x2 is rational. Then f(z,) = 1-21, f(ze) = x2. 
As f(x1) is irrational and f(x2) is rational, f(z.) #4 f(x). 

Case 4. x1,22 are both irrational. Then f(2,) = 1—21, f(ze) = 1 — 2x9. 
As z= 22, f(21) # f(z2). 

Therefore x; 4 ro => f(x.) # f(x). Hence f is injective on [0,1]. 
(i) Let p € (0, 1]. 

If p be rational then the pre-image of p is p, since p € [0,1] and 

f(p) = p. If p be irrational then the pre- image of p is 1 — p, since 
1-pe (0, 1] and f(1 — p) = p. 

Thus every element in [0,1] has a pre-imege. In other words, f as- 

sumes every real number in (0, 1]. 


at) Let c= 3 . Then Fle) = 3- 
f(z) - : F(e)) = |x — $|, if x be eetional in [0, 1] 
= |(1— x) —i[= |e — 3], if @ be irrational in {0, 1]. 


Therefore | f(x) — f(4)| = |z ~ 3| for all x € [0,1]. 
Let us choose « > 0. Then j f(z) —.f(§)| < ¢ holds for all x satisfying 


|a- 4| <e. This proves that f is continuous at 5 
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Let ¢ € (0, 1],c # &. 

Let us consider a sequence of rational points {z,} in [0, 1}. such that 
limg, =c. Then lim f(z,) = lima, =c. 

Let us consider a sequence of irrational points {y,} in [0,1] such that 
lim y, = c. Then lim f(yn) = lim(1 —- yn) =1—e. 

Since c # 1—c, f is not continuous at c by sequential criterion for 
continuity. 

Thus f is discontinuous at every point other than } in [0,1]. 


2. A function f : R is defined by f(z) =2z,r EQ 
=0,2E€R-Q. 
Show that f is continuous at 0 and f has a discontinuity of the second 
kind at every other point in R. 


| f(2)-fO|=lf(@)| = |elifzeQ 
= OifrtER-Q. 

Let e > 0. Then | f(z) — f(0) |< € for all in (0 —€,0+ €). 

Therefore f is continuous at 0. 

Let c€ Randc #0. 

Let us take a sequence of rational numbers {x,,} such that x, > c for 
all n € N and limz, = c. Then lim f(z,) = lima, =e. 

Let us take a sequence of irrational numbers {y,,} such that y, 4 c 
for alln € N and limy, = c. Then lim f(yn) = 0. 

tim, f(z) does not exist since for two different sequences {z,} and 
{yn} in (c, co) both converging to c, the sequences {f(zn)} and {f(yn)} 
converge to two different limits. 

By similar arguments, lim f(x) does not exist. 


It follows that f is diseoucumeas at cand itisa discontinuity of the 
second kind. 


Find the points of discontinuities of the function f defined by 
f(z) lim (1+sin7z)” -— 1 
~ a-vco (1 +sin mc)” +1’ 
Case I. Let x be an integer. 
Then sin vz = 0 and therefore f(z) = 0. 


,ceER. 


Case IT. Let 2m < x < 2m-+1,m being an integer. 
Then 2man < ra < (Qm+1)z. 


Therefore 0 < sina < landl<1+sinzaz < 2. Ne 
1 ca j op) 7k 
f(z) = lim sul eS =1, since lim (1 +sinaz)” = oo. 
ane tL + (i+sin wc)? ee 


Case ITI. Let 2m —1< 2 < 2m, m being an integer. 


CONTINUITY 269 


Then (2m — 1) < m2 < 2mm. 
Therefore —1 < sin7z 5s 0 eee O<1l+sinrz¢ <1. 
1+ sina7z ‘ n 
f(x) = jim a G Fe aq —1, since Jim (1 + sin rz) 0. 
rhe f(2) = Oif2=—0,+1,+42,:-- 
—- 1Lif2n<z2<2m+1,m being an integer 
= —lif%n—-1<2 < 2m,m being an integer. 
Let us examine continuity of f at z= 2m,m being an integer. 
lim f(z) = -1,. iim _ Ff) = land f(2m) = 0. 


xs 2m 


Therefore f is digeopkindols at 2m. 

Let us examine continuity of f at zr = 2m — 1,m being an integer. 
lim f(z) =], . lira f(z) = 1 and f(2m — 1) =0. 

a+ (2m—1)— —+(2m—1)-+- 

Therefore f is digcoatinuous at 2m — 1. 

Clearly, f is continuous at c if be not an integer. 


Thus f is discontinuous at c € IR when c is an integer. 


Note. Each point of discontinuity is a point of jump discontinuity. 


va ind the points of discontinuity of the function f defined by 


2) 
‘s sin® (nl7x) 

= |, 2 ER. 
f(z) jim lim {lim sin 2(nlrz) fe a) 
Case I. Let x be rational. 
Then by taking 7 sufficiently large, n!z can be made an integer, so 


that sin(niax) = 0. 


Therefore f(z) = = lim 92 ree ae 0 
Case II. Let x be irrational. Then ve sin?(niaz) < 1. 
Therefore f(x) = Jim {lim ———z—] = 1... 


edt See + Fatintwz) 
Thus f is defined by f(z) = 0 if a be rational 
= 1 if x be irrational. 


f is discontinuous at all points in R. 


5) A function is defined on [0,1} by f(0) =1 and 
f(z) = 0, if x be irrational 


io each other. 
Prove that f is continuous at every irrational point in [0,1] and dis- 
continuous at every rational point in [0, 1}. 
Let a € [0,1] be rational. Let {zn} be a sequence of irrational points 
such that an € (0,1) for all n € N and lim z, = a. Then lim f(an) = 0. 


AX, oN = i, ifa= “ where m,n are positive integers prime 
\ c —~ on Re 
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But f(a) > 0. So f is discontinuous at a. 


Let a € (0,1) be irrational. Let us choose a positive «. There is a 
natural number k such that 0 < t < ¢€ (by Archimedean property). 

In (0,1) there are only a finite number of rational points “ with n 
less than k. 

Hence there exists a positive 6 such that the neighbourhood (a — 
6,a+6) C (0,1) contains no rational point “ with n less than k. 

Therefore for all « € N(a,d) c (0, 1), 

| f(x) — f(a) |= 0, if x be irrational 

| f(z) - fla) |= k <i <eifa= %. 

Thus | f(z) — f(a) [< € for all a <¢ N(a,6) ¢ (0,1). 

This proves that f is continuous at cv. 

Thus f is continuous at every irrational point in [0,1] and discontin- 
uous at every rational point in [0, 1]. 


Exercises 12 


1. Give an example of functions f and g which are not continuous at a point 
céR but the sum f +g is continuous al ec. 


2. Give an example of functions f and g which are not continuous at a point 
céR but the product fg is continuous at c. 


3. Let f(a) = sgn x, g(x) = «(1 — 27). 
Show that the composite function gof is continuous at 0. 


Note. Here f is discontinuous at 0 and g is continuous at f(0), but still the 


composite gf is continuous at a0. The converse implication of the theorem 
8.1.10 is not true. 


(4.) A function f : R — R satisfies the condition f(a + y) = f(2) + f(y) for ail 
zy € R. {f f is continuous at one point ¢ € R, prov: that f is continuous at 
every point in R. 


[Hint. Let’ f be continuous at c. Then jim, fle+th) = fle}, Le, jim f(b) =0.] 
Td Ente: 


A function f : R — R satisfies the condition fir 4-4) = f(a) f(y) for all 
x,y € R. If f is continuous at x = 0, prove that f is continuous on R. 


A function f : R — R is continuous on BK suc f(r) = 0 for all x € Q. 
Prove that f(z) = 0 for alla € R. 


(Hint. Let c € R. Consider a sequence of rational points {cn} converging to c. Use 
sequential criterion for continuity.] 
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m ax)y+ f(y) 
@) A function f : R — R is continuous on Rand f(#$*) = Let fop for all 


y € R. Prove that f(z) =ar+b,(a,b€ R) for all 2 ER. 

(Hint. f(z) = Lif(2x)+ FO), f(a) +F(y) = A[f (2x) + f(2y)] + 0) = flety)+ f(0). 
Let p(x) = f(x) — f(0). Then ¢ is continuous on R and ¢(z + y) = @(#) + bly). 
Worked Ex.5, page 248.] 

Let f : (—1,1) — R be continuous at 0. If f(x) = f(a”) for alla € (-1, 1), 
prove that f(x) = f(0) for all z € (-1,1). . 
(Hint. Let ¢ € (-1, 1). Consider the sequence {c2”} in (--1,1) converging to 9. Use 
gequential criterion for continuity.] 
9. Prove that the function f is continuous on the indicated interval. 

(i) f(x) = eY*,2€ 0,00); (ii) f(z) = logsinz, z € (0,7). 

“& functi -iR — R is defined by f(2) = 24,2 € Q 

16. A function f seaman ere | 

Prove that f is continuous at + and discontinuous at every other point. 
11. A function f : R — R is defined by fw) =a? +1ae2eQ 

se U,e€ R- Q. og 

Prove that f has a discontinuity of the second kind at every point c in R. 
12. find the points of discontinuity of the functions. 

(i) f(#) = [sinz],z eR; (i) f@) = (-1)") 2 € R; 

: = GQ +sing” -1 Le (0 1); 
(i) f(e) = [a] +[-a],c eR; Gv) f@) = im Gyan ty 40’ i1); 
* % 


n--roo (1 4 sin = 


_ log(2 2) — 2?" sine |. 
(v) fi.) = Jim) agi > e JR. 


13. Examine the nature of discontinuity of f at 0. 


ii ot sine | 0 
(i) f(z) = ve oa (ii) f(x) - . cae 
(ii) f(x) = jog sinz,O<ca<7 (iv) fiz) = [a] + [1 -- 2]. 
z rae (vi) f(z) = isini,« £0 
Ones eee ‘ = ~0,2=0. 
a at ao oe ; ase os gif/e , 0 
(vii) f(x) = area? #0 (viii) f (x) = 1 i: : bos # 


14. <A function f is said to be piecewise continuous on an interval I if f be 
continuous on I except at a finite number of points of jump discontinuity. 
Show that f is piecewise continuous on the indicated interval I. 


() fe)=feh 1=103; G)s@=z-,  1= (3h 
(iii) f(e) =a} 1= (0:3; Gv) S@)=sgnz, T= [-2,2), 
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8.5. Properties of continuous functions. 
Theorem 8.5.1. (Neighbourhood property) 


Let D C R and a function f : D — R be continuous on D. Let 
ce D. ff f(c) 4 0 then there exists a suitable 6 > 0 such that for all 
xz é N(c,6) OD, f(x) keeps the same sign as f(c). 


Proof. Case 1. f(c) > 0. Let us choose a positive « such that f(c)—e > 0. 
Since f is continuous at c, there exists a positive 6 such that 
| f(z) — fle) |< « for allz € N(c, 4) ND. 
or, f(c)~e < f(x) < f(e) + for alla € N(c, 6) ND. 
Therefore f(z) > f(c)-e>0 forallz € N(c,d) ND. 


Case 2. f(c) <0. Let us choose a positive e such that f(c) +¢ < 0. 
Since f is continuous at c, there exists a positive 6 such that 

| f(x) — fle) |< ¢ for al z € N(c, 6) ND. 

or, f(e) —e < f(x) < f(c) +€ for all z € N(c, 5) ND. 

Therefore f(x) < f(c) +e <0 for alla € N(c,d) ND. 


So in any case f(z) keeps the same sign as f(c) for alla € N(c,d)ND 
for some 6 > 0. 


Note. This property is a local property of a continuous function. It is 
also called the sign preserving property of a continuous function. 


Corollary. Let f : R — R be continuous on R and ce R. If f(c) 40 


then there exists a positive 6 such that f(z) keeps the same sign as f(c) 
for all z € N(c, 4). 


/Let f : R —- R be continuous on R. Prove that the set S= {reER: 
(x) > 0} is an open set in R. 


Case I. Let f(x) < 0 for allz € R. Then S = ¢ and S is an open set. 


Case IT. Let f(z) > 0 for alla € R. Then S = R and S is an open set. 
Case ITI. Let S be a proper subset of R. 

Let c € S. Then f(c) > 0. Since f is continuous on R and f(c) > 0, 
by the neighbourhood property there exists a positive 6 such that for all 
a € N(c,6), f(z) > 0. Therefore N(c,5) c S. 

Thus cé Ss N(e,6) cS. 


This shows that c is an interior point of S. 


Since c is arbitrary, every point of S is an interior point of S and 
therefore S is an open set. 
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2. Let f : R — R be continuous on R. Prove that the set S= {x ER: 
f(x) < 0} is an open set in R. 
Similar proof as in Example 1. 


3. Let f : R-— R be continuous on R. Prove that the set S={xeER: 
f(z) # 0} is an open set in R. 
Similar proof as in Example 1. 


== eR: 
pe :R — R be continuous on IR. Prove that the set S = {z € 
As) 


= 0} is a closed set in. R. = 
Let pas ER: f(z) >0},T={zeER: f(x) <0}. Then PUTUS 
> But PUT is an open set, since P and T are open sets in R by 
E: ples 1 and 2. 
serie S being the complement of an open set in R, is a closed set 


Theorem 8.5.2. Let I = [a, b] be a closed and bounded pee and a 
function f : 1 —~ R be continuous on J. Then f is bounded on /- 


Proof. If possible, let f be not bounded on I . Then for eae eee 

number 7, there exists a point tn € [a,b] such that He ie ses 

obtain a sequence {r,} such that tn € [a, 6} for alln € Na n)} 
UneéN. 

“ Tae {a, b] is a bounded interval, the sequence {zn} is bounded. 


By Bolzano-Weierstrass theorem, there is a convergent subsequence 
converging to I, say. 
a la A oe closed set and each element of - convergent sequence 
onj imi longs to |[a, 8}. 

‘ belongs to [a,b], the limit J be : 
ta oe l 2 {a bl, f is continuous at 1. Since the sequence ec eaaed 
verges to | and f is continuous at J, the sequence {f (xr, } must converg 

i iterion for continuity. 

r(L), by the sequential criterion ' 
. ee the sequence {f (x,,,)} must be bounded. But es eoiet 
tion, | f(tr,) |> " and since {rn} is a strictly increasing seq 

? « Tn 

l numbers, fn 2 7 
“ria ra ) |> hs and this implies that the sequence {f(@r,)} is not 
Bug * . be 

bounded. Thus we arrive at a contradiction. 


Therefore f is bounded on T and the theorem is proved. 


Another Proof. ; : oe 
fa, b|. Then jf is continuo : 
a : . ov oe there exists a positive 6 such that |f(x) — f(e)| <« 
~6,c+ 6) % [a, 6}. a 
soars e vols \f(x) — f(e)| and this gives if(z)| < lf(c)l +e 
oD 4 
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i { 
for all x € (c- d,c +6) Nn (2, d]. This shows that f is bounded on (ce- 
6,¢+6) [a, 6). 

Thus for every x & [a, b] there exists an open interval I, = (w@- bp, 20+ 
dx) such that f is bounded on Tz 7 fa, 6}. 

The set of all open intervals {fa :x € [a, 
the closed and bounded interval fa, O]. 

By Heine-Borel theorem, there exists a fir 
intervals, say /,,, Igy. ++, Ze,,, Such that (2,6) C Iz, U Tag Urs +I. 

For each i = 1,2,...,m, f is bounded on I, N [a,b] and. therefore 
there exists a ,-ositive real number M; such that |f(x)} < Ad; for all 
ZeEelzn la, 5). 

Let WM = max{Ad,, Mz,..., Mm}. Then |f(z)| < Af for all 2 € 
(Te, Ung U++U In) fa, 5], i.e., for all & & fa, 8). 

Therefore f is bounded on |[a, 6] and the proof is complete. 


6}} forms an open cover of 


ite number of these open 


Note. Since f is bounded on [a,b], the set {f(x): 2 € fa, b]} is a non- 
empty bounded subset of R. Therefore there exist real numbers Af ,m 


such that Wf = sup f(z),m= inf f(x). 
z€[a,b) r€[a,b} 


Theorem 8.5.3. Let J = [a, 6] be a closed and bounded interval and 
a funciion f :I— R be continuous on J. Then there is a point ¢ in 
I such that f(c) = sup f(z) and also there is a point d in J such that 


f(d) = inf f(z). 


Proof. The set f(I) = {f(x):2€ I} is a bounded set. Since this is a 
non-empty bounded subset of IR, sup f(Z) and inf f(D) exist... 

Let Mf = sup f(Z). Then 

there exists a point xz, €/ such that W-le f(m1) <M, 

there exists’ a point 22 € J such that AY — 2 < f(ze) <M, 

there exists a point 23 € J such that Af-—= < f(s) < AY, 


LoS Dod ed 


We obtain a sequence of points {2,} in J such that 

M-—1< flan) <M forallneN. - 

Since J is bounded, the sequence {z,,} is bounded and therefore there 
exists a convergent subsequence {zr,,} that converges to a limit c, say. 

Since J is a closed set and the elements of the convergent sequence 
{2'-, } belong to J, the limit ce J. Therefore f is continuous at c. 

Since {2:,,,} is a sequence in J converging to c and f is continuous at 
c, the sequence { f (x,,,)} converges to f(c). , 

Now M— 2 < f(z,,.) <M for alln € N and lim(Af — 7) = M. 

By Sandwich theorem, lim f(Zr,) = M. That is, f(e) = M. 
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Taking m = inf f(J) it can be proved in a similar manner that there 
exists a point din J such that f(d) =m. 


ge {f(z) : x € I} is a bounded set. Since this is a 


inf f(Z) exist. 
- bounded subset of R, sup f(J) and in ( 
gr saa f(J),m = inf f(Z). Then for all 2 € {a,blm < f(z) < 
M. : 
= M € [a, b}. 
We shall prove that f(x) = Af for some c | . 
fenee let f(z) < M for all x € {a,b}. Then AT — f(z) > 0 for all 
° maaan = ayy t € [2,6]. Then ¢ is continuous on [a,b] and 
™ M—-f a)? 
therefore ¢ is bounded on [a, )]. ; . 
ne B be an upper bound of ¢ on fa, b]. Then B > 0 and 0 < 4777s) 
ll x € [a, d]. 
Gee | re < M — > for all z € [a, b]. This contradicts that 


M = sup f(Z). ae 
Hence there exists a point:c in {a,b} such that f(c) = M . . 
In a similar manner it can be proved that there exists a point d in 


[a,b] such that f(d) =m. 
This completes the proof. 


Note ° M( sup f(x)) is called th globe as U 2 of xe u ction 
€[a,b 


3 


on ia b m= inf x is called the global MINIMUM of the function 


f on [a, 8}. re 
N 2. A function f continuous on a bounded open soraeetent ti 
y e neunded on J. Even if it is bounded on ° it may not 2 
: int of I. 
the infimum of f at some point 0 - | 
ened “tT = (0,1) and f:I—- Rbe defined by He) =i,0E 
(0,1). Then f is continuous on J and f : ae ee ' oe ales 
“Hit f: defined by f(z) = x’, 3). 

Let J = (2,3) and f:J-— Rbe Ar Scat 

fis eantnecue on J and f is bounded on J. sup f(x) 9, inf f( °) : 
‘ : re 

But there is no point c € J such that f(c) = 9 and there is no point d 
such that f(d) = 4. | is 

te 3. A function f continuous on a closed Hatenval I may no 

don. 7 

Posed on let f : (0,00) — R be defined by f(z). = J/z;22 0. 7 is 
continuous on (0,00) but f is not bounded on [0, 00). 
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/pheorem 8.5.4. (Bolzano) 


Let [a,b] be a closed and bounded interval and f : [a,b] — R be 


continuous on [2, b]. If f(a) and f(b) are of opposite signs then there 
exists at least a point c in the open interval (a, b) such that f(c) =0 


Proof. Let Iy = [a,b] = [a1,b:] i 
’ ,0;], say. Without loss of li 
assume that f(a1) <0 and f(b) > 0. eae nai 


Let c; = %+%. Then f( is ei 

aaa c1) is either 0 or # O. If f(e1) = O th 

theorem is proved. If f(c,) # 0 then either f(c,) < 0, or eee 0. ° 
If f(c1) < 0 we consider the closed interval [c1,b,] and call it Ig = 


[a2, be]. If f(c1) > O we consider the closed interval [a1,¢i] and call it 
Lo = [a2, be]. 


Thus if f(c1) 4 0, the closed interval Ig = [a2, ba] is such that 
(i) f is continuous on J2 and f (a2) < 0, f(b2) > 0; 

(iii) | Zz |= $(b— a). 

Let cp = 224%. Then f(c2) is either 0 or # 0. 


If f(c2) = 0 the theorem is proved. If Osu 6 
or f(c2) > 0. f(c2) # 0, then either f(c2) < 0, 


If f(c2) < 0 we consider the closed interval [c2,b2] and call it Ig = 
[23,63]. If f(c2) > 0 we consider the closed interval [a2,c2] and call it 


Iz = [az, b3]. 
Thus if f(co) 40 the closed interval Iz = [az, bg] is such that 
(i) f is continuous on Iz and f(a3) < 0, f(b3) > 0; 
(ii) I3 Cio ch; 
(iii) | Zz |= 58. 
Let cz = *+%2. Then f(cz) is either 0 or # 0. 
Continuing in this manner, either we obtain a point c, in (a,b) such 


that f(c.) = 0, in which case the theorem is proved, or we obtain a 
sequence of closed and bounded intervals {J,} such that 


(i) f is continuous on J, and f(an) < 0, f(bn) > 0 for alln € N; 

(ii) In41 C In for alln € N; 

(iii) | J, |= 2=% and therefore lim | J, |= 0. : 
Thus {J,} is a sequence of nested closed and bounded intervals with 
lim | Jn |= 0. 

By nésted intervals theor i i 
Mo ce ele REN le a ee, 
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From (i) it follows that a € [a, bj. Since f is continuous on [a, }], f is? 
continuous at a. 

From (ii) it follows that {an} is a sequence of points in (a, b] converging 
to a. Since f is continuous at a, lim f(an) = f(a). 

But f(an) <0 for alln EN and this implies lim f(an) < 0. s 

That is, f(a) <0... ».. (A) 

Also from (ii) it follows that {bn} is a sequence of points in [a, ] 
converging to a. Since f is continuous at a, lim f(bn) = f(a). 

But f(bn) > 0 for alln Ee N and this implies lim f(bn) = 9. 

That is, f(a) >O... ... (B) 

From (A) and (B) it follows that f(a) = 0. 

Since a € [a,b] and f(a) < 0, f(b) > 9 it follows that a € (a, b). 


Thus a = c and the theorem is proved. 


4 


TReorem 8.5.5. (Intermediate value theorem) 


" Let [a,b] be a closed an bounded interval and a function f : [2,6] +R 
be continuous on {a, d]. If f(a) # f(b) then f attains every value between 
f(a) and f(0) at least once in the open interval (a, b). 


Proof. Without loss of generality, we assume that f(a) < f(0). 
Let p be a real number such that f(a) << f (bd). 


Let. us consider the function ¢ : [a,b] — R defined by o(x2) = f(x) — 
Hoe a, b}. 

¢ is continuous on [a, d], since f is continuous on [a, b]. 

(a) = f(a) — 2 < 0,6(b) = f(b) — > 0. - 

As $(a) and ¢$(b) are of opposite signs, by Bolzano’s theorem there 
exists at least one point ¢ in (a, b) such that o(c) = 0. 

Therefore f(c) — pv = 0, ie, f(c) =H: : - 

Thus f attains pz at a point c in (a,b) and the theorem is done. 


Note. Let J = [a,b] be a closed and bounded interval and f: [a,b] ~R 
be such that f(a) #f (b) and f attains every value between f(a) and 


“-— f(b) at least once in (a, b). Still f may not be continuous on [a, d}. 


2a = 
For example, let f : [0,2] + R be defined by f(0) = 0, f(2) = 2 and 
f(z) =2,0< xsl. 7 
1 =3-a,1<a2<2. 


f assumes every value between 0 and 2 on [0,2]. But f is not contin- 


uous on [0,2] since f is not continuous at 1 and 2. 


t 
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eorem 8.5.6. Let fa, d] be a closed and bounded interval and a 
nection f : [a,b] + R be continuous on [a,b]. If sup f(x) ~ inf F(z) 
z€[a,b] € (a,b) 
and yz be a real number lying between sup f (z) and a ; F(x) then 
x€[a,6] _ Ela, 
there is a point p in (a,b) such that f(p) = p. 


Proof. Since f is continuous on the closed and bounded interval fa, b], 
there is a point c in [a,b] such that f(e);= sup f(x) and there is a point 


£€(a,b} 
d in [a,b] such that f(d) = dt jf): 
x By, 


Without loss of generality, let us assume that c < d. 

Therefore [c,d] C [a,b] and f is continuous on fe, d}. 

Since yz lies between f(c) and f (d), by the intermediate value theorem 
there is a point p in (c,d) such that f(ip) =p. 

Therefore p € (a, 6) and the theorem is proved. 


Theorem 8.5.7. Let J = [a, b| be a closed and bounded interval and 
f : [a, 6] —+ R be continuous on J. Then f(L) = { f(x): x2 € J} is a closed 
and bounded interval. ac 


Proof. Since f is continuous on J , f is bounded on J. 
Let M = sup f(x),m = inf f(x). Then there is a point-c in such 
wel = : i ‘ 
that f(c) = M and a point din J such that f(d) =m. 
Therefore M € f(I),m€ f(I) andm < M. 


Case 1. m = M. In this case f is a constant and f(I) reduces, to the 
point m and f(J) is the closed interval [m, m]. : 


Case 2. m < M. Let J = [m,M}. We prove that J = f(J). 


Let p € f(I). Then there is a point xg in J such that f(zq) =p. 
Since M = sup f(x), and m = inf f(z),m < f(xo) < M. 
wel x 


Thus p € f(I) => p € [m, M] and therefore FDC x3 (i) 

Letge Jandg#m,q4M. of 

Since f is continuous on (c,d) (or (d,c) ) and f(d)<q< f(e), there 
is a point x, in (c,d) ( or (d,c}) such that F(x) ='¢.. bate ct 

Therefore q € f(I). Alsome€ f(I) and ME f(I). U 

Thus z € J implies x € f(I) and therefore J c PUL). sais ee (ii) 

From (i) and (ii) it follows that J = f(Z). This completes the proof. 


ote 1. The continuous image of a closed and bounded interval [a, b] is 
e closed and bounded interval (m,M]. In particular, if f be’a constant 
and hence continuous) on [a,b], the image reduces to a point. 
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Note 2. The continuous image of an open bounded interval may not 
be an open bounded interval. For example, let J = (—1, 1) and f(z) = 
z*,2 € J. Then f is continuous on J but f(7) = (0)1), which is not an 
open interval. Let J = (0,1) and f(x) = 2?,2 € J. Then f(J) = (0,1), 
an open interval. | : 

hadter 8.5.8. Let J be an interval and f : J — R be continuous on 
I. Then f(/) is an interval..J-" oo 


{ A subset S of R is an interval if for any two points c,d € S with 
c<d, the closed interval [c,d] c S] 


Proof. Let p,q € f(D) and p<q. There exist points c,d in J such that 
ile) =p, f(d) =4. : 

Let r € (p,q). Thenp<r<q. , 

By the intermediate value theorem, there exists a point xg in (c,d) 
for (d, c)] such that f(x) =r. 

Thus r € (p,q) = r € f(J) and therefore (p,g) C f(/). 

Also p € f(I) and qé€ f(J). So [p,q] ¢ F(Z). 

This proves that f(/) is an interval. 


Worked Examples (continued). 


5/PA function f : [0,1] — [0,1] is continuous on [0,1]. Prove that there 
sks a point c in [0,1] such that f(c) =¢. 


If f(0) = 0 or f(1) = 1, the existence is proved. 

We assume f(0) #0 and f(1) 41. 

Let us consider the function g : [0,1] —> R defined by 

g(x) = f(a) — 2,2 € [0, 1). : 

g is continuous on [0,1] and g(0) = f(0) > 0, since f(0) € [0,1] and 
f(0) #0. Also g(1) = f(1) —-1 <0, since f(1) € (0, 1] and FQ) #1. | 

By the Intermediate value theorem there exists a point ¢ in (0,1) such 
that g(c) = 0. Therefore f(c) =c. 


Note. c is said to be a fixed point of the continuous map f. 


6. function f : [0,1] > R is continuous on [0,1] and assumes only 
tional values. If f(3) = 3,-prove that f(x) = 3 for all x € [0,1]. 
eeu fale a point 2, such that 0 < m< $ and consider the closed 
interval [a,, 4]. f is continuous on [2,, $]. 
Let f(z1) =p. Then p is rational. 
We prove that p = 3. Tf not, let p # 3. 
Then f is continuous on [z, 3] and f(x.) # f(%). 
Let qg be an irrational number lying between p and 5. 
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By the Intermediate value theorem, f(x) = q at some point c in 


1 * . . . 
(x1, 3) and this is a contradiction to the hypothesis that f assumes only 
rational values. 


Hence p = 3 and therefore f(x) = } in [0, 3). 

Let us take a point x2 such that 3 < £2 <1 and consider the closed 

interval [4, x2). 
Proceeding with similar arguments we can prove f(x) = 4 in (4, i]. 
Also f(4) = 4. It follows that f(x) = } for all x € [0,1]. 

Theorem 8.5.9. Let f : R — R be continuous on R. Then for every 

open subset G of R, f~1(G) is open in R. 

roof. If f-1(G) be empty, then it is open in R. 


Let f~1(G) be non-empty and let ¢ € f~1(G). Then f(c) € G. 


Since G is an open set and f(c) € G, f(c) is an interior point of G 


and so there exists a positive e« such that N(f(c),¢e) CG. 


Since f is continuous at c, there exists a 6 >-0 such that for all | 


zE Med), See NEC 6) CG. | 
This implies V(c, 6) C (G). Hence c is an interior point of f@), 


Thus every point of f~!(G) is an interior point of f-!(G) and there- 
fore f—!(G) is an open set. 


Note. A function f : R— R is continuous on R implies that the inverse‘ 
image of any open subset is open in R. The converse implication is also . 


true, : 
We have the following theorem in-this respect. 


oy 


Theorem 8.5.10. A function f : R — R is such that f~1(G) is open in 
IR whenever G is open in R. Then f is continuous on R. 


Proof. Let c€ R. Then f(c) € R. 

Let « > 0. Then the neighbourhood G = (f(e) — €, f(c) + €) is an 
open set in R and by hypothesis, f-'(G) is an open set in R. 
ce f-'(G), since f(c) € G. Since f~1(G) is an open set, c is an 
interior point of f~!(G) and therefore there exists a positive 6 such that 
the neighbourhood N(c,6) Cc f~1(G), ie., for all s € N(c,4), f(z) € G, 
i.e., |f(x) — f(c)| < € for all ce € N(c, 4). 

This proves that f is continuous at c. Since c is arbitrary, f is con- 
tinuous on R. 


Note, We observe that a continuous function f : R — R pulls back open 
sets of IR into open sets of R. But f may not map an open set of R into 
an open set of R. For example, let f be a constant function on R, say 


qi 
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f(x) = 2 for all « € R. Then f is continuous on IR, but the image of an 
open set, say {c € R: 0 < a < 1} is the singleton set {2} which is not 
an open set in R. : 


Theorem 8.5.11. A'‘function f : R — R is continuous on R if and only 
if f-!(F) is closed in R whenever F is closed in R. 

Proof. Let f be continuous on R and let F be a closed set in R. Then 
R — F is open in R and f~'(R— F) is open in R, by Theorem 8.5.9. 
Since R— f-1(F) = f71(R — F), it follows that f7)(F) is closed in R. 
Conversely, let f~1(F) is closed in R whenever F is closed in R. We 


shall prove that f is continuous on R. 
Let G be an open set in R. Then R - G is closed in R and by 


hypothesis, f~1(IR — G) is closed in R. 

Since R — f-1(G) = f 7 (R—G), it follows that R — f7+(G) is closed 
in R and therefore f~'(G) is open in R. 

f is continuous on R, by Theorem 8.5.10. 


heorgm 8.5.12. The functions f: R ~ Randg:R— R are both 
enclaus on R. Then the set S={reER: f(z) < g(z)} is an open set 
in R. ae 
Proof. Let h: R— R be defined by h(x) = f(z) — g(z), z € R. Then h 
is continuous on R and S = {x € R: h(x) < 0}. . 

Using the neighbourhood property of the function h and proceeding 
as in the worked Example 1, Art.8.5, the theorem can be established. 


Another proof. 
If § = ¢ then S is an open set. 


Let S # ¢ and let a € S. Then f(a) < g(a). let us choose a real 
number b such that f(a) < b < g(a). 

Let us consider the open set I = (0, oo). Since g is continuous on R, 
g~1(1) is an open set in R. a€ g~1(1) and g(x) > b for allae ot): 

Let us consider the open set J = (—oo, b). Since f is continuous on R, 
f7}(J) is an open set in R. a€ f-i(J) and f(x) < 6 for all x € ful). 

f-(J)Ng7}(J) is an open set in R containing @ and f(z) <b < g(z) 
for all z € fo1(J)Ng7*(1). 

Therefore f7!(J)Ng7'(1) c S. Thus @ eSefwngiW)cs. 
So a is an interior point of S. Therefore S is an open set. 

This completes the proof. 


NAS The set S={xeER: f(x) # g(x)} is an open set in R. 


a3 
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& Theorem 8.5.13. The functions f:R—_R and 


gontinuous on R. Th ae : 

oe en the set S= {reR: f(z) = g(x)} is ‘a closed set 
Proof. Let A = : : : 

sb {zeER: f(x) # 9(x)}. Then A is the complement of 


IfA=¢ then A is an open set. 


i ae ie € a Then f(a) # g(a). Let lf(a)-g(a)| =k>0, 
=F, and g are continuous at a, there exist iti 
6 such that | f(x) — f(a)| <€ and l9(z) — g(a)| <« for all 2 Na, 8). 
If(a) — g(a)] < |f(x) — F(a)| = 
< + IF (2) — g(x)| + = 
or, | f(z) — g(x)| > ¢ for all x € N(a, 4). ee) 
Therefore N(a,5) C A. Thus a 
an interior point of A. So A is an open set in R. 
. Consequently, Sis a closed set in R. 


Corollary 1. 
rational points, then f(z) = g(x) for alle ER. 


Let S= {2 ER: f(x) = 

F : = 9(z)}. Then by hypothesis. Toe & 
Sisa closed subset in R, by the theorem. ypothesis, QC SCR. 
QcS+QcS55RcS, sine @=Rand dug. A, 


Therefore S = R, ie., f(x) = g(z) for all ER. 


Corollary 2. If f is continuous on R and f 


rational points, then f(z) = k for all z ER. 


Considering the continuous 
rE R, this can be established. 


\ 


(x) = k, a constant, at all 


function g defined by g(x) = & for all 


ties proof of Intermediate value theorem 


Let [a,b} be a closed and bounded interval and f-% 


continuous on a, d]. If f a b) tk 
between f(a) and f(b (a) # (6) then for every real n 


[a,b] > R is 
: umber 7 lyi 
) there is a point ¢ in (a, 6) such that f(d= i 


Proof. Suppose on the contrary, 
such that f(c) =r. 


Let us define a function g:R—R by g(x) = 


there does not exist a point c in (a,b) 


Faywse (65,4) 
= f(z),x E la, by 
= f(b 

Then g is continuous on R and 9= fon [a a eS) 


Let G = (—00,r), Gp = (r,co). Then R= GU {r}U Go. 


g:R-— R are both 


EA> N(a,5) C A. Therefore a is - 


If f and g are continuous on R and f(z) = g(x) at all - 
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G, and G2 are open sets in R. Since g is continuous on R, g~!(G;) 
and g~'(G2) are both open sets in R. 

Since g~1(r) = ¢, g7'(G1) = R ~ g7!(G2). Since g~?(G2) is open, 
g~*(G1) is closed. Thus g~!(G,) is both open and closed in R. 

But g~?(G1) is non-empty, since a € g~!(G,) and g~!(G,) # R, since 
b¢g~*(Gi). 

So g~'(G;,) is neither R nor ¢ and at the same time g~!(G,) is both 
open and closed. This is a contradiction, since the only subsets in R 
which are both open and closed are ¢ and R. 

Hence our assumption is wrong and the theorem is proved. 


Definition. A function f : [a,b] > R is said to satisfy the intermediate- 
value property on [a,b] if for every 21, 72 satisfying a < 2, < z2 < b and 
for every k between f(x,) and f(z2) there exists a c € (1,22) such that 
fc) =k. 
Not function f : [a,b] + R which satisfies the intermediate-value 
property on [a, 5} need not be continuous on {a, bd}. 
For example, the function f defined on [-~-1,1] by f(z) = sin+,2 40 
=0,7=0 
is discontinuous on {[—1, 1] but it satisfies the intermediate-value property 
on [~1, 1]. 
Theorem 8.5.14. Ifa function f : {a,b] + R satisfies the intermediate- 
value property on fa, 6] then f has no simple discontinuity on le, b] 
Proof. Let f has a simple discontinuity at c € [a, b}. ToT bind » 
If c be an interior point of [a,b] then zim, f(x) and im f(z) both 
exist finitely. 
If c= a then lim, f(x) exists finitely. 
o_ 
Ifc=bthen lim f(z) exists finitely. 
z—c— 
It is sufficient to prove that 
(i) lim f(z) = f(e) for all ec € {a,b); Gi) lim f(z) = ffe) for all 
=u : 2c 
c € (a, d}. 
Let c & [a, 6) and let lim | T(z) =. 
Case 1. Let 1 < f(c). Let us choose a positive € such that 1+ «€ < f(c). 
Since lim f(x) = 1, there exists a positive J such that l~e < f(z) < 
' g—9e-- 
i+e for all z € (c,c + 5) A fa, d]. 
Therefore !—e < f(x) <l+e< f(c) for all a € (c,c+6)M [a,b]... ...(i) 
Let 21 € (c,¢ + 6) M [a,b]. Then l—e < f(z.) <i +e < f(e), by (i). 
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Since f satisfies intermediate value property on [e, 21] 
exists a point p in (c,2,) such that f(p) =l+e. 


But p & (c,21) = p & (c,e+4)N{a, b] = f{p) < l+e, a contradiction. 
Therefore 1 > f(c). 


C [a,b], there 


Case 2. Let / > f(c). Let us choose a positive e such that 1 — « > f(c). 
Since lim f(z) =1, there exists a positive 6 such that /—e < f(x) < 
Pei 
1+ « for all  € (c,c + 6) M [a, Dj. 


Therefore f(c) <l—e < f(x) <l+e for all z € (c,c+6)N[a, 8)... ...(ii) 
Let zz € (c,c + 6) M [a,b]. Then f(c) <l—e < f(rzg) <1 +e, by (ii). 
Since f satisfies intermediate value property on [c,z2] C [a,b], there 

exists a point g in (c,r2) such that f(q) =1—e. 

But q € (c,z2) > ¢ € (c,c+ 4) NM {a, b] > l—e < f(g), a contradiction. 

Therefore | < f{c). 

Combining the cases, we have lima f(z) = f(c) for all ¢ € [a, b). 


Similarly, it can be proved that lim f{x) = f(c) for all c € (a, )}. 
id ace 
This completes the proof. 


8.6. Monotone functions and continuity. 


Theorem 8.6.1. Let I = (a,b) be an interval, 
monotone increasing on I. Then at any point ce I, 


(i) f(e-0)= sup f(x), (ii) f(c+0)= inf f(z), 
xr€(a,e)} xE(c,b) 


(iii) f(e- 0) < fle) < fle +0). 


Proof. (i) Ifz eI and x <cthen f(x) < f(c). 

Hence the set {f(r) : a < x < c} is bounded above, f(c) being an 
upper bound. The set, being non-empty, has a least upper bound, say u. 

Then u < f(c), and for a pre-assigned positive e, there exists a point. 
Zo in (a,c) such that u—e < f(xo) <u. 

Let m9 = c-d6,0 <b <c-a. 

Since f is monotonic increasing on (a,c), 

u-~eée< f(zo) < f(z) <u<uteforallzinag<2<¢ 

Consequently, | f(z) -u|<eforallzinzag<z<¢a . 

This imphes that lim: f(z)=u,ie, f(e-0)=u= sup f(z) 

lO zé(a,c) 


Let f : J > R be 


(ii) Ife el and x >, then f(r) > f(c). 
Hence the set { f(z) :c < x < b} is bounded below, f(c) being a lower 
bound. The set being non-empty, has a greatest lower bound, say l. 
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Then | > f(c), and for a pre-assigned positive ¢, there exists a point 
zy in (¢c,b) such that 1 < f(m1) <l+e. 

Let 2) =ce+6,0<6 <b-c. ; 

Since f is monotone increasing on (c,), for allaz2ine<x2< 2 

l-eci< f(x) <f(ai) <l+e forallzine<7< % 

Consequently, | f(z) -l |< for allzine<@ cue aes 

This implies that im, f(z) =l, ie, f(e+0)=l= oot 


(iii) We have f(c-9)=us £(¢) and f(¢+0) =l 2 fe). 
Therefore f(c — 0) < f(c) < f(c+0). 
Note. If f : J — R be monotone decreasing on J = - b) then oe 
7 . * cee 4 ry ae — sup 
point cel, (i) f(e-9)= ines f(z), (ii) fle+ at 
(iit) s(e— 0) 2 S(0) = fle+)- 7 
> b) then at every poin 
1. If f : (a,b) — R be monotone on {a, ; 
aes rere f(e+0) both exist. Therefore a monotone function 
f eaanoe have a discontinuity of the second kind in its domain. 
Corollary 2. If f be monotone increasing on I = (a, 6] then for any two 
points c,d € I with c <d, f(c+0) s f(d—9). . 
| theorem 8.6.2. Let I = [a,b] and f : I — R be monotone increasing 


on I. Then (i) f(a +0) = pant, f@), (ii) f(b — 0) = up es 


(iii) f(a) < f(a +0); f(6-9) < f(b). 
Proof left to the reader. 


8.6.3. Let I = [a,b] and f: J = IR be monotone decreasing 
on T. Then (i) f(a +0) = eee De) (ii) f(b - 0) = toh f(z), 
(iii) f(a) > f(a +0); f(o—-0) 2 f). 


Proof left to the reader. 


Let f : [a, ae ae eae and c € (a, 8). 
ees of i atte is defined by J(c) = f(e +9) — fle- 0). 
The jump at a is defined by J(a) = f(a +0) — f(a). 

The jump at b is defined by J(b) = f(b) — f(e- 0). 

(i) If f be monotone increasing on I and cé 7, J(c) > 0. 
(ii) If f be monotone decreasing on TandceI,J(c) < 0. 
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Theorem 8.6.4. If a function f : [a,b] -> R be monotone on [a, b] then 
the set of points of discontinuities of f in [a,b] is a countable set.’ | 


Proof. First let us consider the case when f is monotone increasing on 
[a,b]. Let S' be the set of all points of discontinuity of f. Since f is 
aca on [a, b], J(x) 2 0 for all x € [a,b] and S = {z & [a,b] : J(x) > 

Let T be the set of points of discontinuity of f on (a,b). 

For any two points c,d in T with c < d, 

A a 0) < f(e+0) < f(d-0) < f(d+0). 

hus the open intervals (f{(c — 0), f(e + 0)) and d—0O 
Rees ( )) (f¢ ), f(d + 0)) 

Let us choose a rational point rz in (f(x — 0), f(x + 0)) for every 
zeéT and define amapping @¢:T — Q by ¢(2) =r, foralzeT. 

: Then @ is injective because, for any two distinct elements 71,22 in T 
the intervals (f(a, — 0), f(a@1 +0)) and (f (x2 —0), f (x2 +0)) are disjoint 
and therefore rz, 4 Tz,- 

Since @ is an enumerable set, ¢(7) being a proper subset of Q is 
countable. Since ¢ is injective and ¢(T) is countable, T is countable. 
Therefore T U {a,b} is also a countable set. 

Thus S, being a subset of T U {a,b}, is a countable set. 


The case when f is monotone decreasing on [a,b] can be similarly 
dealt with and the theorem is done. 


Corollary. Let f : R — R be monotone on R. Then the set of points of 
discontinuity of f is a countable set. 

R can be considered as the union of an enumerable number of closed 
intervals {[0, 1] U [1,2] U---} U {[-1, 0] U [—2, -1]U---}. 

Pee 8.6.5. If a function f : [a,b] + R be continuous on (a, b] and 
‘injective on [a,b] then f is strictly monotone on [a, 8]. 

Proof. f(a) # f(b) since f is injective on [a, 6]. 


aoe 1. f(a) < f(b). Let x € (a,b). We prove that f(a) < f(axi) < 


f(z). 


If f(z1) < f(a) < f(b) then by the intermediate value theorem on 
the interval [z;,6], there is a point 2’ € (x,,6) such that f(x’) = f(a) 
and this contradicts that f is injective on [a, d]. 


If f(a) < f(b) < f(x;) then by the intermediate value theorem on 


If not, then either (i) f(zi) < f(a) < f(b), or (ii) f(a) < f(b) <. 
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the interval [a,x], there is a point x” € (@,z1) such that f(x”) = f(®) 
and this again contradicts that f is injective on [a, }]. 
Therefore f(a) < f(z1) < f(b) whena<2 <8. 


Let xq € (a,b) such that a < 21 < 22 <b. 
Since a < 21 < 22, f(a) < f(21) < f (wa), by what we have proved. 
Similarly, since z1 < x2 < b, f(x1) < f(x2) < f (0). 
Therefore a < 21 < 22 < b= f(a) < f(x) < f(e2) < f(0). 
Hence f is strictly increasing on {a, 0]. 
Case 2. f(a) > f(b). By similar arguments we can prove that f is 
strictly decreasing on |[a, }]. ‘ 


The theorem can be extended to hold on any kind of interval. 


\Bhoorem 8.6.5(a). Let J be an interval and f : J — R is continuous 
ct 


and iniéctive on J. Then f is strictly monotone on I. 


Proof. Let r,s € I and r < s. Since f is injective on J, f(r) # f(s). 


Case 1. f(r) < f(s). 

Let c,d be arbitrary points in J withe < d. Leta= min{e,r},b = 
max{d,s}. Then [a,}] is a closed and bounded interval contained in I 
and containing the points r,s,c,d. 

Since [a,b] C I, f is continuous and injective on [a,b] and by the 
Theorem 8.6.5, f is strictly monotone on [a,b]. Since r,s € ja, 6] and 
f(r) < f(s), f must be strictly increasing on (a, b] and therefore f(c) < 
f(d). As c,d are arbitrary points in J, f is strictly increasing on J. 


Case 2. f(r) > f(s). 
In this case we can prove f is strictly decreasing on J. 


Theorem 8.6.6. Let J = [a,b] be closed and bounded interval and 
f :I—R be strictly monotone and continuous on I. Then there exists 
an inverse function g: J — R where J = f(JZ), such that 


(i) g is strictly monotone on J and (ii) g is continuous on J 


We prove the theorem for the case when f is strictly increasing on J. 
The proof for the other case (when f is strictly decreasing) is similar. 


Proof. f is strictly increasing on J. Since f is continuous on J, f is 
bounded on I. Since f is strictly increasing on J,supf = f(6) and 
inf f = f(a). Therefore J = [f(a), f(d)]- 

Since f is strictly increasing on I,a@<4%,< 225 b= f(x1) < f(2). 


So 21 # ro => f(x1) # f(z2). 
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This proves that f is injective on J. Also since f(J) = J, f is surjec- 
tive. 

Therefore f is bijective and hence there exists an inverse function 
g:J-—TJZsuch that x € J and f(z) =ysyeJ and g(y) =z. 


First we prove that g is strictly increasing on J. 

Let y1,y2 € J with y,; < yo. Then there exist 1,,22 in J such that 
yi = f (x1), ye = f(xe2) and since f is strictly increasing on J,y1 < yo => 
© < 22. That is, y. < ya in J = g(yi) < g(ye) in J. 

This proves that g is strictly increasing on J. 


To prove that g is continuous on J, let d € J and d = f(c). Then 
g(d) =e. 

Let {yn} be a sequence in J converging to d. 

Let f(tn) = yn, n = 1,2,3,... 

Then g(yn) = 2n and {z,,} is.a sequence in J. I being a bounded set, 
the sequence {z,} is a bounded sequence and therefore it must have a 
convergent subsequence. 


Let {z,,,} be a convergent subsequence of the sequence {z,,}. J being 


a closed set, lim z,, € I. 


The continuity of f at lim z,,, gives f(limz,,,) = lim f(z,,) = lim y,,. : 


But lim y,,, = d, since lim y, = d. Therefore f(limz,,) = d= f(c). 

Since f is injective on J, it follows that lim a2, = c. 

Thus every convergent subsequence of {z,} converges to c. 

It follows that lim 2, = lim z, = c and therefore lim ry, = ¢, ie., 
lim g(Yn) = g(d). 

Thus every sequence {y,} in J converging to d, the sequence {9(yn)} 
converges to g(d). This proves that g is continuous at d. 

Since d € J, it follows that g is continuous on J. 


This completes the proof. 


Note. The theorem can be extended to any kind of interval. If J be an 
interval and f : J — R be strictly monotone and continuous on J then the 
inverse function f~} is continuous and strictly monotone on J[= f(J)j. 


Theorem 8.6.7. If a function f : [a,b] — R satisfies the intermediate- 
value property on [a,b] and f is injective on [a, b] then f is strictly mono- 
tone on fa, b}. ‘ 


Proof. In the proof of the Theorem 8.6.5, the injectivity of f on [a, 5] 
and the intermediate-value property of f on |[a, b] were only utilised. 
Therefore it follows from the proof of the Theorem 8.6.5 that f is strictly 
monotone on [a, bj. 
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Theorem 8.6.8. If f : [a,b] — BR satisfies the intermediate-value prop- 
erty on (a, b] and f is injective on [a, 6] then f is continuous on [a, 6}. 
Proof. Since f satisfies the intermediate-value property on [a, 6] and f is 
injective on [a,b] then f is strictly monotone on {a, bd], by the Theorem 
8.6.7. Since f is strictly monotone on [a, b], f cannot have a discontinuity 
of the second second kind in [a,b], by the Corollary 1 of the Theorem 
8.6.1 and since f satisfies the intermediate-value property on [a, 5], f has 
no discontinuity of the first kind on [a, 6) by the Theorem 8.5.10. 
Therefore f is continuous on [{a, }}. 


Examples. 
1. The exponential function and its inverse. 


Let f : R — BR be defined by f(x) = e7,2 € R. The range of f is 
Rt = {2 €R:2 > O}. f is continuous and strictly increasing on R. 

Hence there exists an inverse function g : I+ — IR such that g is 
continuous and strictly increasing on Rt. 

g is defined by g(y) = logy, y € IR*+. The range of g is R. 

gf (2) — » for all x € R, ie., log(e”) = @ for all z € R, and 

foly) =y for ally € R*, ie, eesy = y for all y € Rt. 


g is called the logarithm function. 


2. The nth power function and its inverse. 


Case 1. Let n be an even positive integer and let f : R > R be defined 
by f(z) = 2",2 € R. The range of f is [0, 00). . 
f is not injective on R, but f is continuous on R and strictly increasing 
on [0, 00) . : 
Let J = (0,00) and let f : J — R be defined by f(a) = 2", 2 € f. 
Then f is continuous and strictly increasing on J and f (1) = [0, 00). 
Hence there exists an inverse function g : [0, co) — (0,00) such that 
g is continuous and strictly increasing on [0, oo). 


g is defined by g(y) = YUYE [0, co). 
gf(x) = for allze€ (0,00), ie, Yar = ax for all x € [0, 00), and 
foly) =y for ally€ [(0, 00), ie, (f#)" = y for all y € [0, 00). 


g is called the nth root function (n even) and it. is defined on [0, co). 


Case 2. Let n be an odd positive integer. 


: 
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Let f : R — R be defined by f(z) =x",z € R. Then f is continuous 
and srtictly increasing on R. The range of f is R. 


: KR — BR such that g is 


t 


Hence there exists an inverse function g 
continuous and strictly increasing on R. 


g is defined by g(y) = 7%, yER. 
g is called the nth root function (n odd) and it is defined on R. 


5: Sine function and its inverse. 


Let f :[-%, 3%] — R be defined by f(z) = =sing,2 = [- 
is strictly increasing and continuous on [— 5,5]. The range 
Hence there exists an inverse function g : 
g is continuous and strictly increasing on [—1, l]. 
g is defined by g(y) = sin7! y, y € {—1, 1]. 
g is called the principal inverse sine function. 
wh Cosine function and its inverse. 


Let f : [0,7] — R be defined by f(z) = re é [0,7]. Then f is 
continuous and strictly decreasing on [0,7]. The range of f is [—1, 1]. 


Hence there exists an inverse function g: {—1,1] — [0,7] such that g 
is continuous and strictly decreasing on [—1, 1]. 


g is defined by g(y) = cos’ y,y € [1,1]. The range of g is 0, 7]. 
g is called the principal inverse cosine function. 
Tangent function and its inverse. 


Let f : (—}, 5) — R be defined by f(x) = tanz,z € (—%, ¥). Then 
f is continuous and strictly increasing on —$,%). The range of f is R. 

Hence there exists an inverse function g:R— (—§, $) such that g is 
continuous and strictly Incre2sie on R. 


g is defined by g(y) = tan~/ y,y € R. The range of g is ore E 
g is called the principal inverse tangent function. 
. Cotangent function and its inverse. 


Let f : (0,7) — R be defined by f(x) = cotz,x € (0,7). Then f is 
continuous and strictly increasing on (0,7). The range of f is R. 

Hence there exists an inverse function g : R — (0,7) such that g is 
continuous and strictly Berens on R. 

g is defined by g(y) = cot~! y,y € R. The range of g is (0, 1). 


g is called the principal inverse cotangent function. 


: (-1,1] — [—3, 3] such that 
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8.7. Uniform continuity. 


Let J be an interval and a function f : J — R be continuous on J. 
Let c € IJ. Then for a pre-assigned positive e there exists a positive 6 
such that for alla e N(c, 6) nJ, f(z) — fle) <e. 

Tf we move to another point c’ € J and keep the same e fixed then 
it may happen that the same 5 does not work but a smaller 5 may be 
necessary for c’ to fulfil the requirement of the condition for continuity. 


Thus 6 depends, not only on e but also on the point c and therefore 
6 can be expressed as d(¢,c). Let do = inf{d(e,c):c¢ € I}. dp > O since 
d(e,c) > O for alle e J. 


If do > 0, then for alle € J and x € N(c,d0) NI,| f(x) — fle) |< «. 
That is, dg works uniformly over the entire interval J in the sense that 
for any two points 21,22 € J satisfying |v, ~ @2| < do, |f(r1) — f(xe)| <€ 
holds. In this. case f is said to be uniformly continuous on J. 

Every function continuous on an interval I may not be uniformly 
continuous on J, because a positive dg as inf{d(e,c) : c € I} may not be 
available. 


Definition. A function f : J — R is said to be uniformly continuous on 
I if corresponding to a pre-assigned positive « there exists a positive 6 
such that for any two points 21,22 in J 

| zz — 2x1 |< 5 =| f(z2) — f(t) |<. 


ote 1. The definition of uniform continuity shows that uniform con- 


tinuity_ is a property of the function on an interval (or on a set) but 


continuity is a property of the function ata point. This is expressed 


by saying that continuity of a function is a Jocal property while uniform 
continuity of a function is a global property. 
a, 


4 a It follows from the definition of uniform continuity that if a function 


f be uniformly continuous on an interval J, then it is also uniformly 
continuous on any subinterval J, c J. 


Worked Examples. 


1. Show that the function f defined by f(z) = 
continuous on [1, 00). 


Let c > 1. Then for all x > 1, 

| f(z) — fle) =| 4-2 l=| GP ls] e—e|, since | ex [> 1. 

Let us choose € > 0. Then for all x > 1, satisfying | 7 -c|<e, 
| f(x) — f(c) |< €, whatever c{(> 1) may be. 
This shows that f is uniformly continuous on [1, 00). 


€ [1, co) is uniformly 


tj 
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2. Show that the function f defined by f(x) = sinz, x € R is uniformly : 


continuous on R. 


Let c € R. Then for all « € R, 
| f(x) — f(c) |=| sine — sine | 


2 | sin 254 || cos #42 | 


ap 3 

< 2|sin | 

< 2.125¢, since | sing |<} 2 | 
for allz € R. 


Let us choose € > 0. Then for all x € R, satisfying | z—c|< e, 
| f(x) ~ f(c) |< €, whatever c(€ R) may be. 
This shows that f is uniformly continuous on R. 


3,/Let f(z) = z2*,2 € R. Show that f is uniformly continuous on 


ny closed interval [a,b],a > 0; but f is not uniformly continuous on 
[a,00),a > 0. 


First part. Let us choose « > 0. f will be uniformly continuous on 
[2, 6] if we can find a 6 > 0 such that for any two points 2, x2 in [a,b], 
| 2— 21 |< 5 =| f(x2) — f(r) |<. Y; 


_ el F(e2) — f(ar) |=| 23 — 2? |=] 22 - xy || vo + 2y-|< 20] ao — 23 |, 
“since O< 27, <b,0< a9 <b. 


If we choose 6 = 35, then for any two points 21,272 in (a, b] satisfying | 


| x2 — w, |< 6, the inequality | f(x2) — f(x.) |< € holds. 
This shows that f is uniformly continuous on {a, b],a > 0. 


Second part. Let us choose e > 0. Then for any two points 2), 29 in 
[a, b] satisfying | z2 — x, |< 5, the inequality | f(x2) — f(x1) [< © will 
hold if we choose 5 = Cine 

But as b takes larger and darger values, 5 gets smaller and smaller. So 
it is not possible to find a single positive 5 which will work for allb >a. 


It follows that f is not uniformly continuous on [a,o0),a > 0. 


Theorem 8.7.1. Let I be an interval and a function f:IaR be. 


uniformly continuous on J. Then f is continuous on J. 


Proof. Since f is uniformly continuous on J , for a pre-asigned positive e 
there exists a positive 5 such that’ for any two points 21,22 in J, 
| t2— 21 |< 6 >| f(x2) ~ f(r) |<e. 

Let c € I. Taking x, = c, the condition yields 

| f(t2) — fc) |< € for all a ET satisfying | r2 — c{< 4, 

ie., | f(x) — f(e) |< for all z € I satisfying ja-—cl< 6. 
This proves that f is continuous at c. 
Since c is arbitrary, f is continuous on J. This completes the proof. 
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Theo 8.7.2. Let I = [a,b] be a closed and bounded interval and and 
a funétién f : J — R be continuous on J. Then f is uniformly continuous 
on I. 


Proof. If possible, let f be not uniformly continuous on J. 

Then there exists a positive €9 for which no positive 5 will work, i.e., 
for each positive 6 there exist points x,y in [a,b] such that |z@-—y |< 6 
but | f(x) — f(y) |¥ €0. 

Let 6 = 1. Then there exist, points 11, y in [a, 6) such that 

| ai —yi |< 1 but | f(z.) — f(y1) |= €0. 

Let 6 = $. Then there exist points 22, y2 in [a,b] such that 

| 2 — y2 |< 3 but | f(w2) — f(ye) |> eo. 


Thus we obtain two sequences {z,} and {y,} in fa, b] such that 

|2n—~ Yn |< + but | f(an) — f(yn) |> €0 for alln EN. 

Since a < an < b,a < yz < b, both the sequences {z,} and {yn} are 
bounded sequences. 

By Bolzano-Weierstrass theorem, there exists a convergent subse- 
quence of {z,}, say {z,,} and let J be the limit of the subsequence ~ 
‘{x,,,}. Since [a, b] is a closed interval, 1 € [a, b}. 

Let us consider the subsequence {y,,, } of the sequence {yn}. 

Since | tr, — Yr, |< z- for all m € N and since lim = 0 and 
lima,,, = 1, it follows that the subsequence {yr, } converges to l. 

Since | € [a,b], f is continuous at J. 

Since {z,,, } converges to / and f is continuous at l, lim f(z,,) = f(l). 
Since {y,, } converges to / and f is continuous at J, lim f(y,,) = f(d). 

Thus both the sequences {f(x,,,)} and {f(y,r,,)} converge to a com- 
mon limit. But this is contradicted by the condition | f(z,,)— f(yr,) |= 
€9 for alln EN. 

So our assumption that f is not uniformly continuous on [a, }] is not 
tenable. Therefore f is uniformly continuous on [a, 6] and this completes 
the proof. 


Th em 8.7.3. Let DC R and a function f : D — R be uniformly 
cohtfnuous on D. If {2,} be a Cauchy sequence in. D then {f(z,)} is a. 
auchy sequence in R. 


Proof. Since f is uniformly continuous on D, for a pre-assigned positive 
¢ there exists a positive 6 such that for every pair of points 2’,2” in D 
satisfying | 2’ ~ 2” |< 6, | f(a’) — f(x”) |< ein R. 

Since {z,} is a Cauchy sequence, there exists a natural number k 
such that, | tm —- Zn |< 6 for allm,n > k, 
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{ 
It follows that for all m,n > k,| f(am)—f(an) |< € in R. This shows 
that {f(zn}} is a Cauchy sequence in R. 


This completes the proof. 
ho. If f : D — R be continuous on D but not uniformly continuous 
a 


uchy sequence in R. : 
For example, let f(x) = 1, x € (0, 1]. 

Then f is continuous on (0, 1]. Let us consider the sequence {x,} in 
(0,1] where z, = 4,n € N. Then {z,} is a Cauchy sequence in (0, 1]. 
But {f(zn)} = {1,2,3,4,...}. This is not a Cauchy sequence in R. 


Theorem 8.7.4. Let J be a bounded interval and a function f: J + R 
be uniformly continuous on J. Then f is bounded'on J. 


Proof. Let us assume that f is not bounded on J. Then there is a 
sequence {2,} in J such that | f(zn) |> n for n = 1,2,3,... 

Since {z,} is a sequence in a bounded interval J, it is a bounded 
sequence and therefore it has a convergent subsequence, say {z,,} in J. 
Since {z,,,} is a convergent sequence in J, it is a Cauchy sequence in J. 

Since f is uniformly continuous on J,{f(z,,,)} must be a Cauchy 
sequence in R. But by construction, | f(z,,,) |> rn > n, forn = 1,2,3,... 
and this shows that { f(z, )} can not be a Cauchy sequence and we arrive 
at a contradiction. This proves that f is bounded on J. 


@& Note. If J be a bounded interval and f : J — R be continuous on J, 


then f may not be bounded on J. For example, let f(x) = 4,2 € (0,1). 
Then f is continuous on the bounded interval (0,1) but f is not bounded 
on (0,1). 

If J be a bounded interval and f is continuous and bounded on J, f 
may not be uniformly continuous on J. For example, let f(x) = sin i, LE 
(0,1). f is continuous on (0,1) and bounded on (0,1). But f is not 
uniformly continuous on (0,1). 


Worked Examples (continued). 


Prove that the function f(z) = sint, z € (0,1) is not uniformly 
epéntinuous on (0, 1). 


Let us assume that f is uniformly continuous on (0,1). Then for 
every Cauchy sequence {z,,} in (0,1), the sequence {f(z,)} must be a 
Cauchy sequence in R. 

Let us consider the sequence {z,} where x, = 2 n EN. This is a 


Cauchy sequence in (0,1). The sequence {f(an)} is {1,0,~1,0,... ...}. 


D and {z,} be a Cauchy sequence in D then {f(zn)} may not bea. 
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This is a divergent sequence and therefore this is not a Cauchy sequence 
in R. Therefore f is not uniformly continuous on (0, 1). 


5. Prove that the function f(x) = 4, x € (0,1) is not uniformly contin- 


=z 
uous on (0,1). 

Let us assume that f is uniformly continuous on (0,1). Then for 
every Cauchy sequence {zn} in (0,1), the sequence {f(r,)} must be a 
Cauchy sequence in R. 

Let us consider the sequence {z,} where 2, = z47,n € N. This isa 
Cauchy sequence in (0,1). The sequence {f(zp)} is {2,3,4,...}. This is 
not a Cauchy sequence in R. Therefore f is not uniformly continuous on 
(0,1). 

Note. This example shows that a function continuous on an open 
bounded interval may not be uniformly continuous on that interval. 


The following theorem gives a necessary and sufficient condition un- 
der which a function continuous on an open bounded interval will be 
uniformly continuous on that interval. 


Theo 8.7.5. Let a function f be continuous on an open bounded 
interval (a,b). Then f is uniformly continuous on (a,b) if and only if 
lim f(x) and lim f(x) both exist finitely. 

cmat xz oO 


Proof. Let f be continuous on an open bounded interval (a, b) and let 
lim. f(a) and lim f(x) both exist finitely. 
2a zo 
Let us define a function g on [a,b] by g(x) = f(x), for all x € (a,b) 
and g(a) = Jim, f(z), 9(0) = lim _f(2). 
g is continuous on (a,b), since f is continuous on (a, 6). 
g(a) = lim f(z) (by definition) = lim, g(x) and 
2a 4 xu 
g(b) = lim f(z) (by definition) = im g(x). 
rob : —b— 


Therefore g is right continuous at @ and left continuous at b and 
consequently, g is continuous on [a, 8]. 

By Theorem 8.7.2, g is uniformly continuous on [a, b). 

By Theorem 8.7.1, g is uniformly continuous on (a,b). Since g = f 
on (a,b), it follows that f is uniformly continuous on (a, d). 


Conversely, let f be uniformly continuous on (a,b). We prove that both 
the limits lim f(z) and lim f(x) exist finitely. 
aa 2—b— 


Let {zn} be a sequence in (a,b) converging to a. Then {zp} is a 
Cauchy sequence in (a,6). Since f is uniformly continuous on (a, b), the 
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sequence {f(z,)} is a Cauchy sequence in R and therefore it is conver- 
gent. Let tim, fej sl. 


Let {yn} be another sequence in (a,b) converging to a. Then the 
sequence {Zp — yn} is a sequence in (a,b) converging to 0. , 

Let « > 0. Since f is uniformly continuous on (a,b), there exists a 
positive 6 such that for any two points 71,22 & (a,b) 

|z1 — 22| <6 => |f (x1) — f(za)| < §. : 

Since {zn — Yn} is a sequence in (a, b) converging to 0,‘Vhere exists a 
natural number k such that |zn — yn| < 6 for alln > k. 

Therefore |f (zn) — f(yn)| < § for alln > k. 


\f(yn) — Ul < Fyn) — flan)| + [f(en) - Uf] < € for alln > k. This 
proves that jim, fun) =l. 


Thus for every sequence {z,} in (a,b) converging to a, the sequence 
{f(2n)} converges to the limit J. This implies lim f(z) =l. 
La 


In a similar manner it can be proved that lim f(x) exists finitely. 
Tb — 
This completes the proof. 


ADefinition. Let a function f be continuous on an interval J. A function 


g is said to be a continuous extenston of f to R if g be continuous on-R 
and g(x) = f(x) for alla eT. 


If a function f be continuous on a closed and bounded interval [a, dj, 
then the function g defined on R by : 
g(x) = f(a), forr<a 
=: f(x), for z & [a, d] 
== f(b), for a > b 
is clearly a continuous extension of f to R. 


If a function f be continuous on an open interval (@,5), then f may 
not have a continuous extension to R. 


The following theorem specifies the conditions under which a function 


f continuous on an open bounded interval (a,b) may have a continuous 
extension to R. 


Theorem 8.7.6, Let a function f be continuous on an open bounded 
interval (a,b). Then f admits of a continuous extension to R if and only 
if f be uniformly continuous on (a, d). 


Proof. Let f be uniformly continuous on (a,b). Then both the limits 
lim f(z) and lim f(x) exist finitely. 
La LO 
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Let lim f(z) =/and lm f(x) =m. 
i Boat eb — 
Let us define a function g on R by g(z) = 1, forz <a 
. f(z), for x € (a,b) 
=m, for x > b. 

Since g(x) = f(x) for all x € (a,6), 1 = im, f(z) = lim, 9(z) and 

m= lin f(x)= im g(x). 
eee ss ai . 2 : 

But by definition, | = g(a) and m = g(b). Therefore g is right contin- 
uous at a and left continuous at 6 and consequently, g is continuous at a 
and continuous at 6. 

Since f is uniformly continuous on (a,b), f is continuous on (a, b) and 
since g = f on (a,b), g is continuous on (a, b). 

Also by definition, g is continuous on (—oo, a) and on (b, 00). 


i 


Consequently, g is continuous on R. 


Conversely, let f be continuous on an open bounded interval (a,b) and 
g be a continuous extension of f to R. Then g is continuous on R and 
g(a) = f(x) for all z € (a. b). 

Since g is continuous on R, g is continuous at a. 

Therefore lim, 9(z)= lim g() = g(a). 

Since f(x) = g(z) for all z € (a,6), g(a) = lim, 9(2) = lim, f(x). 

This shows that the limit im, f(x) exists finitely. 

Since g is continuous at b, it can be shown that the limit jim f(z) 
exists finitely. Consequently, f is uniformly continuous on (a, b). 
This completes the proof. 


| forked Examples (continued). 


6. If f : (0,00) — R be continuous on [0,0co) and Jim, f(x) = 0, prove 
that f is uniformly continuous on [0, 00). 


Let ¢ > 0. Then there exists a real number p > 0 such that |f(x)| < § 
fa TD cee one 1 
is nies 6 oe at p, there exists a positive 6, such that |f (x) — 
I(p)| < § for all x satisfying |z — p| < 01... + (ii) 
Since f is continuous on [0,p}, it is uniformly continuous on [0, p). 
Hence there exists a positive 52 such that for all 21,22 € [0,p] with 
\z, — £2| < 2, [f(a1) - f(ae)| <€ +. 0 Gh) 


Let 5 = min{é), 2} and let a,b € [0, 00) with ja — bl < 6. 


F 
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Case (i). Let a,b € [p,co). Then by (i), |f(a)| < $ and |f(b)| < §; and 


therefore | f(a) — f(b)| < \f(a)| + |f(b)| < e. 

Ci ii). a — 

ne eae . € [0,p]. Then ja—b]) <5 > |a — b| < dg and by (iii), 
rth oa Let a € (0, p], 6 € [p, 00) with ja — bl < 6. 

se eel 5 => |a— pj < 51,/b~ p| < 5. Then If(a) — f(p)| < 
Be Prue 2 by (ii) and therefore | f(a) — f(b)| < |f(a) — f(p)| + 


Therefore we have |f(a) — f(b)| < ©, whenever a,b € [0,00) with 
|a — b| < 6. This proves that f is uniformly continuous on (0, co). 


Or. Tf f(z+y) = f(x) + f(y) for all z,y € R and f is continuous at a 
oint of R, prove that f is uniformly continuous on R. 

Let f be continuous at a point cE R. 

Let us choose « > 0. There exists a positive 5 such that 

| f(e +h) — f(e) |< for all h satisfying | h |< 6. 

But | f(e +h) ~ f(c) I=| fle) + f(r) — fe) =| f(A) |. 

Continuity of f at c implies | f(h) |< € for all h satisfying lh l<o. 
Let 21,22 be any two points in R such that | 2) — xo |< 6. 

Then | f(z) — x2) |<. : 


f(@+y) = f(z) + f(y) gives f(0 +0) = f(0) + f(0 
or, f(0) = 2f(0) or, f(0) = ‘a as 
Also 0 = f(0) = f(z + (~z)) = f(z) + f(—2). 
Therefore f(—x) = —f(zx) for allz eR. » 
| f(w1 — we) =| f(a.) + f(—x2) |=| fli) — f (a2) |. 
Thus | f(z1) — f(z2) |< € for any two points x i isfyi 
| 21 — x2 |< 5. 5 depends on e€ only ae not ee the Line ea 
This proves that f is uniformly continuous on R. 


hb Let A be a non-empty subset of R. A function f :R — R is defined 
y a (x) = inf{| z-a|:a¢€ A}. Prove that fa is uniformly continuous 
on R. 


Let 21,20 ER. 21) =i —a|: 

ae 1) = inf{] 21 — a |: @ € A} and fa(xo) = 
[%.—a|<]21—22|+ |22-~-a| forallac An~e 

This implies inf {| 21 — a |:a@ € A} <| 21 — a9 | +inf{| 22~a|:ae€ A} 
or, fa(21) <| 21 — x2 | +f,a(x2) 
or, fa(ri) — fa(x2) S| 21 — xp |. 


Similarly, fa(z2) — fa(z1) <| 21 — x2 |. 
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We have, — | 21 — x2 |< fa(z2) — fa(21) S| 21 — 22 | 

or, | fa(v1) — fa(z2) |S| 21 — 22 |. 

Let € > 0. Then | fa(z1) ~— fa(x2) |< ¢ for all 21,22 € R satisfying 
| 21 — 22 |< e. This proves that f,4 is uniformly continuous on R. 


ige-Since fa is uniformly continuous on R, f, is continuous on R. 

The set {2 ER: fa(x) = 0} is a closed set. (worked Ex.4, Page 277). * 

The set {x € R: f(x) = 0} = A, by worked Ex.1, Page 65. Therefore 

if A be a non-empty closed set in R, then the continuous function f, 

defined by fa(x) = inf{| z —a |: a € A} is such that the set {r E R: 
fa(z) =O} = A. 


unction f on R such that f(z) =Oon A. . 


it Thus for a given closed set A C IR there always exists a continuous 
fi ‘ 


Lipschitz function. 


Definition. Let J C R be an interval. A function f : J — R is said to 
satisfy a Lipschitz condition on I if there exists a positive real number 
M such that |f(x21) — f(x2)| < M|x1 — x2| for any two points 21,22 € I. 


In this case f is also said to be a Lipschitz function on I. 


or example, let f(x) = x, x € [0,2]. Then 
|f (a1) — f(x2)| = lai? — x2?| < 4|x1 — wal for all 21,22 € [0, 2]. 


| ‘Therefore f satisfies Lipschitz condition with M res (0, 2]. 


a,@) 

Theorem 8.7.7. Let f : I > R be a Lipschitz function on J. Then f 
is uniformly continuous on Ti. 
Proof. Since f is a Lipschitz function on J, there exists a positive real 
number k such that | f(z1) — f(xe) |S &| v1 — x2 | for all 1,22 ET. 

Let ¢ > 0. Then for all points 21,22 in J satisfying | x1 ~ x2 |< §, 
| f(z1) — f(2) |< kg =e. 
This proves that f is uniformly continuous on I. 


Worked Example (continued). 
9. Let f(x) = log, x € (0,00). Show that f is uniformly continuous on 
la, co), where a > 0. 
Let 21,22 € [a, oo), where a > 0. 
If 21 < £2 then = > 1 and therefore 
Ole =o > 4, since log(l1+2)<zifx>0 
oe < 227%} ; 
—_— a * 
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If zg < 2; then = > 1 and therefore 
0 < log < # —-1, since log(l+2)<vifz>0 


< 2% Nena 293 
=e a : 


In either case, | log x2 — log x1] < 4\x2 — x4. 


This shows that f is a Lipschi i 
pschitz function on [a, oo) with AY = + 
therefore f is uniformly continuous on [a, oo). a ene ae 


8.8. Continuity on a compact set. 


Theorem 8.8.1. Let DC Rb 
; 8.1. ea compact set and a functi >:D 
be continuous on D. Then f(D) is a compact set in R. i ca 


The theorem says that conti : 
s ntinuous ima : : 
compact set. ge of a compact set in R isa 


Proof. Let G be a famil i a 

y of open intervals {Tg : a € A}, A being th 

index set, such that f(D) c aa Ig. Then G is an open nite of f(D) : 
Let c € D. Then f(c) € f(D) and the i | 
re exists a i 

family G, say I,, such that f{c) € Ic. pagar ree 
ma is an open interval, it is open set. 

o f(c) is an interior point of J, and there exists a neigh 

f(c), say N(f(c),€-) such that N(f(c),€c) C Ie. meres 
Since f is continuous at c, there exists a 6, > 0 such that 
f(z) € N(f(c).ec) for all 2 € N(e, 6.) ND. 


Clearly, the set of neighbourhoods {N(c,6¢) : ¢ € D} covers D. 


Since D is compact, there exists a finite subcollection of the family of — . 


ae Bele hbourhoods {N(c,5-) : ¢ € D} which also covers D. Therefore 
ere exists a finite number of points ¢),ce,...,¢m in D such that 
Dc N(e1,5e,) UN (€2, 5c.) U-+- UN (ems ben). 


me p end cat Then there exists a point g € D such that f(g) =p 
ince Cc N(c1,5¢,) UN (ca,5e,) Us U a 
for some natural nanbet k< S ee PA eres CHa) 


: Pies ‘ € N(ci,6c,) => f(z) € N(f(ci),€ce,) C Ie, for each i = 
As q € N(cks Sex), P € N(f (ek), €cn) © Tes: 
Since p is arbitrary, f(D) C I,, UI,, U:::UTde,,- 
Thus a finit be i r 
Poe e subcollection of G covers f(D) and therefore f(D) is 
.. This completes the proof. 
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- Another proof. 


Let {yn} be a sequence in f(D). For each n € N, let us choose ©p, € D 
such that f(%n) = Yn- 

Since D is compact and {az} is a sequence in D, there is a subsequence 
{2,,,} of {an} such that {x,-, } converges to a point, say ¢, of D. 

Since f is continuous at c, the sequence { f(xr,,)} converges to f(e). 
That is, the subsequence {yr,,} of {yn} converges to a point f(c) of f (D). 

Therefore every sequence in f (D) has a subsequence that converges 
to a point of f(D). Consequently, f(D) is compact. 


- Corollary. Since f(D) is a compact set in R, it is closed and bounded. 


Since f(D) is a closed and bounded set, sup f(D) and inf f(D) both 
exist and both belong to f(D). (worked Example 1, Page 63) 


Therefore there exists a point z* in D such that f(x") = sup f(D) 
and there exists a point x, in D such that f(x.) = inf f(D). 


Theorem 8.8.2. Let DC Rbea compact set and a function f{:D-R 
be one-to-one and continuous on D. Then f7!: E — Dis continuous 
on BE where E = f(D) CR. 


Proof. Since D is a compact set and f is continuous on D, E is compact. 
Let b € E. Since f is one-to-one on D and f(D) = E£, the inverse function 
foi: E— R exists. Let f7'(b) =a. 

Let us choose a positive «. Let Az=N(a,e)nD. 

Then D-A=D-— N(a,¢). 

Since D is a closed set and N (a,€) is an open set, D-—A is a closed 
subset of D. Since D is compact and D — A is a closed subset of D, 
D— A is compact. (worked Ex.10, Page 97) : 

Let Di = D—A. Since f: D—> E is continuous om D, the restriction 
function & : D, — E is also continuous on Dy. 

Therefore £(Di= f(D1)) is compact. 

Let f(Di) = Fi. Now a ¢@ D, and f is one-to-one on D implies 
f(a) ¢ Fr. 

Since F, is compact and b ¢ Ey it follows that } is not a limit point 
of E;. So there exists a neighbourhood N(b, 5) of b such that [N(b,6) 9 
E\QNk = . 

Thus for every point y € N(d, 6) NE, f7'y) € N(a, €) ND. Therefore 
fv} is continuous at b. 


Since b is arbitrary, f -1 ig continuous on EB. 
This completes the proof. 


‘ 
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7 . . : 
Another proof. Since f is one-to-one, the inverse mapping f-} : 


f(D) — D exists. Since D is com . ‘ 
: : Pact and 
is compact. f is continuous on D, f(D) 


Case 1. Let yo € f(D) and yo be a limit point point of f(D). Then there 
exists a sequence of distinct points {yn} in f(D) such that lim Yn = Yo 


Since f is injective, there exists ase isti i 
‘ quence of distinct points {z,,} in 
D such that f(t) = Yn for alln €N. Then 2, = f7} (Yn) for ee N. 
f will be continuous at yo if we can prove that lim f-* (un) = f7! (yo) 
i.e., if we can prove that lim In = Xo where xp = f~! (to). ‘ , 


Let us assume on the contrary, that the sequence {Zn} does not con- 


verge to 29. Then there exists a positive « and a sub 
sequence {x f 
{t_} such that | z,,, — 29 [Sve for all wey: q {Zr, } 0 


— - is eames {zr,, } is a sequence in D, there exists a con- 

vergent subsequence {z;,} of the sequence {x such that {2/ 5 

to a point, say x’ in D. ea cia 
As | x4, — x0 |> € holds for all n EN, it follows that 2’ Zo. 


"Since f is continuous on D, f is continuous at 2’ and lim f(z/,) = 
f(x’). Since f is injective, x’ F Xo => f(z’) £ yo. 7 
i : 
Let F(z) = Yn Then {y/,} is a subsequence of the sequence {y,} 
and as lim yn = yo, lim y, must be yo. 
Thus we arrive at a contradiction. Therefore our assumption that 


the sequence {z,} does not converge to ro is not tenable. We conclude 
lim z, = Zo and thereby f~! is continuous at Yo. 


Case 2. Let yo € f(D) and yo be an isolated point of f(D). Then f7} 
is continuous at yo. : a : 


Since yo is an arbitrary point of f(D), f7} is continuous on f(D). 
This completes the proof. 


Theorem 8.8.3. Let D C R be a compact set anda function f: DR 
1s continuous on D. Then f is uniformly continuous on D. 


Proof. Let c € D. Then f is continuous at c. Therefore for a pre-assigned 
positive € there exists a positive 6, such that 


| f(z) — f(e) |< § for all ze N(¢,5.) ND. 


_ Let & be the family of neighbourhoods {N(c, 35c):¢€ D}. Clearly, G 
18 an open cover of D. Since D is compact, there is a finite subcoll ‘ 
G’ of G such that G’ also covers D. iets 


Let G’ = {N(c1, $5.,), N(co, $Seq)5 °° »N (em, 45, )}. 
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Let 5 = min{45e,, $5e.,-++, $5e,} and let 21,22 € D such that 


} (ty —- rq |< 0. 


Since 2, € D,x, € N(ck, $5c,) for some natural number k < m. 
Therefore | x, — cx |< 45 cy. 
tzo-ecn| < |reo-—21|4+ | 21 —cx | 
< 5+ 45o, 
< $65, + 450, = dc,. This shows that zo € N(ck, Se, ) 


Since x1 € N(cx, $5e,.) A D,| f (x1) — Fler) |< §. 

Since 22 € N(ck, 0c.) ND,| f(a2) — flex) |< §. 

Hence | f(t2) — f(@1) |<. 
Thus for all 21,22 € D satisfying | v2 — x, |< 6,| f(xe) — f(ai) |< e. 
This shows that f is uniformly continuous on D. 


| This completes the proof. 


Corollary. If D ¢ R be compact and a map f : D — R be continuous 


} on D, then f maps a Cauchy sequence in D to a Cauchy sequence in R. 


Exercises 13 


1. (i) Give an example of a function f which satisfies the intermediate-value 


4 property on a closed and bounded interval [a, b] but is not continuous on [a, d}. 


(ii) Give an example of a function f which is monotone increasing on a 


} closed and bounded interval [a,8] but does not satisfy the intermediate-value 


property on [a, d]. 

2. Let c € R and a function f : R — R is continuous at c. If for every positive 
6 there is a point y in (ec — 6,¢ +6) such that f(y) = 0, prove that f(c) = 0. 
3. Let f : R — R be continuous on R and let ¢c € R such that f(c) > uw. Prove 
that there exists a neighbourhood U of c such that f(x) > yw for all x € U. 


js? Let a function f : R — R be continuous on R. Prove that the set Z(f) = 


{c € R: f(x) = 0} is a closed set in R. 

Give an example of a function f continuous on R such that 
(i) Z(f) is a bounded enumerable set; (ii) Z(/) is an unbounded enumerable 
set. 
5. Let f : IR — R be continuous on R. A point c € R is said to be a fized point 
of f if f(c) = c holds. Prove that the set of all fixed points of f is a closed set. 
6. Let J = [a,b] be a closed and bounded interval and a function f : I — R be 
continuous on J and f(z) > 0 for all z € J. Prove that there exists a positive 
number a such that f(x) >a forallze TI. 
7. A function f : [0,1] — R is continuous on [0,1] and f assumes only rational 
values on [0,1]. Prove that f is a constant. 
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8. Let f : [a,b] — R and g : [a,b] — R be continuous on [a,b] and let 
f(a) < g(2), f(b) > g(b). Show that there cxists a point ¢ in (a,b) such that 
fie) = 9{c). 

Deduce that cosa: = 2° for some z € (0, #). 
9. A function f : [a,b] — R is continuous on [a,b] and 21,22, 23 & [a, b]. Prove 
that there is a point ¢ € [a,b] such that f(e) = Lr) t ray tity) | 
{Hint. There exist p,q in [a,b] such that f(p) < f(x) < f(g) for all x € [a,b]. 
pas (ert Sra+ flea) : 3 
Then f(p) < £% tives {ea) < f(q). Apply intermediate value theorem to 
the function f on [p, 4] or [q,p].] 
10. A function f : [a,b] — R is continuous on f{a,b] and 2;,22,...,2n € [a,b]. 
Prove that there is a point ¢ € [a,b] such that f(e) = Lev+tfeadt + Sen) | 
11. Give an example of a function f which is continuous on a closed interval 
J but (i) f is not bounded on J; (ii) f(Z) is not a closed interval. 
12. A function f : [0,1] — [0,1] is defined by f(z) = 2, 2 €Q 

=l—z, zER-Q. 
Prove that (i) f is injective as well as surjective and f~! = f; 
(ii) f is not continuous.on (0, 1]. 


[Note. This example shows that continuity of f is not necessary for the exis- 
tence of f7'.) 


13. If f : [a,b] — Ry g: (a,b) — R be both continuous functions on [a, b} having 
the same range [0,1], prove that f(¢) = g(c) for some c € [a,b]. - 


[Hint. f(p) = 0, f(¢) = 1 for some p,g € [a,b]. If g(p) # 0 and g(qg) # 1, 
consider f ~ g. Then (f ~ g)(p) < 0,(f — 9)(q) > 0. If g(p) = 0,e = p. If 
g(q) = le= @.] 


14. A real function f is continuous on [0,2] and f(0) = f(2). Prove that there 
exists at least a point ¢ in [0,1] such that f(c) = f(e+ 1). 


[Hint. If f(0) = f(1) then c= 0,1. If f(0) # f{1), consider g on [0,1] defined 
by of) = f(x) - f(e +1). 


15.°If f : (—00, 0] — R be continuous on (—0o, 0] and jim /{x) = 0, prove 
that f is uniformly continuous on (—oo, 0]. 


16. Prove that the following functions are uniformly continuous on the indi- 
cated interval. 


(i) f(z) = Vz, on [1, ce); (ii) f(z) = qa on R; 


(iil) f(@) = asini, «40 (iv) f(z) = tan z, on [a,b] where 
= 0, x = 0, on [~1, 1]; -$¥<a<b<§ 


9. DIFFERENTIATION 


9.1. Differentiability. Derivative. 
Let J = [a,b] be an interval and a function f: J —R. 
(i) Let c be an interior point of J. 
f is said to be differentiable at c if lim ie 
If the limit be J, J is said to be the derivative of f at c and is denoted 


exists. 


by f’(c). 

Since c is an interior point of the domain of f, in order that 
lim f(a) ~ fhe) may exist, both the limits lim pA Ba Fle) and 
xu—+e Lr Leese rm—ec 
lim a} = £0) should exist and should be equal. 
=z—o— —c 

(ii) Let c be the left end point a. 

Lay Hie) exists. If] be 


f is said to be differentiable at a if jim, an 
the limit, | is called the derivative of f at a and is denoted by f'(a). 
(iii) Let ¢ be the right end point db. 


f is said to be differentiable at 6 if lim f=) 1) exists. If I be 


Zo b— 
the limit, | is called the derivative of f at b and is denoted by f’(b). 
If lim LOTS) oo (or —oo) then f is said to have the 


rc L-C 
derivative oo (or —oo) at_c and we write f'(c) = 00 (or —o0). However, 
Ff is said to be differentiable at c if f’(c) is finite. This is also expressed 
by saying that “f’(c) exists” 


Right hand derivative, Left hand derivative. 
Let J be an interval and f:J—-R. Let ce J. 


Tf lim m. F(z) = fle) exists and equals I,J is called the right hand 
zc xz—-c 
derivative of f at c and it is denoted by Rf’(c) ( or by fi (ce) ). 
If lim f(z) = Fe) exists and equals J, / is called the left hand deriva- 
z-4e- = BC 


tive a f at cand it is denoted by LF(c) (or by fi (c) ). 
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Therefore if c be an interior point of the domain of f, the derivative 
of f at c exists if and only if Rf’(e) and Lf’(c) both exist and be equal. 


If c be the left end point of the interval J, the derivative of f at c, if 
it exists, is the right hand derivative of f at c. 


If c be the right end point of the interval J, the derivative of f at c, 
if it exists, is the left hand derivative of f at ec. ; 


Theorem 9.1.1. Let J be an interval and a function f : J — R be 
differentiable at a point c € J. Then f is continuous at c. 


Proof. ForallzeéTJ, but xc, f(x) — f(cd) = LE) LE) —c). 
Since f is differentiable at c, iim seer) exists and the limit is 
finite. Also, since lim(a — c) = 0, 
lim(f(z) - f()] = lim “EEK (x — oc) 
f’(c).0 


0, since f’(c) is finite. 
Therefore jim f(z) = f(e) and this shows that f is continuous at c. 


il 


Holl 


Note. The continuity of f at a point c € J does not ensure differentia- 
bility of f atc. 

For example, let f(x) =| z |,z € R. 

At x =0, f(z) =0. Also f is continuous at 0. 


lim £2-£0 — lim 2! = lim 2=1 


r+ z—0+ 7 20+ * 
lim PAC =f lim fet lim =2 = —1. 
t+ O0— ad z—0— ac—O— % 


As Rf'(0) 4 Lf’(0), f is not differentiable at 0. 
Hence continuity at a point ¢ does ‘not imply differentiability at c. 


Remark. If DC Rand f:D-—R, it is possible to define differentia- 
bility of f at a point c € D, provided c € D’ also. 
Ifc € DO D’,f is said to be differentiable at c if lim f@)~ fe) 
Lm 


—¢ 
exists. If J be the limit, then / is called the derivative of f at c and is 
denoted by f’(c). 


If Dy = Dn{c, co) and c be a limit point of D,, then lim, fe) fe) 
if it exists, is said to be the right hand derivative of f at c and it is denoted 


by Rf'(c). 
If Dy = DO (—oco,c] and c be a limit point of Ds, then 
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lim Fe) - fle) if it exists, is said to be the left hand derivative of 


z—o~ z-e ' 
f at c and it is denoted by Lf (c). 

If c be a limit point of both D, and De, then f is differentiable at c 
if and only if Rf/(c) and Lf’(c) both exist and are real. 


Let J be an interval and f : J — R is differentiable at a point c € Ds 
Then f’(c) exists. Let A be a subset of I such that at every point of A, 
f is differentiable. 

Then f’(xz) exists for each x € A. f’ can be considered as a function 
on A. f’ is said to be the derived function of f on A. If f’ bea function 
of z, then f’(z) is expressed by f(x) = # f(x),2 € A or by f'(z) = 


Df(z), 2 EA. 


Examples. 


1. Let k € Rand f(z) =k,x €R. Find the derived function f’ and its 
domain. 
Let c€ R. When x #0, f@)=fe) _ kak — 0, 


como 


Therefore lim FI) 0. That is, f’(c) = 0 for alle ER. 
Lo Ge -6 7 


The derived function f’ is defined by f’(x) = 0,2 € R. The domain 
of f’ is R. 


2. Let f(z) = 2?,2 €R. Find the derived function f’ and its domain. 


= 2. a2 
Let cé R. When x # c, f2=Le) = 2 =2+0e. 
— fle : 
Therefore lim f@) = FO) = lim(z +c) = 2c. 
rc x cc 


That is, f’(c) = 2c ioral ceER. . 

The derived function f' is defined by f’(x) = 22,7 ER. The domain 
of f’ is R. 
3. Let f(x) = Vz, € (0,00). Find the derived function f’ and its 
domain. 


@)—~ ne, a 1 
Let ¢ € (0,00). When z > 0 but 4 c, S210 = 4“ = . 
ey C7 kia Ae yee eee rovided c # 0. 
im poe enevetve ae” 


That is, f/(c) = gy if ¢ € (0, oo). 
The domain of f’ is {x € R: x > O}. ; 
The derived function f’ is defined by f’(z) = s7_>2 € (0, 00). 


Note. Here the domain of f’ is a proper subset of the domain of f. 


\ a 3s wo 
“ 


os) 
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4. Let f : [0,3] — R be defined by 
f(z@)=a, O<2<1. 
=2—-977 Lex 2, 
=a2—"”?,2<2 <3. 
Find the derived function f’ and its domain. 
f’(2) 1 for x € (0,1) 
~2a for x &€ (1, 2) 
1— 2a for x € (2,3). 


lim H2=f0) — _lim, @ = 1. Therefore R/’(0) =1. 


ll 


fl 


e+ 
Hence f is differentiable at 0 and f’(0) = 1. 
‘ f(z)~fQ) ‘ z—l 
i = im #=; = 1. Therefore Lf'(1) = 1. 
: © . —axt)— 
zim 44m) = jim CSE{=* = -2. Therefore Rf!(1) = —2. 


Hence f is not differentiable at 1. 


é —2¢7)—(— e 
lim Lf) = lim @2# 0-2) z= 2 = jim —(x +2) = ~4. Therefore 


= 2— x2-42— 
Lf'(2) =—4 

li L)— =£(2) Ct Es ses -2) yn _ cata 
Er ae jim, jim, —(© + 1) = —3. Therefore 


Hence f is not differentiable at 2. 
lim Le) f3) = lim i er a) = —5. Therefore Lf'(3) = — 


zo 3— — 2 3— 3 
Hence f is differentiable at 3 and f/(3) = — 


The derived function f’ is defined by f’(z) =1, O<2<1 
=-27,1<2<2 
=1—27,2<2<3, 


The dom: of f’ is (0,1) U (1, 2) U (2, 3}. 
Note. The domain of f’ is a proper subset of the domain of f. 


Theorem 9.1.2. Let I be an interval and ce J. Let the functions 
f:f—Rand g:I-—R be differentiable at c. Then 


(i) f+ is differentiable at c and (f +9)'(c) = f'(e) + g'(c) 
(ii) ifk ER, kf is differentiable at c and (kf)'(c) = kf'(c) 
(iii) f.g is differentiable at c and (f.g)'(c) = f’ (c)g(e) + fle)g’ (c) 
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(iv) if g(c) # O,f/g is differentiable at c and (f/g)'(c) = 
f’ 


Proof. Proofs of (i) and (ii) are left to the reader. 
(iii) Let h = f.g. Then for z €J,x2 #c, 


A{z)—hle) _- = Lae) Meate) 
ceo . 
fetishists te —flejgte) 


Urc 
Se erie, 
sikce; g is continuous atc ‘<i Phos 9.1.1, iim g(x} = g(c). 


$2) — 1" p05, 


Since f is differentiable atc, lim 
Bor C 


-—c 
Since g is differentiable at c, lim ate) — a0) = ate). 
Therefore jim Me) Rie) 
= lim se) = f6) lim 1 9(z) + f(e). lim , He) = ge) 
cial od cn 


= f'()gle) + f(e)g’ '(c). 

Therefore A is differentiable at c and g‘(c) = f’(e)g(c) + f(e)g'(c). 
(iv) Let kh = f/g. Since g is differentiable at c, g is continuous at c. 
Since g(c) # 0, there exists a neighbourhood N(c) of ec such that g(x) # 0 
for alla € N(c) NJ. Therefore for c € N(c)NI,z2 #c, 

fz) _ i) 


A(w)—Ale) __ aah aa a c)—fle)glx 
we foes (zc) 


= Tee OUT ores ou) 


g(z)g(c)(z—c) 
= = sey LEY. g(c) - f (ce). Meo}, 
Since g is continuous at c by Theorem 9.1.1, lim g(x) = g(c). 
Since f and g are differentiable at c, 


f(z) =; f(e) ies f'(c) and lim ae) ~ 9(c) =g'(c), 


lim 

oo el 2 hi ) h(e) _ aia a cas 

: F Tt) — ’ 
BR aa a. “5 (f’ ee ae (c)]. 
Therefore h(x) is differentiable at c and h’(c) =“ aie gfe) 


Theorem 9.1.3. Let J be an interval and the functions f : J — R and 
g:1— RR be both differentiable on a subset D C J. Then 


é 
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(i) f +g is differentiable on D and (f +9) (x) = f(a) + g'(x),2 ED | 


(ii) ifk ER, kf is differentiable on D and (kf)’(x) =kf'(z),2 6D 


(iii) f.g is differentiable on D and (f.g)'(2) = 
f(x)g'(z),2 €D 


(iv) if g(x) # 0 on D, f/g is differentiable on D and (f/9)' (2) = 


_ Le fae) 2 ED, 


This is an immediate consequence of the Theorem 9.1.2. 


\Hheorem 9.1.4. Let J and J be intervals. Let f:I->R,g:J-R | 
and f(J) Cc J. Let c € I and f is differentiable at c and g is differen. | 


tiable at f(c). Then the composite function gf is differentiable at c and 


(9f)'(c) = 9 (F(c)).f"(e). 


_ Proof. Let f(c) = d. Since g is differentiable at d, lim, g(y) ~ 9(@) 


y y—d 
g'(d). Since f is differentiable at c, jim Je) = fe) = f'(e). 


—c 86 | 
Let us define a function G: J — R by 


Gly) = Mg tye Tandy¢d 
= g'(d) ify=d. 
, Jc ae Gly Sod) 
Then im G(y) = ot gaara as 


= g'(d), since g is differentiable at d 
= G(d), by definition . 
This shows that G is continuous at d. 
Since f is continuous at c and G is continuous at d(= f(c)), the 
composite function Gf is continuous at c. Hence dim Gf(z) = Gf(c). 


=d 
= tim MF (@)) — a F(0)) 
FG) — Fl 
_ 9(f(2)) — 9(f(c)) 
Therefore iim ~ F@)—f( 
We also have lim he) he) = f'(c). 


But jim Gf(x2) = him ore =a) by definition of G 


= g'(d), since Gf(c) = 9’(d). 


Te cme 
Hence lim 22) — 9M) (ay, $1), 


Therefore the function gf is differentiable at c and (gf)'(c) = 
9 (d) f’(e) = 9'(F(e)) f’(e). . 
This completes the proof. 
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As an immediate consequence of the theorem we have the following 
theorem. 


, ; i | df:JI-R,g:J—-R 
f'(x)g(z) + | Zheorem 9.1.5. Let J and J be intervals and f g 


be functions such that f(J) C J. If f is differentiable on IJ and g is 
differentiable on f(Z) then the composite function gf is differentiable on 
I and (gf)’(z) = 9'(f(z)). f(x), 2 € I. 
Example (continued). 
5. Find the derived function of f(x) = x%,@ >OandaeER. 

Fe) SO Se eF Rs, 

Let g(x) = alogz,z2 > 0 and h(x) = e”,;2 ER. 

Then f(x) = hg(x), z > 0 and f’(x) = h’(9(z)).9'(x), > 0. 

But h’(x) = e® and hence h'(g(x)) = e%'°8? = £%; g(x) = &. 


a 
Therefore f’(z) = 2% =‘az*"!,ax > 0. 


Theorem 9.1.6. Let J ¢C R be an interval and a function f : J — R be 
strictly monotone and continuous on J. Let J = f(Z) and let g: J > R 
be the inverse to f. If f is differentiable at c € J and f'(c) # 0 then g is 
differentiable at d(= f(c)) and g’(d) = Fite: 


Proof. Let y€ J,y#d. Let gfy) = 2x EJ. Then f(x) = y and since f 
is strictly monotone on J,z #c. 

gy)-9(d) _ of f(@))—9C F(e)) | 

Sines” f is steely ies and continuous on J, g is continuous on 
J. Asy > d,g(y) > g(d). 

Since g f(x) = x for all x € J, it follows that zs ~ cas y — d. 


--o(y)—9(d) _ ys oF (@))-9( S(O) |; 
Therefore lim, g wale = lim? f lim 
yo 


£(2))—9(f (c zc 
ge sl2j—fle) acl (@)—Fflc)* 
Since f is differentiable at c, jim Lie) Lte) == f’(c) and since f’(c) # 0, 
Therefore lim S92 = Ok That is, g’/(d) = Fs: 


Examples (continued). | 
6. Let f(z) = 27,2 € 10,00). f is strictly increasing and continuous on 
(0,00). Let J = (0,00). Then f(Z) = [0, 00). 

The inverse function g defined by g(y) = «/¥, y € [0, 00) is continuous 
‘on [0, 00). ea 

f is differentiable on [0,00) and f’(z)} = 2a,z € [0, 00). 
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f’(z) #0 on (0,00). Let Jy = (0,00). Then f(t1) = (0, 00). 

Hence g’(y) exists for all y € (0,00) and g’(y) = Fizy =i =,1.= 
my y € (0, oo). : 
7. Let f(z) = e*,r ER. f is strictly increasing and continuous on R. 
F(R) = (0, 00). 

The inverse function g defined by g(y) = logy, y € (0,00) is continu- 
ous on (0,00). 

f is differentiable on R and f/(r) = e™ £0 on R. 

Hence g'(y) exists for all y € (0,00) and g'(y) = Fitzy =2=f = 
2, y € (0,00). 

8. Let f(x) =sinz,z € [—4, ¥].f is strictly increasing and continuous 
on I = [—$, 4]. Then f(I) = [-1,1]. The inverse function g defined by 
9(y) =sin7! y, y € [—1, 1] is continuous on [-1, 1]. 

f is differentiable on [—-%, #] and f’(x) = cosz,x € ee 

f'(z) # 0 on (—§, F). Let ) = (—%, Z). Then f(1,) = (-1, 1): 

Hence g ‘(y) exists for all y € (—1,1) and 

gy) = Fisy = =o = ay aera Fag ve (- 1, 1). 

hat i . = 7 

That is, Dsin~1y Frye ¥ € ( 1,1).° 

9. Let f(z) = cosz,z € [0,7]. f is strictly decreasing and continuous 


on I = [0,7]. f(Z) = [-1,1]. The inverse function g defined by g(y) = 
cos~! y, y € [~1, 1] is continuous on [—1, 1]. 


f is differentiable on [0,7] and f’ (x) = —sinz,2x € [0,7]. 
f'(z) #0 on (0,7). Let I, = (0,7). Then f(7,) = (—1,1). 
Hence g’(y) exists for all y € (-1 J) and 


¥(y) = Fite) = mane —JrossrT since sing > 0 in (0, 7) 
. yin ¥ EC 1,1). 


y= eer YE (-1, 1). 
10. Let f(x) = tanz,x € (—$%,%). f is strictly increasing-and con- 


tinuous on I = (—§, 2). iQ) = R. The inverse function g defined by 
g(y) = tan7! y,y € R, is continuous on R. 


f is differentiable on (—§%, §) and f’(x) = sec? z,z € (—F, %). 


f'(z) - 0 on a= —3)3)- Hence g’(y) exists for all y € R and 
9g ‘(y) = f% a = = ints _ iftents = Izy? ER. 


That is, Dcos7! 


That is, Dtan7?y = z)p, yeER. 
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121. Let f(z) = secz, x € [0,$)U (4, a]. 


Let qh = [0, 5), Je = (2-9): 

f is strictly increasing and continuous on . f(J1) = [1, 00). 

The inverse function g : [1,00) — R defined by g(y) = sec™!y is 
continuous on [1,0o). 

.f is differentiable on J, and f’(x) = secztanz,z € J). 

f'(x) # 0 on (0, F). 

Hence g’(y) exists for all y € (1,00) and 9 (¥) = Fay = meetans: 

f is strictly increasing and continuous on Ig. f(I2) = (—co, ~1]). 

The inverse function g : (—oo, —1] — R defined by g(y) = sec™! y is 
continuous on (—oo, —1]. 

f is differentiable on Iz and f'(z) = secztanz,x € Ip. 

f'(z) z 0 on (3,7). Hence g’(y).exists for all y € (—oo,—1) and 
g 'Yy) = Fiz) = secutana’ 

But secztanz = yV/y? — 1,2 € (0, $) and secrtang = —y/y? — 1, 
xe (§,7). 


That is, Dsec™! —1) U (1, oo). 


y= EY Aces € (—o0, 
12. Let f(x) = cosec 2,x € [—$,0) U (0, F). 

Let I, = [-§,0), In = (0, ap 

f is strictly decreasing and continuous on J). f(J1) = (—oo, —1]. 

The inverse function g : (~co, —1] — R defined by g(y) = cosec7ly 
is continuous on (—co, —1). 


f is differentiable on J, and f’(x) = — cosec zcotz,z € [-F,0) 
ae is 0 on (-§F 19). Hence g’(y) exists for all y € (-—oo,—1) and 
Fy) = ee COREE zcobe* 


f is Hoe decreasing and continuous on Ip. f(I2) = [1, 00). 
The inverse function g : [1,00) — R defined by g(y) = cosec™'y is 
continuous on [1, co). 


f is differentiable on Ig and f'(z) = — cosec rcotz,x € Ip. 

f'(z) 4-0 on (0, ). Hence g’(y) exists for all y € (1,00) and g’(y) = 
Fi (x) = COSEC =z cotz* ; 

But cosec rcotr = —y/y* — 1,2 € [—%,0) and cosec rcotz = 


¥ eS hpi ee 
That is, D cosec ~ 
$ 


eer Ss co, —1) U (1, 00). 


~ yl y?-1 
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13. Let f(z) = ae x é (0,7). f is strictly decreasing and coun 
on f = (0,7). f(D = 

The inverse oo g:R —- R defined by g{y) = cot7 y,y € R is 
continuous on R. 

f is differentiable on (0,7) and f’(xz) = — cosec ?z,2r € (0, 7). 

_F@) ae : on (0, we Hence g’(y) exists for all y € R and g’(y) = 
Fis = COseE = ay 

That is, Deot7}y = Se ER. 


Worked Examples. 


1. A function f is defined on some neighbourhood of ¢ and f is differ- 
entiable at c. Prove that jim, Lheth) flown) = f’(e). 


Show by an example that the limit may exist even if f’(c) does not 
exist. 


lim Leth) fle h) =: Tin peta ie iis Fle~h)— Flo) 


ho O+ ho O04 
= lim LetPaLO 4 tim Lease 
h—=O+ 
= $Rf'(e)+ inp (c),. since f’(c) exists 
= fi(c). 
jim Seth) fe) = jim [Merr— fe) 4 Herb) Fe) 
= lim Lherh)~f(e) fis). lim Let f= fie) 2) 
fered 0+ 
gLf'(c) + 4 Rf'(c) 
= =} (c). 
fl(et+th)— fle—h) 


Therefore jim, 


Qh =f (c). 
Second part. Let f(z) =| z|,c=0. 


Then lim 4 Leth)— jienh = lim {Y= si oS) 


h-O 


= lim Al =a if = 0. 


r h—O 
But f’(0) does not exist. 
2. A function f is defined by f(x) =2*sini,2 40 
=0,2=0. 
Show that f is differentiable at 0 but f’ is not continuous at 0. 


iim Le) £0) — iim z sin+ == 0, since lim z= = 0 and sin = 1 is bounded 


on some deletea neighbourhood of 0. aa 
Hence f’(0) = 0. When x # 0, f(x) = 2xsin 1 — cos i. 
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Thus the derived function f’ is defined by 
f(z) = 2ksini —cosi,x #0 
= Q).2=.0. 
jim, f’ (x) does not exist, since lim cos ¢ does not exist. 
Ls ia 
Therefore f’ is not continuous at 0. 


3. A function f : R - R is defined by f(0) = 0 and 
f(xi= es if x is irrational 
= 1 ifn = : , Where p € Z,q € N and ged(p,q) = 1. 
Show that f is ok differentiable at 0. 


lim £@)— £9) = £(0) = lim £2), 


xz—O0 z—0 : 
Let o(2) = fe) Let {x,} be a sequence of rational points converging 
to 0 where z, = 4,n EN. 
Then lim @(z,) = limn.i =1. 
Tho TL O00 
Let {yn} be a sequence of irrational points converging to 0. 


i 


im, Yn) = im, = 0, since f(y) = 0 for alln EN. 


Therefore iim bt) toes not exist, since for two sequences {z,} and 


{yn} both converging to 0, the sequences {b(%n)} and {¢(yn)} converge 
to two different limits. 

Hence f is not differentiable at 0. 
4, Let f : R > R be differentiable at c € R and f(c) #0. Let g(x) = 
|f(z)|,  € R. Show that g is differentiable at c and 

g'(c) = f'(c), if f(c) > 0 
_ = —-f'(c), if f(e) <0. 

Let A(z) = jal, c € R. Then g(x) = h(f(x)), c ER. 

g'(c) = h'(f(e)).f’(e), provided h is differentiable at f(c). 
If f(c) > 0, then f(x) > 0 for all 2 in some neighbourhood of c, since f 
is continuous at c. Therefore jim 1, LSM — him Heel = 1. 


That is, h’(f(c)) = 1 if f(c) > 0. Similarly, h’(f(c)) = —1 if f(e) < 0. 
Therefore g’(c) = f’(c), if f(e) > 0 
= —f’(c), if f(c) < 0. 

5. Let f : R -+ R be differentiable at ¢ € R and f(c) = 0. Let g(x) = 
|f(x)|, « € R. Show that g is differentiable at c if and only if f’(c) = 0. 

Let h(x) = ja], ER. Then g(x) =A(f(z)), cE R. 

“Tim #2) a) — = lim Leen oom Oks =o) =lim /f ay fal fe), 

x —c 


zZ—-C Dome 
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dim "Ftz) does not exist, in general. But 4 2) is bounded in some 
deleted neighbourhood N’(e) of c, since oe = 1 for all e € N’(c). 
Therefore lim [ffeil L@)—fe) exists if and only if lim La) fe) = 0, 


ZC m—e 


i.e., if and only if f’(c) = O and in this case lim #@)—a(¢). = 0, Le., 
a'(c) = 0. = 


6. Let f(z) = sin7*>22,, zx ER. Find the derived function f’. 


Let g(x) = (24,,26€ R, h(x) = sin~'z, Ja] < 1. 
Since |g(x)| < 1 for all z € R, the composite function Ag is defined 
for alla eR. 


_ Let ce R. Then |g(c)| < 1 and |g(c)| = 1 if = £1. Since h is 
differentiable for all x € (—1, 1), A is not differentiable at g(c) ife = 41. 
Let c€ Randc# +1. 


Then f’(c) = h'(g(c)).g’(c) = i lek ae 200%) 
) = h’(9(c)).9’(e) Jing OF) Tae 
Therefore f’(c) = ~2n, if c? <1, ie., if |e] <1 


= 7p, ifc? > Lie, Jel > 1. 


Hence f’(x) = 2x, if |z| <1; f(x) = $25, if |z] > 1: and f is not 
differentiable at ae gees ak 


To. Let f(x) = 224 Qe + 3, z € IR. Show that f has an inverse function 
g on R. Find the derivative of g at the points corresponding to x = 0, 
x=. 

f'(z) = 32? +2 > 0 for all z € R. Therefore f is a continuous and 
strictly increasing function on R. 
_ Let y € R has a pre-image x in R. Then 2° + 22 + (3 —y) = 0. This 
is a cubic equation in xz and it has a real root. This means that each y 
has a pre-image and therefore f(R) = R. 

f admits of an inverse function g on R. 

; F'(z) # 0 on R. Therefore g is differentiable at every point in R and 

9'(Y) = Fy where f(z) = y. 

(0) = 3. 9/(3) = FAO = 3. f(-1)=0. 9/(0) = 


ane 
F(=1) = 5° 


9.2. Higher order derivatives. 


Let I be an interval and a function f : J — R be differentiable at a 
point c € I. If f be differentiable at every point of some subinterval J 1(c) 
such that ¢ € I,(c) C I, then f’ : I,(c) > R is‘a function on Tye). 
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If f’ be differentiable at c then the derivative of f’ at ¢ is called the 
second order derivative of f at c and is denoted by f”(c) or by fc). 

This is to note that c may also be an end point of the sub-interval 
qh (ec). 

lf f’ be differentiable at every point. of some sub-interval J2(c) such 
that ¢ € Ip{c) C 4y(c), then f” : I2(c) — R is a function on J9(c). 

If f” be differentiable at c then the derivative of f” at cis called the 
third order derivative of f at c and is denoted by f’”(c) or by fc). 

In a similar manner we define the nth order derivative f(™(c) when- 
ever the derivative exists. 

This is to emphasize that in order that the nth derivative of f may 
exist at c, f("~!) must be defined on some sub-interval containing c, al- 
lowing the possibility of ¢ to be an end point also of such subinterval. 


Exercises 14 
1. A function f : IR — R is defined by f(z) gol 
2-a,l<2<2 
a? — 32 +2," > 2. 


Hou tt 


Show that f’(x) does not exist at 1 and 2. 


2. A function f is defined on some neighbourhood N(0) of 0 by 
= O, z= 0. 
Find Lf’(0) and Rf’(0). Show that f is not differentiable at 0. 


3. A function f is defined by f(x) = «(S2=2-/"), a #0 


& 
elfzy 


=O, 2=0, 
Show that f is continuous at 0 but not differentiable at 0. 
. of | R-> R is defined by f(x) =|x|+]2—-1]+|]2-2|,2ER. 
Find the derived function f’ and specify the domain of f’. 
. Find f’(x) if (i) f(v) = sin"? 22/1 — 2, jz| <1, 
(ii) f(z) = sin7* (3a ~ 42°), |z| <1, 
(iii) f(z) = cos~(8a* — 8a? + 1), {z| <1. 
6. f:IR — R is defined by f(z)= e7 2/2" sin 1,240 
=0, 2=0. 
Show that f’ is continuous at 0. 
7. A function f is defined on (—1,1) by f(x) = x*sin 3,2 40 
=O,2=0. 
Prove that (i) if0 <@<a-—1, f’ is continuous at 0; 
(ii) if 0 <a—1< ZG, f’ is discontinuous at 0. 


a 


on 


4 
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8. f(z) =2*sin+,240 and g(z)=2,c ER. 


=0,2=(Q; 
Show that lim z (x) does not exist, but lim f(x) = f'(0) 
20 g/(x) z—0 g(x) — g(0) 
9. A function f : R —- R is defined by 


f(x} 0, if z = 0 or z is irrational 
gz» ifaw = 2, where p € Z,q € N and gcd(p,q) = 1. 
Show that f is differentiable at 0 and f’(0) =0. 


[Hint. For z 40,0 <| £2 |< x?. ] 


10. A function f : IR — R is defined by f(x) = ?, if x is rational 
== 0, if x is irrational. 
Show that f is differentiable at 0 and f’(0) = 0. 
(Hint. 0< {2 <a forz>Oand2< A <0 for z <0. 
11. A function f : R — R is defined by f(z) = a, if a is rational 
= sina, if x is irrational. 
Show that f is differentiable at 0 and f'(0) = 1. 
[Hint. cosa < @ <1 for all z € N’(0, E). J 
12. Let f(z) =2° +4r+1,ceER. 
(i) Show that f has an inverse function g differentiable on R. 
(ii) Find g’(1), 9'(6). | 


9.3. Sign of the derivative. 
Let { C R be an interval and a function f: J —- R. 


Let c be an interior point of I. 

f is said to be increasing at c if there exists a positive 6 such that 
f(x) < f(c) for all x € I satisfying c— 6 <2 <cand f(x) > f(e) for all 
zx € TI satisfying c<x«<c+6. 


f is said to be decreasing at c if there exists a positive 6 such that 
f(x) > f(c) for all x € I satisfying c—6 <2 <cand f(x) < f(e) for all 
x éTI satisfyinge<a<c+6. 

Let ¢ be the left end point of I. 


f.is said to be increasing at c if there exists a positive 6 such that 
f(x) > f(c) for all xz € I satisfying c< r< c+ 6; 


f is said to be decreasing at c if there exists a positive 6 such that 
f(z) < f(c) for allz € I satisfying e<2r<c+6. 
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Let c be the right end point of I. 

f is said to be increasing at c if there exists a positive 6 such that 
f(z) < f(c) for all x € I satisfying ¢ — 6< 2 <6; 

f is said to be decreasing at c if there exists a positive 6 such that 
f(z) > f(e) for alla € J satisfying c-—0 <a <c. 


Theorem 9.3.1. Let J ¢ R be an interval and a function f:I—-R 
be differentiable at c € I. 


(i) If f’(c) > 0 then f is increasing at c 
(ii) if f’(c) < 0 then f is decreasing at c. 
Proof. (i) lim Le)— ite) > 0. Therefore there exists a positive 6 such 
zZ—4c =e 
that LO=L > 9 for all c € N’(¢,6) NI. 
Let c be an interior point of J. 
Then fe) 19) > 0 for all z € (e—6,c) MJ and for all x € (c,e+d) NI. 
Therefore f(z) < f(c) for all x € (c—6,e)MNJ and f(x) > f(c) for all 
x € (c,c +6) NI. This proves that f is increasing at c. 
Let ¢ be the left end point of J. 
Then fie)— Fe) > 0 for all x € J such thate << r<et+d. 


Therefore f(x) > f(c) for all g € J such that c< xu<e+o. 
This proves that f is increasing at c. 


Let c be the right end point of I. 

Then f@)-£) > Q for all x € I such thate—-d6<7<c 

Therefore f(z) < f(c) for alae satisfying c—-d<a2<ce. 

This proves that f is increasing at c. 

(ii) Similar proof. 
Note 1. A function f may be increasing (or decreasing) at a point ¢ in 
its domain without being differentiable at c. For example, the function 
f defined by f(z) = 2,2 <1 

= 2r~-1,cr21 

is increasing at 1‘but f is not differentiable at 1. 

The function f defined by f(z) =1—-a,2<O0 + 

=1-22,2>0 

is decreasing at 0 but f is not differentiable at 0. 


Note 2. If f is increasing at a point c then f’(c) may not be positive. 

For example, let f(r) = x°,x € R. f is increasing at 0, but f’(0) = 0. 
If f is decreasing at a point c then f'(c) may not be negative. 

For example, let f(z) = —23,2 € R. f is decreasing at 0, but f’(0) =0. 
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%2 be any two points in a 
. < £2 then it has only been 
proved that f(c) < f(x1) and f(c) < f (x2) and we cannot conclude that 


For example, let f(x) = 3 +2?sin1,240 
=O0,2=0. 
Then f is increasing at 0. But in every neighbourhood of 0, f'(x) 


assumes both positive and negative values. Therefore f is not monotonic 
in any neighbourhood of 0. 


9.4. Properties of the derivative. 


We have seen that if a function f be continuous on a closed and 
bounded interval [a,b] and f(a) # f(b), then f assumes every value 
between f(a) and f(b). We have a similar theorem for a derived function. 


Theorem 9.4.1. (Darboux) 


Let I = [a,}] and a function f: I — R be differentiable on I. Let 
f'(a) # f'(b). If & be a real humber lying between f’(a) and f’(b) then 
there exists a point cin (a, b) such that fi'{e) =k. 


Proof. Without loss of generality, let f/(a)<k< f’(b). 

Let us define g : [a,b] + R by g(x) = f(x) — kz, ax € (a, d]. 

g is differentiable on [2,6] and therefore g is continuous on [a, b). 
Consequently, g will attain the minimum value (the greatest lower bound) 
at some point c in [a, bj. 

g(a) = f'(a)—~k <0. This implies g ig decreasing at a, 

Therefore there exists a positive 6 such that 9(z) < g(a) for all ce 
[a, 6] satisfying a <x <a+t+o. 

This shows that 9(@) is not the minimum value of g on [a, b]. 

9'(b) = f(b) ~k >0. This implies g is increasing at db, 


Therefore there exists a Positive 6 such that g(x) < 9(b) for all x € 
[a, b] satisfying b~g < a<b. 


This shows that 9(8) is not the minimum value of g on {a, d]. 


Thus ¢c 4 a,c % b and therefore a <c < b. 
Since ¢ € (a,b), g9'(c) exists. We prove that g'(e) =0: 


Let g’(c) > 0. Then there exists a positive 6 such that g(x) < gc) 
for all z € [a, b] Satisfying c~S <2 < ¢. This contradicts that g{c) is 
the minimum value of g on [a,b]. Therefore g'(c) £0. 


21 
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— 


Let g'(c) < 0. Then there exists a positive § such that az) a. 
for all x & [a,b] satisfying c< x <e ar é. This oma that g 
the minimum value of g on [a,b]. Therefore g’(c) < 0. eer 
Consequently, g’(c) = 0, i-e., f’(c) = & and the theorem is esta : 
Corollary. Let J = [a,b] and f : I — R be differentiable ie ; If 
f’(a) f’(b) < 0 then there exists a point c in (a, 5) such that f’(c) = 0. 
i i diate-value property of the de- 
- Darboux’s theorem is the interme ; ; 
Ae function f’ on [a,b]. Although a derived function f ae ae ~ 
a continuous function on {a,b} (Ex.2, Page 315) the interme 
property holds for a derived function. 


Worked Example. 5 
:[- defined by f(z) = 0,2 € [—1, 
1. Let f:[—1,1] — R be de Sea | 
Does there exist a function g such that g/(x) = f(x),ax € [—1, 1]? 
If possible, let there exist a function g : [—1,1] — R such tha 
= —1,1). 
9 (x) = f(x), x €[ 1, , S ee [1,0] 
Then g is aitterenteble on [—1,1] and g’(z) re 
Since g is differentiable on [—1, u ee nine of CARN a naa ; 
4 t assume every real number lying 
Vy te eer: awa 1 on [—-1,1]. But this is not so and therefore g 
g ? sites | 


does not exist. 


tl 


Theorem 9.4.2. Let J be an interval and a function f : f — R be 


i ; 1. 
i tiable on J. Then f’(J) is an interva ’ 
ar ers S of R is an interval if for any two points c,d € S with 


¢ < d, the closed interval [c,d] C SI). 
Proof. Let p,q € f’() and p < g. There exists points c,d € I such that 
f'(e) =p, f'(d) =¢q. Let r € (p,q). Then p is ra 4 aie 
By Darboux’s theorem, there exists a point x in iS d) pe ‘ Ve. 
that f’(%o) = r. Therefore r € f’() and pra implies (p,q 
Also p € f’(J) and ge f’(I). Hence [p, g] c ie ys 
Therefore f’(Z) is an interval. : 
Theorem 9.4.3. If f : [a,b] —~ R be differentiable on of then the 
derived function f’ cannot have a jump discontinuity on [a, dj. 
Proof. If for some c & (a, )] jim f’ (xz) does not exist, or for some c € 


m j y i f j p 
a,b i , aw) does not exist then clearly c cannot be a po nt of jum 
[ ? ) li ¥ ( ) 


& 
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+ { 
discontinuity of f’. ; 
Therefore let us assume that for each c € (a,0], lim f’(z) exists and 
ar Oe 


also for each ¢ € [a,b), lim, f’(z) exists. Now it is sufficient to prove 
ca—-C 


G) fim f'(x) = f’(e) for all c € (a, bj, and 
(ii) jim, f'(x) = f'(c) for allce [a, b). 


Let ¢c € (u,b) and let lim f’(a) =I. We prove that fi(e) =0. 
If not, let 1 < f'(e). st us choose € > O such that /+¢€ < Fi(e). 
Since lira f’(z) = 1, there exists a positive 6 such that .” 
l—e < f'(x) </+e for all z € (« ~ 6,¢) 9 (a, b}. 

Let d€ (¢~ 6,¢) 0 (a,b). Then 1 —e < f"(d) <l +e < fi(c). 


By Darboux’s theorem on [d, c] < [a, 5), there exists @ point € in (d,c) 
such that f’(€) =i +e. : 


But € € (d,c) > € € (c—6, ©) (a, 6] and this implies (6) <l+ea 
contradiction. Therefore | ¢ F’(c). 


Next let 1 > f’(c). Let us choose €, > O such that 7 —€, > f"(c). 
Since im f'(x) = 1, there exists a positive by such that 

l~e, < fi (x) <l+¢, forallze (e — 61,€)M (a, b]. 

Let d) € (e—5;,2)/N (a,8]. Then f’(c) <i €) < f’(d)). 


By Darboux’s theorem on [d1,c] ¢ [a,b], there exists a point €) in 
(dy,c) such that f'(€1) =l— ey. 


But €: € (di,c) > & € (ec - 51,¢) M (a, b} and this implies f'(€1) > 
i —€,, a contradiction. Therefore | x f’le). 


Thus lim f'(x) = f'(c) for allce (a, 5}. 
In a similar manner it can be proved that lim, f(x) = f’(c) for all 
Tmt 
c€fa,b). This completes the proof. 


Note 1. A derived function on an interval can have a discontinuity of 
second kind. ( Ex.3.) 


2. If f’ exists in some deleted neighbourhood of ¢ and lim f(x) ¢ 
z2-O— 


im, f(x) then f cannot be differentiable at c. ( Ex.4.) 
moe 


3. Ifa function f be differentiable on an interval J and f’ is monotonic 
on J then f’ is continuous on J. 


It follows frorn the property that a monotone function can have only 
jump discontinuities in its domain. 
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Worked Examples (continued). 
2. Let f:R—-R be defined by f(x) = 2? gn #0 
; = 0, x =0. 
Show that f is differentiable on R but f’ is not continuous on R. 


: 
For z #0, f’(x) = 2asin + — cos. 


lim L@=L£) = limz sin 4 = 0, by Theorem 7.1.7. 
z—0 z—0 : 
Therefore f’(0) = 0. Hence f is differentiable on R and the derived 

: ae ‘ 
function f’ is defined by f’(x) = oe cos 2,a 40 | 
=0,r = 0. 
i i i 1 ist. This 
Now lim, f'(x) does not exist, since limcos ~ does not exis 
proves that f’ is not continuous at 0. 


Note. ff’ is bounded on any neighbourhood (—4, 6) of 0. Disa point of 
oscillatory discontinuity of f’. 
3. Let f:R—R be defined by f(r) = x*siny,z2 #0 
. =0, c=0. 

Show that f is differentiable on R but f’ is not continuous on R. 

For z #0, f’(x) = 2asin 3, — 2 cos. 

lim L2@)=f9) tim = SP ae = limasin J, = 0. 

ay ae f'(0) = 0. Hence f is differentiable on R and the derived 
function f ’ is defined by 


f'(z) = 2xsin 3, — 2cosz, 2 #0 
= 0,2 = 0. 


Now lim xe does not exist since lim = COS =a oes not exist. This 
oe) d 
0 f ( ) > Oo x 
. 


es that f’ is not continuous at 0. 
ae is ee on any neighbourhood of 0. 0 is a point of infinite 
discontinuity of f’. . 

4. Let f:R —R be defined by f(z) =|2|,7€R. 


Then f(z) = #,2>0 
is 0,2 = 0 
= —2,n2< Q. 3 ; 
For x > 0, f’(z) =: Ll and when zw < 0, f’(z) = —I. lim f (x) er 


lim f’(x). This does not contradict the Theorem 9.4.3, because f is 
c—O+ 


not differentiable at 0. 
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9.5. Rolle’s theorem and Mean value theorems. 


Theorem 9.5.1. (Rolle’s theorem) 


Let a function f : [a,b] + R be such that 

(i) f is continuous on |[a, }], 

(ii) f is differentiable at every point of (a,b), and 
(iii) f(a) = F (2). 


Then there exists at least one point’é in (a,b) such that f’(€) = 0. 


Proof. Since f is continuous on [a,b], f is bounded on Ja, B]. 


Let sup z)= M, inf =m. 
ee neti 7) me 


By the property of continuity there exists a point c in [a,b] such that 
f(c) = M and there exists point d in [a,b] such that f(d) = m. 
Two cases arise. 


Case 1. M=m. 


In this case f(z) = M for all x € [a b]. Therefore f(x 
29}. = 0 for all 
z € [a,b]. The theorem holds trivially in this case. m 


Case 2. MAm. 

In this case at least one of M and m, if not both must be u 

‘ + nequal t 

f(a) (and f(b). oo 

Let M #¢ f(a). Thenc# ac#b. CL a<ec<b, 

By condition (ii), f’(c) exists. 

If possible, let f/(c) > 0. Then lim £2) = SO aU; 

me f-¢ 

Hence there exists a positive 5 such that L=L0) y 9 for all x € [a, }] 
satisfying 0 <|z@—c[< 6, ae 

This implies f(x) — f(c) > 0 for allze [a,b] satisfying c< 2 <c+6 

ie., f(z) > M for all z € [a,b] satisfying c< x<e4 6, 

This contradicts that M is the supremum of f on [a, b]. 

Consequently, f’(c) 0... ... (i) 


If possible, let f/(c) <0. Then lim LE2=fO - 4 
; Dye z—~ec 
Hence there exists a positive 5 such that LO=LO < g for all x € [a, b] 
satisfying 0 <| x —-—c |< 6. vert Es 

This implies f(x) > f(c) for all z € [a,b] satisfying c-S <a2<e 
-Le., f(x) > M for all x € [a, b} satisfying e-d<a<ce. 

This contradicts that M is the supremum of f on {[a, b). 

Consequently, f’(c) £0... ... (ii) 
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From (i) and (ii) it follows that f’(c) = 0. Therefore € = c. 
If however, M = f(a) = f(b), then m # f(a) and therefore d 4 a,d 4 


‘banda<d<b. 


Proceeding with similar arguments we can prove f’(d) = 0. Therefore 
E=d. 
This completes the proof of the theorem. 


Note. The set of conditions in Rolle’s theorem is a set of sufficient 
conditions in the sense that f’(x) may be zero at some point € in (a,b) 
even if the conditions of the theorem do not hold together. To establish 
this, let us consider the function 


f(z) =|a2|+]2-—1]|,2 € [-1, 2]. 
f(@)=22-ll<2x<2 
=1, O0<2<1 
=1-—227,-l<2<0. ; . 
f is continuous on [—1, 2]; f is not differentiable at 0 and 1; f(—1) = 
f{2) = 3. . 
Therefore f does not satisfy the second condition of Rolle’s theorem. 
But f’(z) = 0 for all x € (0,1). 
Although f does not satisfy all the conditions of Rolle’s theorem 
together on [—1, 2], f’(x) = 0 at some points in (—1, 2). 


Corollary. Rolle’s theorem for polynomials. 


If a polynomial function f has at least two real roots, then between 
any two real roots there exists at least one real root of the derived poly- 
nomial function f’. 

Let a, @ be two real roots of the polynomial function f,a@ < #. 

Then (i) f is continuous on la, (J, (ii) f is differentiable on (a, G) and 
(iii) f(a) = (9). . 

Therefore by Rolle’s theorem, there exists at least one real number 
€ in (a, @) such that f’(€) = 0. That is, € is a real root of the derived 
polynomial function f’. 


Geometrical Interpretation. 


If a function f has a graph which is a continuous curve on the interval 
[a,b]; and the curve has a tangent at every point on it with abscissa 
between a.and 6; and the ordinates f(a), f(b) are equal, then there exists 
at least one point € in (a, b) such that the tangent to the curve at (€, f(€)) 
is parallel to the x-axis. 
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Worked Examples. : 
1. If p(x) is a polynomial of de 
gree > l and k € R, prove that b 
any two real roots of p(x) = 0 there is a real root of p’(x) + felt 


Let f(z) = e**p(z),2 ER. 
es eo = e**lkp(x) + p'(z)],c eR. 
Ct a, # be two real roots of p(x) anda < @. Then p(a) = 0 = 
Therefore f(a) = ef p(a) = 0. (8) = cpl) ares 
is continuous pa id i 
Ces on [a, 4]; f’(x) exists for all « € (a, 8); and f(a) = 
By Rolle’s theorem f'(y) = 0 for some + i 
, y in (a, 8). 
or, e*[kp(y) + p’(y)] = 0. oe 
This implies kp(-y) + p’(-y) = 0, since e*7 £ 0, 
That is, y is a root of kp(z) + p'(x) = 0, where a < y< Z. 


2. The functions wu, v, u’ and v’ are all continuous on R and uv! —u'y #0 
in R. Prove that between any two consecutive real roots of u = 0 lies one 


real root of v = 0 and between any two consecutive real roots of vy = 0 ° 


lies one real root of u = 0. 


Let a, @ be any two consecutive real roots of u 
; = 0, ; 

that there exists a real root of v = 0 in (a, B) ote sae 

Since u(a) = 0 and = i 
Bes ) u(Z) = 0,v(a) # 0 and u(@) A 0 by the given 

If possible, let v = 0 has no real root in (a 

, ’ . h i 

eared (a, 8). Then v 4 0 in [@, 8]. 

Then the function f is continuous on a, 8); fl = weisz oxi i 
Bigs one [a,8); f = exists in 

By Rolle’s Hhearem; there exists a point € in (a, @) such that f'(€) =0 

This implies uv’ — u’v = 0 at €. This is a contradiction to the hy- 

pothesis. Therefore v = 0 has a real root lying in (a, 8). 


Let 7,6 be two consecutive real roo 
Ys ts of v= 0,7 < 6. Similar argu- 
ments will establish that u = 0 has a real root lying in (7,6). : 


pede Naa Taking u = sinz,v = cosz it follows that between any 
wo consecutive zeroes of sin z there is a zero of cos Z, and conversely. 


. L t f . { | ’ 

3 e a,b sony R be continuous on ja b and ai (x) exists for all 
€ 5] * bs 2 

xt (a b) Let acc<c b I rove that there exists a point é in (a b) such 


f(e) = $28 f(a) + 2 f(b) + 8(c— a)(e — b)F"(&), 
Let ¢: [a,b] — R be defined by 


Pe) = f(a) — Geass J (a) — Fasten f(y) — CREB FO), & € (a,b). 
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¢ is continuous on {a, 6], since f is continuous on [a, b). 

Since f” (zx) exists for all x € (a,b), f’ is continuous on (a,b). 

Therefore ¢”(z) exists for all x € (a,b) and ¢’ is continuous off (a, d) 
and hence ¢ is differentiable on (a, b). 

g(a) = 0, $(b) = 0, o(c) = 0. 

Applying Rolle’s theorem to the function ¢ on [a,c] and [e, bd], 

$'(€,) = 0 for some & € (a,c) and ¢’(€2) = 0 for some £2 € (c,d). 

Applying Rolle’s theorem to the function ¢’ on [£;, £2], _ 

$"(€) = 0 for some € € (1, £2). That is, #’(€) = 0 for some € € (a,b). 

2F(b 


i af f 2f 
But $”(€) = f"’(€) - woes = ote boa) eatery 


Hence f(c) = 228 f(a) + 2 f(b) + 8(e— a)(e—b)f"(E).a < E <b. 


b-a b— 


Theorem 9.5.2. Mean value theorem (Lagrange) 

Let‘a function f : [a,b] — R be such that 

(i) f is continuous on [a, b], and 

(ii) f is differentiable at every point of (a,b). 

Then there exists at least a point € in (a,b) such that 

LORLE w= F(¢) 
b—a : 
Proof. Let us define ¢: [a, b] + R by 

o(x2) = f(x) + Az, x € [a,b] where A is a.constant. 

Clearly, ¢ is continuous on [a,b], since f is continuous on [a,b]; and ¢ 
is differentiable at every point of (a,b), since f is differentiable at every 
point of (a, b). 

Let us choose A such that ¢(a) = ¢(d). 

Then f(a) + Aa = f(b) + Ab and this determines A = L@)-Le) 

For this choice of A, ¢ satisfies all conditions of Rolle’s theorem on 
{a, b|. Therefore there exists at least a point € in (a, b) such that ¢’(€) = 0. 

But ¢’(€) = f’(£)+ A and therefore 0 = f’(€) + LO)— f(a) 


or, £7(€) = AQ he. 


b-a 

Another form. 

Ifb= ath then b—a=h and € = a+ @h for some real number @ 
satisfying 0 < 6 <1. The theorem takes the following form. 

Let f : [a,a+h] — R be such that (i) f is continuous on [a,a + A}, 
and (ii) f is differentiable at every point of (a,a+h). 

Then there exists a real number @ satisfying O < @ < 1 such that 
f(a+h) = f(a) +hf’(at 6h). 


Analysis-22 
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Geometrical interpretation. 


If a function f has a graph which is a continuous curve on the interval 
[a,b] and the curve has a tangent at every point on it with abscissa 
between a and b then there exists a point € in (a,b) such that the tangent 
to the curve at (€, f(€)) is parallel to the line segment joining the points 


(a, f(a)) and (6, f(5)). 


Rolle’s esrent- Mean walué neoueini 


Remark. 


Rolle’s theorem is a particular case of Mean value theorem. If f(a) = 
f(b) holds in addition to the two conditions of Mean value theorem, then 
f(b) — f(a) = 0 and consequently f’(é) = 

In the particular case, the geometrical interpretation is that there is 
‘a point (€, f(€)) on the curve, the tangent at which is parallel to the 
x-axis. 


Theorem 9.5.3. Let a function f : [a,b] — R be continuous on |a, }} 
and differentiable on (a,b). If f(x) = 0 for all x © (a,b) then f isa 
constant on {a, d]. 


Proof. Let 21,22 € [a,b] anda <a, < zg <b. 
Then f is continuous on [x1, x2], and f is differentiable on (x1, x2). 
By the Mean value theorem there exists a point € in (@,22) such 


that //(¢) = Seas, 


But f’(€) = 0, by hypothesis. Therefore f(x2) = f(x). 
Since x, and zg are arbitrary points in [a,b] , f is a constant on [a, d]. 


Corollary. Let f : [a,b] - R and g: [a,b] — R be both continuous on 
fa, b} and they are both differentiable on (a,b). If f’(z) = g’(x) for all 
xz € (a,b) then f = g+ c¢, where c(€ R) is a constant. 


Theorem 9.5.4. Let f : [a,b] — R be continuous on [a,b] and f’(x) > 
0 for all « € (a,b). Then f is a monotone increasing function on [a, 5]. 
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Proof. Let 21,29 € {fa,blandaga2,<28 b.. 
Then f is continuous on [z1, 22], and f is differentiable on (21,22). 


By the Mean value theorem there exists a point € in (x1, @2) such 
that f/(é) = F22=LEu. But f’(é) 2 0. 

Therefore f (da). s ony since 22 — 2, > 0. 

Since 2, and x2 are arbitrary points in [a,d| , f is a monotone in- 
creasing function on (a, Bj. 
Note. If f : [a,b] — R be continuous on [a,b] and f’(x) > 0 for all 
x € (a,b) then f is a strictly increasing function on [a, d]. 
Theorem 9.5.5. Let f : [a,b] > R be continuous on (a, }j and f’(z) < 
0 for all x € (a,b). Then f is a monotone decreasing function on [a, dj. 
The proof is similar and left to the reader. 


Note. If f : [a,b] —~ R be continuous on (a, 6] and f’(z) < 0 for all 
z € (a,b) then f is a strictly decreasing function on [a,b]. 


Worked Examples. 
1. Prove that 22 < sing forO<2< 3% 
Let f(z) = §2#,0<2 < §. 
f is continuous on (5, $] for some 6 > 0. f’(x) = zsingz—cos= on [6, 


Because x < tang inO<a< 3, fi(x4)<Oinéd<2<§ 
Therefore f is a strictly decreasing function on “ ar 


Because f(5) = 7, it follows that f(z) > = forO < & < 4G, ie., 
22 <sing forO<a2< : 


]. 


nia 


NIA 


2. Prove that ;#5 < oa +2)< 2 for all > 0. 
Let f(z) = log(1+2) — T4329 > 0. 
f is continuous on [0,00). f(x) = afar > 0 for all « > Q. 
Therefore f is a strictly increasing function on (0, co). 
So f(z) > f(0) for all x > 0. 
Consequently, rez for alla >O... .. (i) 
Let g(x) = x — log(1+2),z 2 0. ‘ 
g is continuous on {0,00). g’(z) =1—- aE = 
Therefore g is a strictly increasing function on (0, co). 
So g(x) > g(O) for all xz > 0. 
Consequently, x > log(1+) for alla >0O.. ... (ii) 


ye > 0 for all x > 0. 
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F¥om (i) and (ii), -#; <log(l+2)<aforallz>0. ; 
3. Prove that (1+4)* > (eo ifz,ye€Randz>y>0. 
Let f(z) = (1+ 4)*,2 > 0. 


Then f(z) = (1+ 4)*flog(1+4)+ x.y -(~z)] 
= (1+ 4)*flog(1+ 4) ~ y]. 
Let ¢(z) =log(l+2)— 72,220 9 ~ 
Then ¢ is continuous on (0,00) and ¢/(x) = 7 - Wis = py >0 
zx +a 


for x > 0. 
Scan ¢ is a strictly increasing function on [0,'oo). 
ince (0) = 0, d(x) > O fe : i & 
Pe (0) P(x) or xz > 0. That is, log(1 +2) > 7% for 
It follows that log(1 + 2) > wr for x > 0. 


We also have (1+.4)* > 0 for z > 0. Therefore f’(xz) > 0 for z >0 
. showing that f is a strictly increasing function for x > 0. 
Hence r >y >O0>(1+4)?> Gena 


4. A function f:R—- i iti 
for allz,y ER. fies ai eau eis fo oa eee 

By the condition, 

—(x—y)? < f(x) — fly) < (x — y)* for allz,y ER. 

Let c € R. eo <f(et+h)— fle) <h? forall AER. 
ee As 1 HO shifh>Oandh < Methane) < —h ig 
By Sandwich theorem, it follows from th 
lim | Merh)= fie) = 0; and it follows from i pone 
lim Let=L) _ 9, 


h—O— 


C-- A pues 
Consequently, im fet hyn fs) = 0. That is, f/(c) = 0 for allc eR. 


This proves that f is a constant function on R. 


5. Use Mean value theorem to prove 0 < 2 log oak <1, forz > 0. 
Let zp > 0. Let f(x) = e”,2 € (0, xo). 
Then f is continuous on [0,29] and f is differentiable on (0,20). 


By Mean value theorem, there exists a real number 6 satisfying 0 < 
8 <1 such that L@o)—f(0) == f/(0z0) 
oO 
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or, e% — 1 = xe%? 


nips 20 : 
or, log = 1 =Ox9 or, + log 5 1 — @, 


“Since 0 < 6 < 1, we have 0 < 2 log eet <i. 
Since zp(> 0) is arbitrary, it follows that 0 < 4 log e“-1 < 1 for all 


; x 
z>0. 


6. A function f is twice differentiable on [a, 5] and f(a) = f(b) =0 and 
f(c) < 0 for some c in (a,6). Prove that there is at least one point € in 
(a,b) for which f”(€) > 0. 
Since f” exists on [a,b], f and f’ are both continuous on [a, d}. 
Applying Mean value theorem on fa,c] and [e, 6], we have 


$O=L@) = f'(E),a < & < cand L4EL9 = f'(E2),¢ < ba <b. 


But f(a) = f(b) =0. Therefore f(x) = £2, f'(G2) = 24. 
Applying Mean value theorem to the function f’ on [1, &2l, 
Fi (€a)—f'(E) f"(€) for some € in (Ei, 25 


fa-§1 
But f’(é2) — f/(é1) = EES > 0, since f(c) < 0. 
Therefore f”(€) > 0, since £2 — £1 > 0. 


Since £, < & < 2, € lies between a and band f’'(&) > 0. 


7. Let a,b € R and a < b. If a function f has finite derivative at each 
point in (a,), and for ¢ € (a,0) if lim, f'(x) is finite (= 1), prove that 
fi(e) =!. 

[That is, if f’(e+0) and f'(e) both exist finitely, then f’(e+0) cannot 
be different from f’(c).] 

Let us choose 6 > 0 such that (c,¢ + 6) C (a, 6). 

Since f is differentiable on (a,b), f is differentiable on [c,¢ + 4]. 

Let {hn} be a sequence of points such that #4, > 0 for alln € N and 
lim hk, = 0. Then there exists a natural number k such that 0 < ha <6 
for alln > k. 


By Mean value theorem applied to fon [e,e+ hp] for n > k, 
flethny~ I) 2. f(¢+ Onhn) where 0 < On <1. 


Ain : 
As 6, > 0,Onhn > O for al n @ N. AsO < 6, < land h, — 0, 
lim @nhn = 0. ; 
Since lim f/(x) =1, wehave lim f’(e+ 6nhm) = l by sequential 
Bmp Cafe On hyn OF 


criterion. 
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It follows that lim £ted-fe) _ 
Aya O0+ An. ey 


Since f has a finite derivative at c, lim fet)-flo : 
B 5 , A&-0+ h Rf (c). 
y sequential criterion, lim fct2)=f(<) . 
An —0-+ hn eM) 
Therefore Rf’(c) = 1. 
Since f‘(c) exists, f/(c) = Rf'(c) =1 


Note. If im f'(x) and f'(c) be both finite, then f’(c — 0) = f’(c) 


8 Let a,b € R anda 
; <b. If a function f b i 
az ; anc e continuou 
A ie finite derivative at each point in (a,b) except eect ee 
jim (x) is finite (= /) then prove that f’(c) = I. Be aoeve 


[That is, if f’(e+ 0) and f’( 
‘ ¢ ~ 0) bot i i 
then f has a derivative at c and f’(c) 2 7! te ry yee poe 
a us choose § > 0 such that (c,c+ 4) C (a,b). . 
is continuous on [c,c+ 6] and f is differentiable on (c,c+ 6) 


L 
et {hy} be a sequence of points such that h, > 0 for all n € N and 


liimh, = 0. Then th j 
oa ere exists a natural number & such that 0-< hy, < 6 


ay ee value theorem applied to f on [c,e+h,] forn>k 
Llethn)=L) — "(64 Onhn),0 <n <1. 


hin 
‘ As 0, > 0,@nhn > 0 
bina nn for alr € N. AsO < 6, < l andh, — 


Si i vl = i 
s lim f (x) =i, jim, f'(z) = 1. 
y sequential criteri i 
| quential criterion, omy, f'(e+ Onhn) = b. 
It follows that lim f(ct2)—fte) _ 
hn 0+ hn a 


Since {h,,} is an arbitrar 
a ’ y sequence converging to 0 
Afin} i ging to 0, 
lim AAO = 1. That is, Rf'(c) = 1. 
Al . * . é 
so since im f'(x) exists and equals 1, procéeding with similar 
arguments we can establish that Lf’(c) =1. Hence f’(c) = 
Note. We have show a 
: : n that under the gi iti 
: ; ve sh given conditions one-si i 
ive Rf'(c) exists if f'(c+ 0) exists, and Lf’(ec) exists if Fiona 
— sts. 


T : 
he next example shows that if the right hand limit (one-sided limit) 


of the derivative f’ exi 
; xists at a and f be ri i 5 
right hand derivative at a exists. Rae ue eeaeae 
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9. Let a € R and a function f be differentiable for zs > 4, right 
continuous eat a and f(a + 0) exists. Show that Rf’(a) exists and 
Rf'(a) = f'(a+). 

Let us consider the interval [a,a + 6] for some 6 > 0. 

As f is differentiable on (a,a+ 4], f is continuous on (a,a+ 6}. Since 
f is right continuous at a, f is continuous on [a,a+ 4}. 

Let us consider a sequence of points {h,} such that hy > O for all 
néN and limkn = 0. Then there exists a natural number k such that 
hn <6 for alln > k. Then la,at+h,} C [a,a + 4] for alln = k. 

By Lagrange’s Mean value theorem, for n 2 k, 
flathn) — f(a) = hnf'(a + nhn) for some 6, satisfying 0 < 6, <1. 

Therefore Sathn)= fe) 2) = f'(a+ Onn). 

Since h, — O+ and O< On <1,Onhn 7 OTF: 

Since f’(a+) exists, | lim f(a + Onhn) = jim f(x) = f(a +0). 

On hn 0+ eat 
h “, hes 
Therefore ; lima ie flax ha) ~ He) exists and equals f’(a + Q). 
Since {hn} is an arbitrary sequence converging to 0 (from the right), 


by sequential criterion for limits it follows that 


lim, fete exists and equals f’(a + 0). 


But jie La = Rf'(a), since the limit exists. 

Hence Rf’(a) = flat 0). 
Note. If the left hand limit of the derivative f’ exists at b and f be left 
continuous at b, then the left hand derivative Lf’ (b) exists and L f'®) = 
f'(b— 0). 

However these conditions are sufficient conditions for the existence of 
the one-sided derivatives. For example, let us consider the function fe 
defined on R by f(z) = 2” sint,xs #0 

=0,2= 0. 
Then f’(z) = 2aesin } — cos ic #0 
=O0,2=0. 

Here f/,.(0) = fL(0) = 0, but neither f’(O+) nor f’(O—) exists. 
10. Let I = [a,b] be a closed and bounded interval and f:/J— R be 
differentiable on J. het J = fy and gg? Jd > R be differentiable on 
J. Use Mean value theorem to prove that the composite function go f is 
differentiable on T and (gof)'(z) = go (f(2)) f(z) for all « € J, assuming 
that f’ and g’ are continuous on J and J respectively, 

i 
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Let c be an interior point of J. 
geof is differentiable at c if lim gof{e+ h) — gof(c) 
h 


. eae —0 
f satisfies all conditions of Mean value theorem on [e,e-+ A] or on 


exists. 


h, c]. 
[c+h,c]. By Mean value theorem, f(c+h) = f(c)+ hf'(e+6h) for some’ 


real number 6 satisfying 0 < 6 < 1. 


Let f(c) =de J, ficth)=d+keJ. 
g satisfies all conditions of Mean value theorem on [d,d + k] or on 


[4+ k,d]. By Mean value theorem 
’ : »>g(d+k)= d "(d 4 
some real number 6’ satisfying 0 < 0’ : 1. Botan ae as 


Lewgof (e+ h) = gof(c) + hf"(e+ Oh)g'[f(c) + OAf"(c-+ Oh)) 
Therefore lim gof(c + hk) — gof(c) 
h—-0O h 


I 


im f'(c + 6h).9'[f(c) + O'hf' (c+ Oh)| 


Hl 


f'(c)-9'(F(e)), since f’ 
Therefore (gof)/(c) oy APs g are both continuous at c. 


Similar proof for c =a andc= b. 
Since c is arbitrary, (gof)/(x) = 9'(f(x)).f’(x) for all x € [a, d]. 


Note. This is an alternative i iabili 
proof for differentiability of the composi 
function gof under wider conditions. : poe 


Theorem 9.5.6. Let J be an interval. If a function f:I—R be such 
that f’ exists and is bounded on J then f is uniformly continuous on J. 


Proof. Let 21,22 € I with Ly < 2. 


Since f’ is bounded on J, there exists a iti 
, th positive real b 
that | f’(x) |< k for allze J. Be eeeeneye 


f satisfies both the conditions of Mean value theorem on [z1, x2] and 
therefore there exists a point € in (1,22) such that f'()= L(#2)~f(#1) 


Z2-Z, 
f(z2)— f(x 7 . 
Therefore | Heed= Ler) | <k. That is, If(z2) — f(x1)| < kla2 — x)|. 
It follows that | f(x2) — f(ai) |< k | z2— 2, | for all 21,29 € J. 
Let us choose « > 0. Then there exists a iti 
: positive 6(= £) such that 
|f(z2) — f(z1)] < € for all 21,22 in J satisfying |r2 — 24| < i) 
Hence f is uniformly continuous on J. 


aoe Under the stated conditions f satisfies a Lipschitz’s condition on 
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Worked Example. 
1. Prove that the function f defined on R by f(z) = sar 2 € R is 
uniformly continuous on R. 

f'(x) = — gree & € R. Therefore | f’(z) |< 2 for alla ER. 

Let 21,22 be any two points in R such that x; < 29. 

f is continuous on. [z1,22] and f is differentiable on (1,22). By 
the Mean value theorem, there exists a point € in (1,22) such that 


f(w2)-f(e1) _ f'(€). 
T2-Tl1 
Since | f’(z)| < 2 for all z ER, |f(x1) — f(x2)| < 2|x2 — 21]. 
Let us choose € > 0. There exists a positive 6(= §) such that 
| f(21) — f (x2) |< ¢ for all 21, x2 in R satisfying | x2 — 21 |< 6. 


This proves that f is uniformly continuous on R. 


Theorem 9.5.7. (Generalised Mean value theorem) 

Let the functions f : [a,b] + R and g: [a,b] —+-R be such that 

(i) f and g are both continuous on [a,b], and 

(ii) f and g are both differentiable on (a, 6). 

Then there exists a point € in (a,b) such that 

[9(b) — g(a] f’(E) = [Ff (0) — f(a)]g’(4)- 
Proof. Let us define ¢: [a,b] — R by 

d(x) = f(x)[g(b) — 9(a)] — 9(z)[F(b) — F(@)], 2 € fa, 6). 

¢ is continuous on [a,b], since f and g are continuous on [a, dJ. 

¢ is differentiable on (a,b), since f and g are differentiable on (a,b). 
Also (a) = f(a)g(b) — g(a) f(b) = 6(). 

By Rolle’s theorem, ¢’(€) = 0 for some € in (a,b). 

But ¢/(x) = f’(x)[9(b) — 9(a)] — 9'(2)[F() — F(@)]- 

¢'(€) = 0 gives f’(£)[9(b) — 9(@)] = 9’ (E)IF(O) — F(a). 

This completes the proof. 
Note. If g’(x) 4 O for all x € (a,b), then g(b) # g(a); because the 
condition g(b) = g(a) together with the conditions satisfied by g in the 
theorem would imply g’(c) = 0 for some c € (a,b), by Rolle’s theorem. 


Therefore if g’(x) # O for all z € (a,b), the conclusion of the theorem 
can be expressed as Le Le = ay for some € in (a,b). 
Theorem 9.5.8. Mean value theorem (Cauchy) 


Let the functions f : [a,b] + R and g : [a,b] — R be such that 
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(i) f and g are both continuous on [a, 8], 
(ii) f and g are both differentiable on (a,b), and 
(iii) g/(2) # O for all x € (a,b). 


Then there exists a point € in (a,b) such that TORT = £ OE 


Proof. g(a) # g(b). Because, if g(a) = g(b) then g would satisfy all con- 
ditions of Rolle’s theorem on [a, 6] and consequently g’(xz) would be equal 


to 0 for some point ¢ in (a,b) and this would contradict the condition 
(iit) of the theorem. 


Let us define ¢: [a,b] + R by g(x) = f(x) + Ag(z), x € [a,b], where 
A is a constant. . 

¢ is continuous on [a, 6], since f and g are both continuous on [a, }]; ¢ 
is differentiable on (a,b), since f and g are both differentiable on (a, 6). 
Let us choose A such that o(a) = $(b). Then f(a)+Ag(a) = f(b)+Ag(b). 

or, A[g(a) ~ 9(b)] = f(b) — f(a). Since g(a) # g(b), A = LQ=La) 

For this choice of A, ¢ satisfies all conditions of Rolle’s theorem on 
[a, 6]. Therefore there exists a point € in (a,b) such that ¢(€) = 0. 


But $(é) = (6) — FB=HS gr(e). 


Asa<€<b,g’(€) #0 and therefore  ORTGH = ae 
This completes the proof. ; 


Note 1, Lagrange’s Mean value theorem can be deduced from Cauchy’s 
Mean value theorem by taking g(r) = 2,z & [a,b]. 


Note 2. Both f and g satisfy the conditions of Lagrange’s Mean value 
theorem. Consequently, there exist points c and d in (a,b) such that 
LORE = f'(c) and SG=ae) — g(a). 

c and d are different points in (a,b) in general, and therefore a single 
point € in (a,b) may not be found to satisfy the conclusion of Cauchy’s 


Mean value theorem, unless the third condition “g’(z) ~ 0 for all x € 
(a, b)” is imposed on the function g. 


Exercises 15 


1. Show that there does not exist a function ¢ such that ¢’(z) = f(x) where 
(i) f(z) = [2], € [0,2], (ii) f(x) = x — {x}, x € [0,2]. 


2. Let J be an interval and a function f : J — R is differentiable on J. If f’ 
be monotonic on J prove that f’ is continuous on J. 
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3. Verify Rolle’s theorem for the following functions on the indicated intervals. 

(i) f(w) = 2? ~ 52410 on (2,3), (ii) f(z) = @- a)3(a — b)4 on [a, b}, 

: ‘ 1 

(iii) f(z) = 2? +cosx on ([—§,4], (iv) f(z) =sin(4) on [3,3]. 
4. Show that the following functions do not satisfy the conditions of Rolle’s 
theorem on the indicated intervals. 

(i) f(z) =1-|2-—1| on (0,2), (ii) f(z) =1-@- 1)?/3 on [0, 2]. 
5. Verify the hypothesis and the conclusion of Mean value theorem for the 
following functions on the indicated intervals. 

(i) f(a) = 2(@ — 1)(@— 2) on [0,3], (ii) F(e@) = sy oon [2,4], 

(ii) f(z) = 2? — 3241 on [1,3], (iv) f(z) =4- (6- z)/> on [5,7], 

(v) f(x) = cos(>), 2 #0 

=0,x2=0 on [—i,]]. 

6. Calculate € in Cauchy’s mean value theorem for each of the following pairs 
of functions. : 

(i) f(x) =sinz, g(x) =cosx on [Z, 3), 

(ii) f(z) = Vz, g(v)= Fe on [1,3], 

(iii) f(z) =logz, g(x)= % on [lye], 

(iv) f(z) = (1+2)9/?, g(x) = VI+z@ on [0,3]. 
7. A function f is differentiable on [0,2] and f(0) = 0,f(1) = 2, f(2) = 1. 
Prove that f’(c) = 0 for some c in (0, 2). 
[Hint. Apply Lagrange’s Mean value theorem to f on [0,1] and on [1, 2]. Then 
filer) > O and f’(cz) < 0 for some ci € (0,1) and some cz € (1,2). Apply 
Darboux’s theorem to f’ on [¢1, ca]. ] 

3 

8. Prove that the equation (x ~ 1)* + (x — 2)° + (x - 3)3 + (2 — 4)° = 0 has 
only one real root. 
9, If cot s + = +s mae = 0 where co, 1, C2,‘°',@n are real, show 
that the equation cp + ¢c12 + cox? +--+ + cnx” = O has at least one real root 
between 0 and 1. 
10. Prove that between any two real roots of the equation e* cosa +1 = 0 
there is at least one real root of the equation e” sinz +1 = 0. 


[Hint. Let f(a) =e"* + cosz,r€ IR. Apply Rolle’s theorem on [c, d] where c 
and d (c < d) are any two real roots of the equation f(z) =0.] 


11. Prove that between any two. real roots of the equation e*sinz+1=0 
there is at least one real root of the equation tang + 1=0. 


{Hint. Let f(x) =e* sing + 1,2 € R. Proceed as in Ex.10 ]. 
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7 * - * : 
12. If f is differentiable on [0, 1] show by Cauchy’s Mean value theorem that 


2 f 
the equation f(1) — Ff (0) =f2 has at least one solution in (0, 1). 


fe aie : le, b] = i is continuous on [a,b] and f(x) exists for all 
; 19) Ha <ce<band f(a) = f(b) = 0, th i i 

ne eae Pea ya As Pa ais at there exists a point E 
14. A function f is twice differentiable on [a,}] and f(a) = f(b) = 0. If 


f(e) > 0 fo : . . 
7’ (€) <0. T some c € (a,b), prove that there exists a point € in (a, 6)-such that 


15. A function f : [a,b] > R is said to sati satens 
: la, tisfy a Lipschit ta 
on [a, 5] if there exists a real number M > 0 such het Cantar 
eo — f(y) I< M |x — y |[® for all x,y in [a, d]. 
satisfies a Lipschitz conditi i 
Seon en eo ndition of order a > 1 on [a,b], prove that f is 


16. A function f is thrice differentiable on b 
; d = = sf = 
f'(b) = 0. Prove that f’”(c) = 0 for some ¢ a0 b). eae 


w17. If f(x) > 0 on [a,b] prove that f( #12 A 
points 21,22 in — PPP eE ee Dae mer eed ea) or any ame 


Use the principle of induction to prove that 


f(2 Dan-berembain <i ; 
: £1, 22,...,2, in a . au kes a aM?a) ees flan) for Bay i points 


[Hint. Let 21 < zo. 7 
eee 1 x2. Apply Mean value theorem on [z1, 4£#2) and on 
18. A function f is continuous on {a, b] and f” (2) j i 
f cont " x) is finite for every x & (a,b). 
me wes aia ine points A(a, f(a)) and Bib, f(b)) nibetial aE 
at some point P different f, ” 
Ses ein ay nt from A and B, prove that f° (E) = 0 for 


(Hint. Let P = (c, f(c)). Then L=L(a) ss £)—L(e) 


a If o(z) = f(2) + fa- t), 2 € [0,1] and f(x) < 0 for allze [0, 1], show 
at @ is an increasing function on {o, 4] and a decreasing function on [4,1] 
. : . *» , 
[Hint. f’ is a strictly decreasing function on [O, 1]. 
$(0) = FO) ~ f°) > 0, 6'(3) = 0,6'(1) = (1) ~ F'(0) <0. 
<a 2 0<@<l-2<l= f(z) > f/(1-2) = (2) >0. 
2S esl O<l-a2<a2<l= f'(1—2)> f(z) => (2) <0.] 
20. Let f(x) =S22 a ¢ (0,%), d(v) = fanz 
Sag ee 3), (2) = » © & (0,2). Show that f is 
eae decreasing function on (0, F) and ¢ is a strictly increasing paces a 
+ ose 
21. Prove that 


« 2x : a 
(i) rs <snz<zforO<2¢< &, (ii) @ <tane <% for0<2< 4, 


Sen 
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(ii) == < 8 for x € (0,5), (iv) 2 < sin“ < Bes forO< 2 <1. 


sing 


22. Use Mean value theorem to prove 0 Seas) = 4 <l for z> 0. 


23. Use Mean value theorem to prove that the function f defined by 
'G) f(z) = sinz, x € R is uniformly continuous on R, 
Gi) f(z) = tan7? 2, z € R is uniformly continuous on R. 


24. Prove that ~=- < log(1 +2) < @ for all z > 0. Deduce that 


l+x 
Qn-+1 1 1 ot be B. : ere - 
log 2240 Soa kag + 5, < log2, n being a positive integer. 


9.6. The nth order derivatives. 
1. Let f(z) =2z*,aeER. 


Then f(z) = azx%-} 
f"(@) = a(a—1)n°-? 
f(z) = ala-1)(a- 2)2%-4 
f(a) — nila =e Bila wk eee 


Note 1. Here the result has been obtained by inference. But it can be 
proved by the principle of induction. 

2. The domain D of the function f is (0,00) when a is irrational; D = 
[0,co) when a2 = 2,meEN,n(> 1) EN; D= (0,00) whena=—-@,me 
N,n(> 1) € N; D = R when a is an integer > 0 and D = R — {0} when 


a is an integer < 0. 
The domain D of the function f” is (0,00) when a@ is not an. integer; 
D = R when a is an integer > 0 and D = R — {0} when a is an integer 


<0. 
Corollary. Let f(x) = 2™ where m is a positive integer. 


Then f’(z) = mgz™—} 
f"'(z) aa m(m — 1g? 
f(z) = m(m-—-1)(m- 2)a™-$ 
(a) = m! aha 
fPrt(e) = 0 forr =1,2,3,... 


In the following discussion the functions and their deriatives of dif- 
ferent, orders are assumed to be defined on their respective domains. 
. In each of the following cases, the nth derivative is obtained by infer- 
ence. But in every case it can be proved by the principle of induction. 
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2. 


3. 


ae 


Let f(z) = =hy,e€R, bE R,ax+b<0. 


Then f’(z) = ~Il(ax+6)7?.a 
fe) = (-1)?2N(ax +b)-3.02 
f(x) = (-1)33!(az + b)~-4.03 
f"(x) = (-1)"nl (az + b)-™-) 9”, 
Let f(z) = e**+*> @ERbER. 
Then f'(xz) = e%t+'¢ 
f(z) sz Qatth 92 
f(z) = ate, . 
Let f(z) = log(av +6),aeéR,bE Roart+tb>0O. 
Then f(z) = (ar+b)~la 
f"(z) = —1.(ax + b)-?.a? 
f!'(2) = (-1)?2!. (ax + b)~3.93 
f"(@) = (-1)" (n= (ax +.5)-".0", 
Let f(z) =sinaz,a € R. 
Then f(z) = cosaz.a = sin(r/2+ ax).a 
f(z) = —sinaz.a? = sin(2r/2+ ax).a? 
f"(z) = —cosaz.a® = sin(3n/2 + ax).a 


sin(n7/2 + axr).a™. 


i(z) 


ll 


Let f(x) = cosaz,a € R. Then f"(z) = cos(nm/2 + azx).a”. 


Let f(x) = e**sinbz,ae R,bER. 
Then f’(x) = e®*(asin br + bcos bz). 
Let a@=rcos6,b=rsin0;—-7 <0 <7. Then r? = a2 + 82. 
f'(z) = re**(sin bx cos 6 + cos bz sin 9) = re** sin(bax + 0) 
f(x) = r?e% sin(bx + 26) 


f" (x) = re sin(br + nO), where rcos 6 = a, rsind =. 
Let f(z) = e** cosbz,a€ R,OER. 

Then f’(x) = e®*(acos bx ~ bsin ba). 

Let a =rcos6,b=rsin§;—-7 <6 < mn. Then r? = @2 +82. 


Me = re**(cos bz cos @ — sin br sin @) = re®® cos(bz + 4) 


l 


f"(z) 


rme** cos(bx +n), where rcos@ = a,rsin@ = b. 
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4 


Worked Examples. 
1. If f(z) = fea, prove that for n > 1, f?(0) = 0 if m be even 


=—mn! if n be odd. 


file) =1+ 4[(—D)(@ + 1)~? + (-1)(@ —1)-2)._ 
f(x) = 3[(—1)?2!(@ + 1)78 + (—1)?2!(@ — 1)79). 


Therefore f"(x) = ${ mau mel ae {ot | forn > 1. 
That is , for n > 1, f"(0) = 3(—1)"n![1 + (—1)"*"]. 
Therefore for n > 1, f"(0) = 0 if n be even 

= —n! ifn be odd. 


If y = grfgz, prove that y, = CO sint +} @sin(n + 1)0, where 


2. 
cot 6 = ra 
Let c= acot@. Then 4% = —a cosec 76, y = ¢y sin? 6. 
Therefore y; = A, sin 20.92 = J; sin 20(—sin2@) = —4, sin? 6 sin 26. 
yo = —>[2sin 6 cos @ sin 20 + 2sin? 6 cos 26]. 32 
= =? sin 6[sin 26 cos @ + cos 2@ sin g].(—sn22) = eave sin? 6 sin 36. 
ya = 2)[3sin® @cos @ sin 3@ + 3sin® @ cos 36}.(—sint@) 
-_ = “3! sin4 O(cos @ sin 36 + sin 8 cos 36) = (ups sin* @sin 40. 
yn = UEP sin" +! @sin(n + 1)0, where cot @ = 2. 
3. If y = tan7!z, prove that y, = (—1)"~*(n — 1)!sin” @sinn@ where 
cot d = x. 


Yi = paz: Let y: = z. Then by Example 2, 


Z, = (—1)"n!sin"*! @sin(n + 1), where cot @ = x. 


— Hence yn = 2n-1 = (—1)"71(n — 1)! sin” 0 sinn#, where cot é = Z, 
7” a : 


4. If y = cot! 2, prove that y, = (—1)"(n — 1)! sin” ysin ny. 


n= -de=-aieds —sin? y = —siny.siny. 

Yo = —2sin ycos y $e = —sin 2y(— sin? y) = (—1)? sin? ysin 2y. 
ys = (—1)?[2sin y cosy sin 2y + sin? y.2 cos 2y}. 5% 

= (—1)?2sin y[sin 2y cos y + sin y cos 2y](— sin? y) 

= (—1)°.2!sin® ysin 3y. : 


yn = (-1)"(n- 1)!sin” ysin ny. 
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Theorem 9.6.1. (Leibnitz) : 


If f and g be two functions each differentiable n times at a, then the 
nth derivative of the product function fg at a is given by 


(fg9)" (a) = f"(a)9(a) + ne, f"~*(a)g'(a) + no, f?-*(a) g(a) +++ 
ne, f"—" (a)g" (a) +--+ + f(a)g"(a) 


= z no,D"~" f(a)D" g(a), where D" f(a) = f"(a), r > 1;D° f(a) = f(a). 


Proof. (f9)'(a) = f'(a)g(a) + f(a)g’(a). 


This shows that the theorem is true for n = 1. 


Let us assume the theorem to be true for n = m, where m is a natural. 


number. 


Then (fg)"(a) = f™(a)g(a) + me, f™-'a)g’(a) + 
+mo,f"~"(a)g” (a) ++-++ flajg™(a). 
Differentiating the function (fg) at a in L.H.S., and the function 


Lg + me, fly +++ + me, fg” +++ + fg™ at a in R.HS., we 
have 


(f9y™*(a) =  [F™*(a)g(a) + f™(a)g/(a)] + mo, IP" (a)g!(a)+ 
fr M(a)g"(a)]+ oe mo, [f77- 7+] (a)g7 (a)+f™- "(a)g™t1(a)]+ a8 
[f’(a)g™ (a) + f (a)g™*i(a)] 
= f™**(a)g9(a)+(1+me,)[f™(a)g (a))+ (me tes )[f™* (a)9""(a)]+ 
‘++ (Me,_, + me, )[f™t?-7 (a)g"(a)} +--+ + fla)g™t? (a) 
= f™*(a)g(a) + (mM+1)o, f"(a)g! (2) + (m+ 1), Ff" a)g”(a) + 
t#(m+ eo fF)" (a)g" (a) + ++. + f(a)g™**(a). 
This shows that the theorem is true for n = m+ 1, if it is true for 
m==m. And the theorem is true for n = 1. 


By the prnciple’o of induction, the theorem is true for all natural num- 
bers n. 


Worked Examples. 

1. Ifz+y-=1 prove that the nth derivative of x" y” is 
ni{y™ — (na, )Py" tat (ne, )?y”~ 722? — (ncg)?y™ 303 +--+ (~1)" 2}. 
By Leibnitz’s theorem, 
D"(a"y") = D"(x™)y” + ng, D™~'(x")D(y” ) a 

Ne, D™?(x") D?(y) + ng, D®~3(x") D3 (y") + ++ + a™ Dy"). 


Ifr <n, D(a") =n(n—-1)---(n~r+1)2"77 = oe Ka ne 
Ifr <n, D'(y") =D'(1-—2)" = wey” 7 (—1)". 


Nes HE (- —3!sin* @ sin 40) +: 
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! ! -1 
Therefore D"(x"y") = nly” — ne, uz. t=" + 
- ! —3 1 wtf—_1)”% 

NC He. Poy” 2-15 Re. ‘tae wey Pee aT) 

= nily® — (ne, Pay"? + (mo,)?x2y"-? — (na, PaPy™ 9 + + 
(-1)"2". : 
2.lfy= voor prove that | 

Yn = nisin@[sind — ng, cosPsin2@ + no, cos? @sin3@ —.--+ + 
(~1)” cos” 6. sin(m + 1)6], where x = cot @. 

Let u=a2",v= Tae: 

By Leibnitz’s theorem, yn = UnU+NC, Un—1V1+NG,Un—202 t+ + TUUn. 

- ! 
Ifr<n,up=n(n—1)-+-(n-—rt+1)2™-" = mont 
pa ’ ( 

If r <n vp = (—1)"rtsin™*? pe 1)0, where x = cot 0. 

Yn = nisin? 0+ no,. ae sin? @ sin 20) + no, Bz. (2!sin® @sin 36) + 
-+ 27 (—1)"n! sin" @ sin(n + 1) 


mT 


= ni{sin? 9.— ne, cot @ gin? Osin20 + nc, cot? @sin? @sin 30 — --- + 
(—1)” cot” @sin"*? 6 sin(n + 1)6] | 
= ntsiné[sin@ — no,cos@sin2@ + no, cos*@sin3@ — --- + 


(—1)" cos” @sin(n + 1)4). 
3. If y = («+ V1+4+ 27)™ find the value of Yn (0). 
ai = m(et VIF a) + Ge) = ager 


v2 = View — Wet 7F = is - inet 

or, (1+ 2?)yo+ ry, — m?y = 0. 

Differentiating m times by Leibnitz’s theorem, we have 

(1 + 2)unde + Mc, 20Yne1 + cz -2n] + [Zyng1 + MYn] — M7 yn = O 
or, (1+ 27 )ynga + (2n + 1)rynti + (n? — m?)yn = 0. 

At x = 0, yn42(0) = (m? — n?)yn(O) ... + (i) 

But y(0) = 1,41(0) = ™, y2(0) = m?. Using (i) we have 


y3(0) = (m? — 17)y1(0) = m(m? — 1%). 
ya(0) = (m? — 2?)y2(0) = m?(m? — 27). 


Therefore 
Yn (0) = m(m? — 1?)(m? — 3?) --+ [m? — (n — 2)?], if n be odd. 


Yn (0) = m?(m? — 2?7)(m? — 47) ---[m? — (n - 2)?], if m be even. 
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344 REAL ANALYSIS 


Exercises 16 


x; If y= tan™' z, prove that y, = (~1)"7*(n — 1)! sin” @sinn0, where cot 0 = 


2. If y = tan? 
x. 


£2, prove that y, = (—1)"~1(n — 1)!sin™ @sinn@, where cot @ = 
3. Ify - a ca , ve that 
es ake ke nisin® ©" [sin(n + 1)@ — cos(n + 1)@ + (sin @ + cos gy"), 
4.Ify= neo Pere tat ahs CU flog a —1- 2 | ook tos PB 
5. If y = xlog 25+, prove that yn = (— 1)"(n - 2) ae - Gaiyl- ' 
6. If y = x”~" loga, prove that y, = fe=ut, 
7. Ify = x" logz, prove that yn a niflogz+1+i4--.4 
8. If y= 2"~1e*/*, prove that yz = {(-1)"el/*} fat, 
9. If y = tan”! x, prove that 
(i) (14+ 2? )ynte + 2(n + Layngi + n(n + 1)yn = 0; 
(ii) (yn)o = 0, if nm be even 
= (~1)8-(n — 1)1, ifn odd. 
10. If y = cos(msin~! x), prove that 
(i) (1 — 2? )ynte ~ (20 + 1)tyn4i + (mm? — n?)yn = 0; 
(ii) (un )o = 0, if n be odd 
= —m?(2? — m?)(4? —m?)--.{(n ~ 2)? — m?}, if n be even. 
11. Ify= ettin ts prove that 
(i) (1 — 2 )yn4e2 — (2n + 1)tyner — (n? +0?) yn = 0: 


(ii) (um )o = {(n — 2)? + a?}{(n ~ 4)? + a2}. : (2? + a*)a?, if n be ev 
= {(n — 2)? +a? }{(n— 4)? + a?}... (12 4 ae if nae ie 


‘42. If oe +y'/™ = 22, prove that 
(2? ae 1)yn+2 + (2n + eae + (n? —_ myn = 0. 


13. i y = acos(log x) + bsin(log oh prove that 
wna + (22+ l)zyngr + (n? + l)yn = 0. 


14. fy=log(z+VY1+ z*), prove that 
Yan(0) = 0; yont1(0) = (—1)”.1?.37.5?... (an — iy. 


15, If y = (sinh~! x), prove that 
Yan+1(0) = 0; Yan(0) = (—1)"712,2? 42 62 +++ (Qn — 2)?. 


16. If y = (1+ 2?)™/? sin(mtan-! x), show that 


ale 
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G) (1 + 2? )ynge + 2(n — m+ l)zyngi + (n-—m)(n+1—-—m)yn =O; 
(ii) yan(O) = 0; yan+i(0) = (~1)"m(m — 1) ++: (Mm — An). 
17. If y = e~*2”, prove that rynge + (2 + Lyng + (2 + lyn =O. 
Deduce that wL%(x) + (1 — x)Li (a) + n£a(x) = 0, where La(z) = 
te? D" (e7*2"), 


9.7. Taylor’s theorem and expansion of functions. 
Theorem 9.7.1. (Taylor’s theorem) 

Let a function f : [a,a+h] — R be such that 

(i) f"~! is continuous on [a,a + h], and 


(ii) f"7! is differentiable on (a, a+ h). 
Then there exists a real number @ satisfying 0 < @ < 1 such that f(a+ 


h) = f(a)-+hf'(a)+ Spf" (a)t- 4+ Cay ft (a) + HOE pn (ah), 


where p is a positive integer <n... ... (1) 


Proof. Since f"~* is continuous on [a,a +h], f,f’,f",...,f"%7" are all 


continuous on [a, a+ hj. 
Since f"—! is differentiable on (a,a +h), f,f’,f";.--,; 


differentiable on (a,a+ h). 
Let us consider the function ¢ : [a,a+h] — R defined by ¢(z) = 


f(a) + (ath— a) fi(w) + Stee pray pe + GREE prota) + 
A(a+h-—s)?, for x € [a,a+h] where A is a constant to be determined 
under the condition ¢(a) = ¢(a+h). 
g(a + h) = (a) gives . 
f(a+h) = f(a) +hf'(a) + Sf" (a) +--+ + ER (a) + Abe. 


f*7? are all 


or, A= pe[f(a +h) — f(a) —hf'(a) — + — Bsr ta) (i) 
¢ is continuous on [a,a + A], since f, f’,...,f"7) are continuous on 


[a,a+ hj. 

¢ is differentiable on (a,a+h), since f, f’,..., 
on (a,a+h). Also ¢(a) = d(a +h). 

By Rolle’s theorem, there exists a real number @ satisfying 0 < 6 <1 
such that ¢’(a + 6h) = 0. 

But d’(x) = f'(z)+[-f'(@) + (at+h—a)f" (2) 4+[-(ath—x)f" (2) + 


me ae op [— Stn promt (a) 4 Creel pn (x) -pA(at 
h—-x)?-} 


= Ghee Pia) = pA(a+h—x)P~ 1 


(n—1)! 
$'(a.+ 6h) = 0 gives 2 O=9""" gna + 6h) = pAhP- 1(y gyn! 


f"7! are differentiable 


ry 
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or, A= arene" f" (a+ Oh). 4 


p(n—1)! 


se eretore from (i) F(a +h) = f(a) +hf'(a) + LC) Hatta A 
Gay fl (a)+ a fat 6h),O<O6<1. ' 


The last term a f"(a + @h) is called the remainder after n 
terms and it is denoted by R,. R, in this form is called Schlomilch- 


Roche’s form of remainder. 


ney g\n-l 
Ifp = 1,Rn = ao f"(a + 0h). Ry in this form is called 


Cauchy’s form of remainder. 


Ifp=n,R, = AY f(a + @h). Ry, in this form is called Lagrange’s 
form of remainder. 


Note 1. Taylor’s theorem with any particular form of remainder can 
be proved independently by suitably defining the function ¢. ‘The last 
term of $(z) [i.e., A(z +h — x)?] is to be chosen as A(a+h-—2z), or as 
ee eaay according as Ff, is desired in Cauchy’s form or in Lagrange’s 
orm. 


Note 2. Taylor’s theorem is the nth Mean value theorem. Lagrange’s 
mean value theorem is a particular case, corresponding to n= 1. 


Note 3. The theorem also holds if A < 0. In this case the interval - 


[a,a + h] is to be replaced by [a +h, al. 

Note 4. For a given function f and the given interval [a,a + A], 6 
appearing in the expansion of f(a + hk) depends on n. This dependence 
can be properly indicated by writing R, = et ee f"{at+6n,h),0< 
On <1, 


Another form of Taylor’s theorem. 

Let a function f : [a,a +h] — R be such that 

(i) f"~?* is continuous on [a,a + Aj, and 

(ii) f"~* is differentiable ou (a,a +h). 

Then for any z € (a,a+h] there exists a real number 6 satisfying 
0 < @ < 1 such that > 

ay meg yr-h 
f(a) = f(a) + (@ — a) f(a) + SSP pr(a) +... + Gea pr—1(q) 


2—a)"(1—@)"-? 
err Bal 


Since f satisfies the conditions of Taylor’s theorem on [a,a +h] and 
since x € (a,a-+h], f satisfies the conditions on [a, z] also. 
Therefore replacing a +h by z in (I) we have (II). 


f"(a+6(x—a)), where p is a positive integer <n ... (II) 
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; Mote 1. For an independent proof of the theorem in this form, we are 


to consider the function’ ¢: [a,z] — R defined by 
H(t) = f(t)+(e—t) f/ (t)+ SGP f(t) ++ ERE PP) + Ale, 
for t € [a, x]. 
ote 2. Taking a = 0, the form (ID) reduces to 
f(x) = f(0)-+ af" (0)+ Spf" (0) +e + Sf (0) + BOS fr (G2). 


This is Maclaurin’s theorem. 


Theorem 9.7.2. (Maclaurin’s theorem) 

Let a function f : [0,k] — R be such that 

(i) f"-! is continuous on [0, J, and 

(ii) f7~1 is differentiable on (0, A). 

Then for any z € (0,h] there exists a real number @ satisfying 0 < 
8 < 1 such that 


f(x) = f(0) +2 f'(0) + HF" (0) +++ + Ey (0) + SOS fr (62), 
where p is a positive integer < n. 

The last term aa f"(@z) is called the remainder after n terms 
and it is denoted by R,. 


«Rn in this form is called Schlomich-Roche’s form of remainder. 


ar Ifp=1,R,= aa f(a + 6x). (Cauchy’s. form) 
cH Ifp=n,Rz= zf"(a + 6x). (Lagrange’s form) 
For an independent proof of the theorem we are to consider the func- 
tion @: [0,2] — R defined by 
wa ty , m—t)yr7i ne 
ot) = ft)+(e@-off@+ Sra +--+ Sew) + 
A(x — t)”, for t € [0,2], where A is a constant to be determined under 
the condition ¢(0) = A(z). 
For the proof of the theorem with a particular form of remainder, the 
* last term of A(t) [ie., A(z —t)?] is to be chosen as A(x —t) or as A(x —t)” 
accotding as R, is desired in Cauchy’s form or in Lagrange’s form. 


_x-Pfieorem 9.7.3. (General form of Taylor’s theorem) 

Let a € R. Let a real function f defined on some neighbourhood 
N(a) of a be such that f"~? is differentiable on N(a). 

Then for any x € N’(a) [i.e., N(a) — {a}] there exists a real number 
6 satisfying 0 < @ < 1 such that 
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F(@) = f(a) + (@ - a) f'(a) + 250 pray po. ¢ a9 peta) 4 


Za)" (1—9)"—P a ea 
“GT f"(a+ 6(a% ~ a)), where p is a positive integer <n. 
Proof. Since f"~! is differentiable on N(a), f, f’, Ff”! does 
dot gf eas e all 
differentiable on N(a) and therefore FL PL s05, Ff?! are a coubagats 
on N(a). aan 
Let us consider the function d: J 4 R defined by 


H(t) = f(t) + (w ~ t)f'(t) + SSO" pray eg (e=O"= pm=1 (4) + 
A(x — t)?, for t € I,J being [a,z] C N(a) or [z,a] ¢ N(a), where A is a 
constant to be determined under the condition o(x) = (a). : 


(x) = O(a) gives f(x) = f(a) + (x ~ a) f’(a) + &59)" pray eee 


=a)" f"-1(a) + A(x — a), 


or A = aay lf () — f(a) — (@ — a) f'(a) — -». ~ Sea pra (gy), 
¢ is continuous on J since f, f', £0, ..., £77? are continuous on J. ¢ is 


differentiable on J since f, f',f",...,f77? are differentiable on J. Also 


o(a) = g(z). 

Pre eerie payee si a real number @ satisfying O<@d<1 
. But '(f) = POFFO) + (et) F/O) +[- (at) £2) + S58" prey] 

tenet [GEO po-1(ty 4 GoOr* ence) — Ap(e ~ t)P—1 


- Garr f(t) ~ Ap(a — t)P-), 
¢'(a+ O(a — a)) = 0 gives 


tena f(a + 0(@ — a) = Ap(@ — a)?-1(1 — 9)P-1 


a)? ~P(| gyn 
or, A = Sif" (a + O(@ ~ a)). 


Tt follows that f(x) = f(a) + (x — a) f(a) + (2a)" f(a) sree Hp 
fait" (a) + Ces: -f™(a+ 6(z—a)),O0<0<1, 


The last term is the remainder Rn, in Schlomilch-Roche’s form. 
Ifp=1,R, = Gna)" Goer F(a + 6(x — a)) ( Cauchy’s form). » 
Ifp=n, Ry = =a)" FX (a + @(a — a)) (Lagrange’s form). 


In particular, if @ = 0, for an ; . 
; y z € N’(0) there exists 
6 satisfying 0<@ <1 Buk thet ) a real number 


F(z) = F(0) + @f'(0) + FF" (0) + + + BE 10) + Ra, 
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where R,, = anf "(@x) (Schlomilch-Roche’s form) 


= “4-9— f(x) ( Cauchy's form) 
= = f" (Ox) (Lagrange’s form). 


This is the general form of Maclaurin’s theorem. 


Worked Examples. 


1. Use Taylor’s theorem to prove that 

l+#-S < Jfite <14+8, ifz>0. 

Let f(z) = /l+27,22>0. 

Then f’(x) = aWite? f(x) = Tio a, f(z) = BF a)s7F * 

By Taylor’s theorem with Lagrange’s form of remainder (after 3 
terms), for any x > 0, 2 

3 Nee 
f(@) = f(0)+a2f’(0)+ = f""(0) + £ f’"(c), for some c € (0,2) 
2 3 
or, Vl+e2=1+3-% + wate: ; 
3 3 

Therefore forz >0, V1 +a >1+ 5 — %, since iy F572 > 0. 

By Taylor’s theorem with Lagrange’s form of remainder (after 2 
terms), for any x > 0, 

f(z) = f(0) +2f"(0) + = f'(d), for some d € (0,2). 

or, /l+2=1+ = a Baa)? 5. 

Therefore for z > 0, Vl+2<1+ §, since neem > 0. 


From (i) and (ii), 1+ $—- <ViFa<1+8,ife>0. _ 
2. Let c € R and a real function f be such that f” is continuous on 
some neighbourhood of c. Prove that jim fer h) — 2/0) + fend) = 
PMOE | 
Let f’” be continuous on (c — 6,c + 6) for some 6 > 0. 

By Taylor’s theorem with Lagrange’s form of remainder {after 2 
terms), for any h satisfying O< hk <6 

f(c+h) = f(c) +hfi(c) + Bf"(e+0h),0<0<1 

and f(c—h) = f(c) —hf'(c) + Se f"(e— Oh), 0< 0 <1. 


Therefore f(c-+h) + f(c —h) — 2f(c) = S[f"(e+ 0h) + f"(c— &h)| 
or, Sie) eee pad Lif (c ar 6h) ee f"(c oe 6'h)). 
Since f” is continuous at c, 
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lim! f””(c + 8h) = f"(e); jim f'"(c =a ah) = ee) 4 
fle +h) — 2f(c) + fle —h) 
h2 


Hence lim 


—0 


= f"(e). 


3. Let a € R and a real function f defined on some neighbourhood N (a) 
of a be such that f” is continuous at a and i’ (a) #0. Prove that jim O= 
$, where @ is given by f(a + h) = f(a) +hf’(a+ 6h)(0 < @ <1). 


Since f” is a continuous at a, f” exists in some neighbourhood (a- 
6,a+6) c N(a). 


Case 1. Let0<h <6. 

By Taylor’s theorem with Lagrange’s form of remainder after 2 terms, 
flath) = f(a) +hf'(a) + B-f"(at+Oh),0<0 <1. 

Therefore f’(a+ 6h) = f'(a) +2 f"(a+ Oh). 

Applying Mean value theorem to f’ on the interval [a,a + 6h], we 
have f(a + 6h) = f’(a) + Oh f"(a+06"h),0 <6" <1. 

Therefore 4 f” (a+ 6'h) = Of" (a + 00h). 

Taking limit as h — 0+, we have 


i : ‘y 2 om : at ft 
2 lim, f(a + 6A) = lim [0.f"(a + 00"A)]. 


Si ios : t li 7 t = fit : u 
ince f” is continuous at a, jim, f (at+@h) = f (a), lim f (a+ 


60"h) = f’(a). Therefore im, @ = 3, since f’(a) £ 0. 


Case 2. Let -6 < Ah < 0. Proceeding similarly, we have lim 6 =. 
Hence lim @ = 3. 
A-0O 


4. Let a function f : [a,o0) + R be twice differentiable on [a,0o) and 
there exist positive real numbers A and B such that |f(x)| < A, |f" (a) < 
B for all x € [a, 00). Prove that | f’(x) |< 2VAB for all x € [a, 00). 

Let z >aandh> 0. 

By Taylor’s theorem with Lagrange’s form of remainder after 2 terms, 
f(a@+h) = f(x) +hf'(x) + 4-f"(c) for some c € (a,x +A). 

Therefore |hf’(x)| = |f(a +h) — f(x) — fF" (o)| 


< [f(v+h)|+|f(x)|+/45F"(c)]. Therefore | f(x) |< 24448, 
for all 2 > a and for allhk > 0. 


Let #(h) = 244 4B,A> 0. Then $(h) > 2,/24.4B, ie., > 2VAB. 


Consequently, | f’(x)| < 2VAB for all x € [a, 00). 
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; oe em 
5. If f(x) = sinz prove that lim @ = WB where @ is given by f(h) 
1. 

f(0) + Af’ (Gh), O<A< ; . 

f(h) = f(0) + hf’ (@h) gives sinh =heos0h,0<@<1 ... (i) 

é 2 Sa 777 t 
_ Also f(h) = f (0) + Rf/(0) + yf" (0) + Af" (OR), a a 1 
and _f’(@h) = f’(0) + Ons” (0) + SE" (0"Gh), 0< OF < 1. 


Therefore sink = h — he cos(@’h), O< # <1... (i) 
2 ; 177 
and cos0h = 1— he cos(9"6h), O< OY <1... (iii) 
2 * 
From (i) and (ii) cos@h = 1— A cos(@’h) .-. (iv) 


From (iii) and (iv) 36? cos(@”@h) = cos(9’h). 
i i "h) = i Oo” 6h) = 1. 
lim @ = Jy since lim, cos(@’h) = 1 and a ) ; 
Note. This does not contradict worked Ex.3, since here f’ (0) = 0. 
ists in [a,b] and f’(a) = f’(®). 
. Let f: {a,b} — R be such that f’’ (a) exis 
Poel pee = 4[f(a) + f(d)] + 1(b — a)? f’(c) for some c € (a, bd). 


b 
By Mean value theorem applied to f on [a, 2$4] and on [*3°, 6, 


~a ft (b—a)? px ) for some £; € (a, a+b) ... (i) 
fog) = F(a) + 238 F(a) + EF : - 
#232) = f(0) — G8 f'() + ESP? 7”) for some Se € (F858) GD 


From (i) and (ii) f(2F2) = gLf(a) + FO) + ab — Coes aie | 
If f" (6:1) # f’ (2), by intermediate value property of the derived funetion 
x5 L7G) PE) = f"(c) for some ¢ € (£1, €2). 

Therefore f(2¢2) = 4[f(a) + f(0)] + 300 — a)? f’(c) for some c € (a, 6). 
If however, f”(€1) = f” (€2), then ¢ = &1 and the result holds. 

7. Let a € R and a real function f be such that f(z) exists in [a — 


: 7 a. a-h) _ ‘py 

h,a +h] for some h > 0. Prove that flathy~ 2h a) t Leh) = f"(c) for 
some c € (a~h,a+h). - 
By Mean value theorem applied to fon [a,a+h] and on fa~h,a : 
fla-+h) = f(a) + hf'(a) + SF" (Er) for some & € (2,4 + rh) @ 
f(a —h) = f(a) — hf'(a) + F(a) for some & € (a— hyo) «-- GH) 

| _ part Exdt sf" (Eo) ; 
From (i) and (ii) f(a +h) + f(a - A) — 2f(a) = A’l zo ] . 
If f"(€1) Af’ (€2), by intermediate value property of the derived function 
ff: Sflath)— 25 (at fa— hy = f"(c) for some c € (@—h,a+ h). 
If however, f”(€1) = f”(€2), then c= &1 and the result holds. 
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9.7.4. Taylor’s infinite series. 
Let a € R. Let a real function f defined on some neighbourhood 
N(a) of a be such that f"7} is differentiable on N(a). 


Then for any « € N’(a) [= N(a@)—{a}], f(x) = P,, (a) + Rn(x), where 
Rn(x) is the remainder after n terms and 


P(x) = f(a) +(x a) f'(a) + (e-ay" f(a) Pitseeterate {e-a)"— fr-1(q), 


(-17t 

P,(x) is a polynomial of degree n — 1. P,(2) is such that 

Pa(a) = f(a), Py(a) = f'(a), P"(a) = f" (a), 06 PA *(a) = f7-1(a), 
P,(x) is called the n-th Taylor polynomial of f about the point a. 

If f be a function such that for all n € N, f” exists on N(a), then the 
polynomial P(x) for any z € N’(a) takes the form of an infinite series 

Fla) + (@ ~ a) f(a) + S5eh" pray pee L.. 

The questions now arise: 

1. Does the infinite series (i) converge? 

2. If it be convergent, does it converge to f(x)? 

The infinite series (i) will be convergent if and only if the sequence of 
partial sums [i.e., the sequence {Pn(x)}] be convergent, 


In order that the sum of the series (i) may be f(z), the limit of the 
sequence {P,(x)} must be f (x). 
Since f(x) = P(x) + Rn(x) for any n, the series (i) will converge to 
f(x) if and only if lim Rn(xz) = 0. 
NI OO 


Therefore if f : N(a) — R be such that f(z) exists on N(a) for all 
nm €N, then for any x belonging to some subset A C N "(a) for which 


at, Rn (a) = 0, f(t) = f(a) + (w— a) f(a) + 25a pray gees... (iy 
_ The equality (ii) also holds for x = @ trivially. 


The infinite series in the right hand side of (ii) is called Taylor’s 
infinite series for the function f about the point a, the region of con- 
vergence of the series being AU {a}, 


In particular, if a = 0, then Taylor’s infinite series for the function 
f about 0 takes the form f(O) + xf?(0) + =* £”(0) tte cee 


This is called Maclaurin’s infinite series for f. 
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9.7.5. Expansion of some functions. 
1. Let f(x) = e7,2 ER. 
For alln EN, f"(z) = e” for alle ER. 
By Taylor’s theorem with Lagrange’s form of remainder after n terms, 
for a non-zero x € R, er 
# A , where 
f(z) = f(0) + af"(0) + 3 f"(0) +--+ + Garp f? (0) + R(x), wher 
R,(x) = =-f"(0x) for some real number @ satisfying 0 <9 <1... ... (i) 
Since ik alln € N, f"(x) exists for all real 2, the right hand poly- 
nomial in (i) takes the form of an infinite series as n —+ 00. a area 
series will converge to f(x) for those non-zero real x for whic jim, 
Rx, =0. | 
Ry = Fe%. 
a lett im “+1 — lim 2 = 0. This proves 
Let uz, = lel 2 #0. Then jim, = = jim, moa p 


limu, = 0. [Theorem 5.8.1.] 
For all real x, e9* is bounded. Hence jim | Ry |= 0 for all real « #0 


Oo 
and this implies lim R, = 0 for all reala #0. [Theorem 5.6.1.] 


i . call oes Ss 
Consequently, the infinite series l+a+ 3, 4+::-+ 4,4 converge: 


to e® for all real x 4 0. - 
At 2 = 0, the convergence holds trivially. 


2 t n 
Soe™=1lig+%+:---+%,4--: forallzeR. 


2. Let f(a) =sinz,cxeéR. 
= si a i for allzeER. 
For alln € N, f"(x) = sin( 3 +2) exists 
By Taylor’s theorem with Lagrange’s form of remainder after n terms, 
for any non-zero x € R, sp or 
f(x) = f(0) + 2f'(0) + Hs" (0) ++ + Fl (0) + Rn(x), where 
Rn(x) = = f"(@x) for some real number @ satisfying 0 <9<1... ... (i) 
i nl 
= 0,/"(0) = sin 2 = 0 ifn be even 
_ ae : Llifnm = 4k+1,k being an integer 
—lifn = 4k+3,k being an integer. 


I 


3 8 noe ene ; 
Therefore f(x) =z — $+ 3 — +--+ ¥ sin( 3 + @z) 


Since for alln € N, f"(x) exists for all real x, the right hand polyno- 
mial in (i) takes the form of an infinite series as 7 —+ oo. The infinite series 


will converge to f(x) for those non-zero real x for which im, Ry = 0. 


Now } Ry |=| > sin( 4 + 0x) |< ‘zl 


lh LNT TET LTTE, 
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* 4 
Let u, = 134 iz 2 #0. Then lim “2+! = lim J#L, 
limu, =0. [Theorem 5.8.1.] 
Hence lim | R, |= 0 for all real z # 0 and this implies lim R, =| 
allreala #0. [Theorem 5.6.1.]_ 


Consequently, the infinite series x — 4, + z -— +++ converges to 
for all real x # 0. 


At x = 0, the convergence holds trivially. 


=. This proves 


“Pe 


Therefore sinz = x — x + = 
“3. Let f(z) =(l+2)",c eR. 


Case 1. Let m be a positive integer. 
Then f"(z) = m(m—1)-:-(m—n+1)(l+2)""" ifl<n- 
= mlifn=m 
= Oifn>m. 
_ By Taylor’s theorem with remainder after m+ 1 terms, for any n 
zerozeR, 
f(x) = f(0) + xf") + FO) +--+ + SIM (0). 
But f(0) =1,f"(0) = m_, for 1 <n<m. Therefore 
(L+a2)™ =14+ mee + me,z* +++++mMe,,2™ for all non-zero x € 
At z = 0, the equality holds trivially. 
ATherefore (1+2)" =1l+m.,e2+m,,x? +- 


— +++ for all real a. 


s+ me,,,c™ for all xz € 
Thus we obtain a finite series expansion in this case. 


Case 2. Let m be not a positive integer. 


In this case f is defined for all x #4 —1, if m be a negative integer a 
f is defined for all x > —1, if m be not an integer. 


Considering all cases, f is defined for all a > —1; and for all n 
N, f"(z2) = m(m — 1)-+-(m-—-n+1)(14+a2)"~ for all e > —1. 


By Taylor’s theorem with Cauchy’s form oF remainder after n term 
for any real non-zero x > —1, es 


sre * 
i) 


f(a) = f(0) + of(0) + HF") + HSS SPH(0) + ala), whe 


Ra(z) = = a f"(@x) for some real @ satisfying 0 <@<1... ... ¢ 


But f(0) = 1, f"(0) = m(m — 1)---(m-—1n +1), ff" (Oz) = mim 
l)e-(m—-nt+)D(1+0n)™™, 


Therefore f(z) = 1+ma+ MGV y24...4 mlm ean tt) yn re 
R(x), where R, (x) = 20-0)" on ~1)+--(m—n+1)(1+62)™"" 


(n—1)}! 
Since for all n € N, f"(ax) exists for all a > —1, the right hand sic 
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Rn =(-1)?-1.a- NE oa ect (Cauchy's form). 
Since for all n € N, f"(x) exists for all x > —1, the right hand 
polynomial takes the form of ari infinite series as n — oo. 
The infinite series will converge to f(x) for those non-zero z > —1 for 
which lim R, = 0. 
ue OO 
Case 1. Let 0 <2 <1. We take R, in Lagrange’s form. 


a2” (~1)"7? (n—1)! (—1)"7! 
Rn = Trp ony = OE (ae) 


In0d<2<1,1+6r>z>0. Therefore 0 < 735 <1. 


When «= 1, a = 79 <1. 

Soin 0 <2 <1,0< yj; < 1 and hence 0 < (735)" <1. 

Therefore lim |R,,| = lim 2 lS 
is bounded. Hence lim R, =0. [Theorem 5.6.1] 


|" = 0, since lim + = 0 and | rf5|" 


Case 2. Let ~l<2<0. We take R, in Cauchy’s form. 


—L)P~1 yn 1-9-1 
Here Ry =U Cae Ral = lel PS r— 


In-l<2<0,0<1-@<146¢ <1. 
Therefore 0 < {5yz < 1 and hence 0 < | P52|"-1 <1, 
In-l<2 <0, lirn |x|” = 0. 


on Doce 
“T1+-6z] - 


For all real x, —|2| < 2 < |z}. Hence —|z| < ~—@|z| < Ox < Ola] < |x, 
sinceeO <4 <1, 

In-l<2x£<0,0<1-—|z|< 1+ 62. Therefore [Past < TT 

Hence jim, |, | = 0 and this implies lim R, = 0. [Theorem 5.6.1.] 


Thus the infinite series 2 — = = —+-+ converges to log(1 + x) for 
all non-zero x € (—1, 1]. 


At x = 0, the convergence holds trivially. 


So log(l+2)=2~—% =... for all 2 € (—1, 1). 


Worked Example. 


1. Use Taylor’s theorem to the function f(x) = e*,x € R to prove that 
e is irrational. 


f satisfies all conditions of Taylor’s theorem on R. 


By Taylor’s theorem with Lagrange’s form of remainder, for any real 
x # 0 there exists a real number @ satisfying 0 < @ < 1 such that 
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f(x) = f(0) + xf"(0) + Sp f"(0) ++ + Spf" 10) + SF" (Gz) 


or, eT= lt aot te + Sy t+ Se. 


Thereforee=1+14+34---+ Q454+. 
Since e? > 0,e > 2. 


If possible, let e be rational and e = . where p,q are positive integers 
prime to each other. Let us choose n > g and n > 2. 


e 

Then 21D get ee a 
~1)}! 1 1 _ 
or, Bani —(n-1){1+14+ y4-:°+ gy} = =. 
Since n > q, wate is an integer. And (n—1)!(4+1+34+ Siete) 

is also an integer. Therefore = turns out to be an integer. 

a 
Since 0 < 6 < 1, we have 0:< e® < e < 3 and therefore 0 < © < 1, 
since n > 2. This shows that en is a proper fraction. 


Thus we arrive at a contradiction that an integer is equal to a proper 
fraction. Therefore e must be irrational. 


Note. e lies between 2 and 3. The approximation of e upto ten places 
of decimal is given by e = 2.7182818284. 


Exercises 17 


1. Stating all conditions to be satisfied by f for the expansion, expand the 
polynomial f(z) in powers of x — 1. : 

@) f(z) =aet+e2 +22? +041; (i) f(e)=2® +e 4a. 
2. Use Taylor’s theorem to prove that 

(i) cosz > 1 — © for —mioau< 7; 

(Gi) ¢- | <sing <2 forO0<a<7; 

(ii) « ~ = <log(L+2) <2 forz>0. 
| Hint. (i) Let z € (0,77). By Taylor's theorem, cos «= 1 — = + a sin ¢,0 < 
e<a< a. Therefore cos zg >1— &. 

3 

Let x € (—7,0). By Taylor’s theorem, cos 2 = 1— = + sin c,-m<a< 
e<Q. Therefore cos z > 1 — = | 
3. If x © [0,1] prove that | log(1 +2) —(@#- = + #) |<. 


4.. If x € [~1,1] prove that | sina — (2 — a + =) |< %. 
i . . 
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5. Letra € iR and a real function f defined on some neighbourhood N(a) of 
a be such that f” is continuously ei eerme ble on ee and f"**(a) #0. If 
fora +h € N(a), f(a+h) = f(a) +hf'(a) + ria) +et Bsa) + 


a ~ f(a + Oh), (0 <@< 1), prove that jim é= wET: 


6. Verify Maclaurin’s infinite series expansion of the following functions on 
the indicated intervals. 


2 3 
(i) cos? ga] 2s 4 Bet Bar +... on R; 
(ii) sin? e = 29° — 2a 4 ae’ _... on R; 
(iii) ifa > 0,a* = 1+ x(log, a) + 3 (log, a)? +--- on R; 


(iv) sinha = 2+ 4 + 2. +--. on R; 
(v) cosha = 14S; + 20 +--+: on R; 


(vi) pK =l-ct+e?—-o +--+ for-l<2e<l; 


(vil) pe = l+cte?+294--- for-l<2<l; 
(viii) log(1 + 2a) = 2x7 — 22 ane a -+-for-i<car< 4; 
3 
cai 


(ix) tan") ¢ = a2 — 5 ee ~l<2z<l. 


9.8. Maxima and minima. 


Let J be an interval. 
A function f : J — R is said to have a global marimum (or an absolute 


mazimum) on I if there exists a point c € J such that f(c) > f(x) for all - 


x é€I.cissaid to bea global maximum point for f on I. 


f is said to have a global minimum (or an absolute minimum) on I if . 


there exists a point c € J such that f(c) < f(z) for all x € I. c is said to 
be a global minimum point for f on I. 


A function f : I — R is said to have a local maximum (or a relative 
mazimum) at a point c € J if there exists a neighbourhood N(c, 6) of c 
Such that f(e) = f(x) for all r € N(e, d) NI. 


_f is said to have a local minimum (or a relative minimum) at a point 
c € J if there exists a neighbourhood N(c,6) of ¢ such that f(c) < f(z) 
for all x € N(c,d) NI. 

We say that f has a local extremum (or a relative extremum) at a 
point c € J if f has either a local maximum or a local minimum at c. 


Note, If f : J + R has a local maximum (a local minimum) at a point 
ce € J then c is a global maximum point (a global minimum point) for es 
on ane 6) I for some suitable 6 > 0 
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Theorem 9.8.1. Let f : J — R be such that f has a local extremum at 
an interior point c of I. If f’(c) exists then f’(c) = 0. 


Proof. We prove the theorem for the case when f has a local maximum 
at c. The proof of the other case is similar. 

. Since f’(c) exists, either f’(c) > 0, or f’(c) <0, or f’ (c) = 0, 

Let f’(c) > 0. Then lim fie) = 1) i) = f 9 50, 

Therefore there exists a positive d such that Le)~ fe) > 0 for all 
ze N'(c,6) cl. 
Lete<a<ec+d. Then x ~—c > 0 and therefore f(x) > f(c) for all 
x &€ (c,c+9). This contradicts that f has a local maximum at c. 

Consequently, f’(c) #0... ... (i) 


Let f’(c) < 0. Then lim , ABA—LO <9 


Therefore there exists a positive 6 such that fa) fe) < 0 for all 
zeEN'(c,é) cl. 

Let c—6 <2 <c. Then —c <0 and therefore f(z) > fle) for all 
xz € (c—4,c). This contradicts that f has a local maximum at c. 

Consequently, f’(c) £0... ... (ii) 

From (i) and (ii) we have f’(c) = 0. 

This proves the theorem. yy 


Corollary. Let f : J] — Rand c be an interior point of J, where f has a 
local extremum. Then either f’(c) does not exist, or f’(c) = 0. 


‘Note 1. The theorem says that if the derivative f’(c) exists at an interi6r 
point c of local extremum, f’(c) must be 0. A function may, however 
have a local extremum at an interior point c of its domain without being 
differentiable at c. For example, the function defined by f(x) =| z |,2 € 
IR has a local minimum at 0 but f’(0) does not exist. 


Note 2. The condition f’(c) = 0 (when f'(c) exists) is only a necessary 
condition for an interior point c to be a point of local extremum of the 
function f. - 

’ For example, for the function f defined by f(z) = 23,2 € R, 0 is an 
interior point of the domain of f. f’(0) = 0 but 0 is neither a point of 
local maximum nor a point of local minimum of the function f. 


te 3. The theorem holds if c is an interior point of J. 

Let a function f be defined on [0,1] by f(z) = z,zx € (0,1]. Then f 
has a local maximum at 1 (not an interior point of J), f is differentiable 
at 1, but f’(1) 40. 
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NZ 
<epaacrein 9.8.2. (First derivative test for extrema) 


Let f be continuous on J = [a,b] and c be an interior point of J. Let 
f be differentiable on (a,c) and (ce, b). 


1. If there exists a neighbourhood (c~d,c+46) C I such that f’(z) > 0 
for x € (ec — 6,c) and f'(x) < 0 for x € (ce c+ 2) then f has, a local 
maximum atc. - 


2. If there exists a neighbourhood (c—6, ae c J such that f’(x) <0 
for x € (c—6,c) and f’(z) > Oforz ‘€ (<, c+6) then f has a local minimum 
at c, 


3. If f’(z) keeps the same sign on (c— 4, 2) and (c,¢ +6) then i has 
no extremum at c. 


Proof. 1. Let x € (ec ~ d,c). Applying Mean value theorem to the 
function f.on [z, cl], there exists a point € in (x, c) such that f(c)—f(z) = 
(c — x) f’(€). . 

Since f’(€) > 0, we have f(x) < f(c) for x € (c — 6, c). 

Let x € (c,c+ 6). Applying Mean value theorem to the function f on 
[c, z], there exists a point 7 in (c, x2) such that f(x) — f(e) = («@—c) f(y). 

Since f’(7) < 0, we have f(x) < f(c) for z € (c,c+ 4). 

It follows that f(c) > f(x) for allz € N(c, 6) NT. 

Therefore f has a local maximum at ec. 


2. Similar proof. 


3. Let f'(x) > 0 for « € (ce — 6,c) and for z € (c,c + 39). 

Then f(z) < f(c) for x € (e— 6,c) and f(c) < f(x) for x € (c,e+ 4). 
Therefore f has neither a maximum nor a minimum at c. 

Similar proof if f’(z) < 0 for x € (ec — 6,c) and for (c,c+ 4). 
‘Note. The converse of the theorem is not true. 

For example, let f(z) = 2x7 + z*sin1,2 40 

=0, z£=0. 
Then f has a local minimum at 0. 
f'(x) = 4a + 2a sin + — COS ya #0 
=0, o= 0. 

f’ takes both positive and negative values on both sides of 0 (in the 

immediate neighbourhood). 


Examples. 
1. Let f(z) =|2|,cER. 


f is continuous on R. f is not differentiable at 0. 
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f'(z) <0 for z € (—6,0) and f’(x) > 0 for x € (0,4) for some 5 >0. 

Therefore f has a local minimum at 0. 
2. Let f(x) =|2—1|+|2—-2|,z € [0,3]. 

Then f(z) = 3-22, ifO<2<1 
1ifl<«<2 
= 3, if2<a¢<3. 

f is continuous on (0, 3]. f is not differentiable at 1 and 2. 

f(z) < 0 for x € (1—6,1), f(z) = 0 forre (1, 1+ 6) for some 6 
satisfying 0 <6 <1. Therefore f has a local minimum at 1. 

fi(z) = 0 for x € (2~— 6,2), f(z) > O for x € (2,2 + 4) for some 6 
satisfying 0 <6 <1. Therefore f has a local minimum at 2. : 


3. f(z) = (x — 1)?(z — 3)3, 2 ER. 

f'(z) = 2(@ — 1)(x ~ 3)3 + 8(@ — 1)?(x — 3)? 

; = (x — 1)(z ~ 3)? (Se —- 9), 2 ER. 

f is continuous on R. f’(x) = 0 at the points 1, 3, 2. 

f'(z) > 0 for x € (1 — dy1) and f’(z) < 0 forze (1,1 + 6) for some 
5 >0. Therefore f has a local maximum at 1, 

- f(x) > 0 for x € (3 — 6,3) and f’(z) > 0 for a € (3, 3 +5), for some 
5 > 0. Therefore f has neither a maximum nor a minimum at 3. 

f(z) <0 for x€ (2 — 6,2) and f’(x) > 0 for x € (2,244) for some 
6 > 0. Therefore f bes a local minimum at 2. 


~Pfeorem 9.8.3. (Higher order derivative test for extrema). 


Let f ; J — R and ¢ be an interior point of J. ned 
If f’(c) = f"(e) = ++: = fo7'(c) = 0 and f™(c) 0, then f has 
(i) no extremum at c if n be odd, and 
(ii) a loéal extremum at c if n be even: 
a local maximum if f™(c) < 0, a local minimum if f"(c) > 0. 


Proof. Since f"(c) # 0, f” (ec) is either positive or negative. 
If f"(c} > 0, then f”~1 is increasing at ec. 
Therefore there exists a positive 6 such that f n-1(z) < f"—(c) for 
xz €(e—6,c) and f™7'(c) < f"7'(x) for x € (e,c+ 4). 
AThat is, f"~!(x) < 0 for x € (c—4,c) and f™~ liz) > O for x € (c,c +64) 
w. (i) 


If f*(c) < 0, then f"—' is decreasing at c. 
By similar arguments there exists a positive 6 such that f"~ M(x) > 0 
for z € (c — 6,c) and f®~1(x) <0 for z € (e,e+ 4)... a 
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Since f"(c) exists, then f', f",---,f"7) all exist in ‘some 6- 
neighbourhood of c. 


Let x € (c—6,c). By Taylor’s theorem with Lagrange’s form of 
remainder after n — 1 terms, there exists a point € such that 


(2) = fl) + (we) fle) +--+ + GEV p20) 4 ="! p16) 


(= 2)F (a—1)! 
€ <c. This gives f(x) — f(c) = God fee), gc € <c... (iii) 


Let xz € (c,¢c+ 6). By Taylor’s theorem with Lagrange’s form of 
remainder after n — 1 terms, there exists a point 7 such that 


F(a) = Fe) + (we) f'(e) +++ + GEIT™ pr-2(c) 4 ROP pam), 6 
n <2. This gives f(x) — f(c) = Gao f'n), e<n<z... (iv) 
Case 1. Let n be odd. 


“ 


Then {e—e) > 0 for all x & (c ~ d,c) and for all z € (c,¢+ 4). : 


Subcase (i). If f"(c) > 0, then f"-1(€)'< 0 and f"—1(7) > 0, by (i). 
Using (iii) and (iv) we have f(x) < f(c) for all x € (c — 6, c) and 
f(x) > f(c) for all x € (c,c+ 6). 
Therefore f has neither a maximum nor a minimum at c. 
Subcase (ti). If f"(c) < 0, then f"~1(€) > 0 and f"-!(n) < 0, by (ii). 
Using (ili) and (iv) we have f(x) > f(c) for all x € (c ~ 6,c) and 
f(z) < f(c) for all x € (e,c + 6). 
Therefore f has neither a maximum nor a minimum at c. 
Case 2. Let n be even. 


z-—c)"—* —o)"~ 
Then coo < 0 for all x € (¢ — 6,c) and Ga > 0 for all 
x & (c,c+ 4). 
Subcase (i). If f"(c) > 0, then f"-*(€) <0 and f"~!(n) > 0, by (i). 

Using (iii) and (iv) we have f(x) > f(c) for all x € (c—4, c) and also 
for all x € (c,c + 4). : 


Therefore f has a minimum at c. 


Subcase (it). If f™(c) < 0, then f"~1(€) > 0 and f"-1(m) <0, by (ii). 
Using (iii) and (iv) we have f(x) < f(c) for all x € (c— 4, c) and also 
for all x € (c,c +4). 
Therefore f has a maximum at c. 


This completes the proof, 


Worked Examples. 
1. f(x) = 2° — 5x4 + 5x3 + 10. 
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Show that f has a maximum at 1 and a minimum at 3 and f has 
neither a maximum nor a minimum at 0. 


For an extremum f’(x) =0. f’(r) = 0 at z = 1,3,0. 


f(x) = 20x23 — 60x? + 30x. Therefore f”(1) < 0, f”(3) > 0, f”(0) = 0. 


' Since f’(1) = 0 and f”(1) < 0,f has a local maximum at 1. 
Since f’(3) = 0 and f”(3) > 0, f has a local minimum at 3. 


Since f’(0) and f’ (0) = 0, in order to decide the nature of f at 0, we 
are to examine derivatives of higher order at 0. 
f(x) = 60x? — 120x + 30. f’’"(0) = 30 4 0. 


Therefore f has neither a maximum nor a minimum at 0. 


2. If f’(x) = (x - a)?" (x2 — b)?+! where m,n are positive integers, show 
that f has neither a maximum nor a minimum at a and f has a minimum 
at b. 


a is a multiple root of order 2n of the polynomial f’(2). 

Therefore a is a multiple root of order 2n--1 of the polynomial f’"(z), 
a multiple root of order 2n—2 of the polynomial f’’{x),---, a simple root 
of the polynomial f?"(x). And a is not a root of f?"+!(z). 

Therefore f‘(a) = f"(a) =--- = f?"(a) = 0 and f?**!(a) £0. 

Since 2n + 1 is odd, f has neither a maximum nor a minimum at a. 

Let h be an arbitrarily small positive number. 

f'(b—h) = (0-—h—a)?*(—-A)?™1*! << O. 

f'(b+h) = (6+h—a)?"(h)?™*1 > 0. 

f is continuous at 6. f’(x) < 0 for x € (b — 6,b) and f’(x) > 0 for 
x € (b,b+6) for some 6 > 0. Hence f has a local minimum at b. 


3. Find the local extremum points of the function f(x) =_2aF- 

f' (2x) _ 2(1—2)82+3x?(1—x)? _ a(1—a)? (2+2) = xz{x+2)- 

3 (1=2)® a7 (1—x)® (1—a)4° 

f'(z) =0 at x = —2,0. 

Let h be an arbitrarily small positive number. 

f'(-2-—h)>0, f’(-2) =0, f’(-2 +h) < 0. 

f'(0—h) <0, f’(0) ='0, f/(0+h) > 0. 

f is continuous at —2. f’(x) > 0 for x € (-2 — 6,—2) and f’(z) < 0 
for x & (~2,-—2+6) for some 6 > 0. 

f is continuous at 0. f’(x) < 0 for x € (—6,0) and f’(x) > 0 for 
x € (0,6) for some 6 > 0. 


Hence f has a local maximum at —2 and a local minimum at 0. 


i 
‘ 
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4, Find the global maximum and the global minimum of the function tf 
on R, where f(z) = 2 pets, ceR. 
4(a?—4 
i@)=gimyr . 
f(z) =O at x= +2. f(x) <0 for |x| < 2 and f(z) > 0 for |x| > 2. 
f is continuous at 2. f’(2+h) > 0 and f’(2—h) <0 for sufficiently 
small h > 0. Therefore f has a local minimum at 2 and f(2) = Z- 


Ff is continuous at --2. f/(-2+h) < 0 and f’(—2—h) > 0 for 
suffiociently small h > 0. Therefore f has a local maximum at —2 and 


F(—2) = 3. 


As f'(z) > 0 for x > 2 and f is continuous at 2, f is an increasing 
function on [2,00) and lim f(x) = 1. 
Gad OO 


Therefore su z)=land inf = f(2) =1, 
Pere ene A i) 2) Ss 


As f(x) > 0 for « < —2 and f is continuous at —2, f is an increasing 
function on (—oo,—2] and lim f(z) =1. 
ta oS 


Therefore sup f(x) = f(—2)=3 and inf ae 
zrE(~00,—2] wE(—co,—2] 


su =3and_ inf =i, 
uae and weltaa! @) =3 


Therefore a f(x) = f(-—2) = 3 and inf f(z) = f(2) =3. 


Exercises 18 


1. Examine if f has a local maximum or a local minimum at-0. 


(i) f(z) = Ww+3,2>0- (ii) f(z) = 224+3,2>0 
= —-3r+1,2<0 = —-de+1a2<0 

(ii) f(z) = w+3,2<0 (iv) f(z) = 2+3,2<0 
= -—3r+I1,¢7>0 = -—-3@+1a>0 

(vy) f(z) = 2%+3,2>0 (vi) f(z) = @+3,2<0 
= —32+3,2 <0 = —-32+3,2>0 

(vii) f(z) = «—[z], (vi) f(z) = fal +le- 4p. 


2. Find the points of local maximum and local minimum of the function if 


(i) f(e) = 1225 — 452444029 +1,2eR (ii) f(z) = zycdetd zéER 


we 3r+4? 


(iii) f(@) = 825 — 1023 +52? +1,2E€R (iv) f(z) = 2t#t1 w cR 


ut—a+1? 


DIFFERENTIATION 365 


é 


(v) f(x) = 42 + 2-S5log(1+27),2¢EeR (vi {(@) = qa ze R 


(vii) f(z) = (x — 1)4(2 — 2)?,”2€R (viii) f(x) = (x — 1)8(a — 2)4,2€ R 


(ix) f(z) = sin7! 22/1 — 2?,2 € (-1,1) (x) f(x) = sin7!(3z — 423), ¢ © (-1,1). 
Find the global maximum and the global minimum of the function f in 
(ii), (iv) and (vi) on R . 
3. Find the maximum and the inininuien values of 
(i) sin x(1 + cos x) in [0, 27} (ii) cosa + cos 2x in [—3, 3] 
(iii) sin x + 3 sin 2x + 3 sin 3a in [0,7] 
(iv) cosz + 4.cos2x + 4 cos 2zx in {0, 7]. 
4. Find the extreme values of the function f in its domain. 
(Gi) f@) = 2*, (ii) f(z) = 23, 
(iii) f(w) = 282, (iv) f(w) = 27 - 2. 


5. If ax® + 2hay + by? = 1, show that the maximum and the minimum values 
of x? + y? are given by the roots of the quadratic equation (¢ — a)(t — 6) = A? 


[ Hint. Let x =rcos 6,y=rsin 6] 


6. (i) Divide the number 10 into two parts such that the sum of their cubes 


is the least possible. 


(ii) Decompose the number 36 into two factors such that the sum of their 
squares is the least possible. 


7. (i) The perimeter of an isosceles triangle is 29. What must its sides be so 
that the volume of the solid generated by revolving the triangle about the base 
is the greatest possible? 


(ii) The perimeter of an isosceles triangle is 2s. What must its sides be 
so that the volume of the solid generated by revolving the triangle about the 
altitude upon the base is the greatest possible? 


8. (i) Determine the altitude of a right circular cylinder of greatest possible 
volume that can be inscribed in a sphere of radius r. 


(ii) Determine the altitude of a right circular cone of greatest possible 
volume that can be inscribed in a sphere of radius r. 


9. (i) Show that the semi-vertical angle of a right circular cone of maximum 
possible volume and of the given curved surface is sin™* (J). 


(ii) Show that the semi-vertical angle of a right circular cone of minimum 
possible curved surface and of the given volume is sin? (33): 


10. (i) Show that the semi-vertical angle of a right circular cone of maximum 


AEN nr me 
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possible vélume and of the given surface is sin7! (4). ‘ 


(ii) Show that the semi-vertical angle of a right circular cone of minimum 
possible surface and of the given volume is sin™*(4). 


11. (i) One corner of a rectangular sheet of paper is folded over so as to reach 
the opposite edge (lengthwise) of the sheet. If the area of the folded part be 
minimum , show that the crease divides the width in the ratio 2: 3. 


(ii) One corner of a long rectangular sheet of paper of width 8 is folded 
over so as to reach the opposite edge (lengthwise) of the sheet. Show that the 


minimum length of the crease is 2¥3*, 


12. A line is drawn through a fixed point (a,b)[a > 0,5 > 0] to meet the 
positive direction of the co-ordinate axes at P and @ respectively. Show that 
(i) the minimum value of PQ is (a8 + b3)3; 


(ii) the minimum value of OP + OQ is (./a + Vb)”, O being the origin. 


13. pis the length of perpendicular from the centre of the ellipse Sy + i =] 
to the normal at a variable point on the ellipse. Show that the greatest value 
of pis a— b. 


14. <A tangent to the ellipse = + ue = 1 meets the major axis and the minor 
axis at P,Q respectively. Show that the least value of PQ is a+ 6. 


9.9. Indeterminate forms. 


In the chapter on limits it was shown that if lim f(x) = / and 
Fe ea Od : 


‘ _ f(@) _ 
jim g(z) =m #0 then in Fe) a 
If however, ™ = 0 then the limit could not be evaluated. The case 
when / = 0 and m = 0 was not covered in earlier chapters. In this case 
‘the limit of the quotient £ is said to take the indeterminate form 3 


‘We will see that in this case the limit may be finite or infinite, or even 
the limit may not exist. ji 


The other indeterminate forms are represented by the symbols 
oO 


£2, co — oo, 0.00, 0°, 1°, 17%, 00°. 


We now discuss several theorems concerning evaluation of indetermi- 
nate forms. 


‘Theorem 9.9.1. Case § 


Let c © R. Let f and g be two functions such that f(c) = g(c) = 
0,g(z) 4 0 in some deleted neighbourhood N’(c, 65); f and g are differen- 
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; f'(e) 
tiable at c and g’(c) #0. Then a a OF 


f(a) _ Tete 
Proof. Let 2€é (c,e+ 8). Then g(a) Sy Oro’ 
the “Bye” eee PREV 
Since f and g are differentiable at c, im, ( me 
—g(c 
fi(c) and lim g(x) ~— 9(¢) = Rg'(c) = g (e). 
Folk oe a aye fj! (c) 
x Fy t 
r i 2". = *—— since c Qhads: acs 
Therefore tim, res g(c) ince g'(c) F 
Let x & (c — 6,c). 
Loa tm £22) 
Since f and g are differentiable at ce, lim_ cet 


fi(c) and jim LD- HP poe) = 9'(e). 


—ce— —c . 
Therefore Jim er = oS since g’(c) #0... «.. 
From (i) and (ii) we have tm 43 = re. 


Corollary. Let f and g be functions on [a, 6] such that f(a) = g(a) = 


; i iable at a an 
0, 9(x) # 0 on (a,b); f and g are differentia 
f(z) __ f'@ 


Then jim, g(x) == g'(a) ., 
Examples. 
1. Let f(z) = 2? sin£,2 #0 


= 0, 2£=0; 
and g(x) =sinz,x ER. 


367 
L9 = Ree) = 
Cc 
() 
f(c) LF") = 
(ii) 


d g'(a) #0. 


Then f(0) = g(0) = 0. g(x) # 0 in some deleted neighbourhood of 0. 


f’(0) and g’(0) both exist and 9'(0) =10. 


(=)—f(0) 
tree 2 ata Se 
ereiore ert g(x) Z-20 g(2)—9(0) @’(0) 
2. Let f(x) = sina, € R, g(x) = Va, x € (0, oo]. 


The theorem can not be applied here, since g'(0) does not exist. 


We now come to the limit theorem known as L’Ho 
differentiability of the functions f and g at the pore 
The theorem asserts that the limiting behaviour of : 


of £ under certain conditions. 


spital’s Rule where 
c are not assumed. 
at cis same as that 
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Theorem 9.9.2, L’Hospital’s rule. Case § 


Let c € R. Let the functions f and g be continuous on some neigh- 
bourhood N(c, 6) and f, g are differentiable on the deleted neighbourhood 
IN’ (ce, 6). 

Let f(e) = g{c) = 0 and g(x) #0, 9'(x) £0 on N'(c,6). Then 


(a) if lim es = 1U(1 € R) then lim 22 a1 
(b) if lim ce) = 00 (or, —oo) then jim ry = ee (or, —oo). 


Proof. (a) Let us choose « > 0. Then there exists a positive 6; < 6 such 
that |£{2 — I] < for all z € N’(c, 61)... «.. (i) 


Let x € (c,e +61). Applying Cauchy’s Mean value theorem to f and 


g on [c,z}] we have fej) fg) for some € in (c, 2). 


That is, 42} = £4). 
Therefore for all z € (c,c + 61), | LR es —~Ij=| fi) li. 
Since € & (c, x), | ae —I}< € from (i). 
Therefore for all « € (c,c + 41), Say meat —Il<e. 
on an (ii) 


This proves that lim 
Ze 9 


Let z € (ec — 6),c). Applying Cauchy’s Mean value theorem to f and 


g on [x,c] we have fey ta) = te} for some € € (z,c). 


: x Le 
That is, itz} = EAg, 
Therefore for all x € (c — 6;,c), | fa —l {=| Lis) ~ ti. 
Since € € (z,c), | peed ~l|< «, from (i). 


Therefore for all x € (c — 6),c),| As) -~I|<e. 
f(z) (iti) 


any 


This proves that lim 
waco Qe 


From (ii) and (iii) it follows that lim FS at. 


(b) Let us choose G > 0. Then there exists a positive 6, < 6 such 
that 

ft 

C2 > G for all 2 € N'(c, 41). 


{ 
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Let x € (c,c-+ 61). Applying Cauchy’s Mean value theorem to f and 
g on [c,z], we have 
eal = ie for some € & (c, 2). 
Therefore for all x € (c,c +61), 8 > G, since € € (c, 2). 
F(z) _ 
e+ g(x) 
Let x € (c — 6;,c). Applying Cauchy’s Mean value theorem to f and 
g on [x,c], we have 
f(z} = £9 for some € € (z,c). 
Hae for all w € (c— d1,¢), fe) > G. since € & (a,c). 
f(x) 


—— = 00 


g(x) 


it follows that lim aces 
ac g(x) 
i 
Similar SLuer for the case when lim fi(z) = —OO 
: s—e g!(x) 
Corollary. If f and g be continuous on [a,b] and differentiable on (a, }) 
and f(a) = 9{a) = 0; 9(x) #0 and g/(x) #0 on (a,b) then 


This proves that jim 


won wee 


This proves that lim 
é [laa Ohond 


From (i) and (ii) 


f(x) f(z) 
cay te it) = (Le R) then lim = 

f'(z) _ F(x) _ a 
(b) if jim, a ee == 60 (or —oo) then jim, ta oo (or —00), 


We now extend the results to the case of limits at infinity. We consider 
the case when 2 —+ co. The case when z — —oo is similar. 


Theorem 9.9.3. Let f and g be continuous and differentiable on 
[c,oo) for some positive c. Let Jim) f(z) = Q, lim | g(z) = O and, 
g(x) # 0,9 (x) #0 on (c,co). Then ‘if. < 
/ 
lim f P(e) ) exists in R* then jim, a = 
a—oo g(x) : x) 
Proof. Let us define functions F' and G on [0, 2] by 


F(it)=f(4),0<t<4 G(t)=9(4),0<t<4 
= 0,t = 0; =O,t=0. 


: 8 : N= li 
We have im, F(t) iim, f(z) and jim, Git) Jim) g(z) 


fiz) 7 


a—oo g!(x)” 
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F’and G are continuous on [0, 4], differentiable on (0, 4 
0, G(0) = 0. 


F'(t) = —(%) f'(4), Gt) = —(2)9’(4) for “ <t<i 


Therefore G(t) #0,G’(t) AOond<t<1 
By the corollary of the theorem 9.9.2, 


ih ke) “i PCY 28 PG) 
TR ea) exists in R* then im, . GB = lim aia) 


But Si} = OB ford<t< and SQ = 40 poro<et<t. 


F'(t) ce EOE) 2 cs FO) 
Therefore Jim, . G2) = Jim, a) = SE 


FO ip LB) om £2 


0% GE) e104 g(2) — 2te0 g(z) 
Therefore if jim f(z) exists in R*, then jim, f(z) eae lim i. 
g(x) co g(x) =~+00 g!(x) 
Theorem 9.9.4. Another form of the rule. Case % 


Let c € R. Let the functions f and g be differentiable on some 
deleted neighbourhood N’(c,6) and lim f(z) = jim 1 g(x) = 0,9'(x) #0 


on N'(c,6). Then 


(a) if lim oe = =1(l€ R) then lim , FS a 
(b) if lim ret = co (or —oo) then jim Ao) = oo (or ~oo). 


Proof. (a) Let us choose ¢ > 0. Then there exists a positive 6; <4 such 
that 


| L121 |< for all z € N’(c, Ot) ie tee (i) 

Let us define functions F and G by 

F(x) = f(z) forz € N’(c,61) G(x) = g(x) for x € N'(c,6;) 
= 0 forr=c; = 0 forz=c. 

F and G are differentiable on N’(c,6,). 

Since iim F(z) = jim f(z) = 0 = F(c), F is continuous at ec. 

Similarly G is continuous at c. 


Let x € (c,c+ 61). Applying Cauchy’ s Mean waineeieareey to F and 


G on [e,z], we have BS = = aes for some € in (c, 2). 


F(a) 


That is, aa = ae for some € in (c, 2). 


2) and F (0) = 
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a = 53 for z € (e+ 61). es 
Therefore for all z iS ea 61), | ae) —tj=| oR —l|. 


Since € € (e,x),| 2 


Hence £422 


—1 |< from ne 


g 7 
Therefore for all x € (c,¢+ 41), ee 23 ate ~li|<e. 
This proves that jim = ae (ii) 


Let « € (c—461,c). Applying Cauchy’s Mean value theorem to F and 
G on [z,c] we can prove in a-similar manner 


in ei. 8 it) 
oe (a) 
From (ii) and (iii) it follows that jim a(@) =f, 


(b) Let us choose B > 0. Then there exists a positive 6, < 6 such 
that 

| £§2 ae |> B for all « € N'(c, 61) ... «.. (i) 

Let us define functions F and G as in (a). 

Let x € (c,c+6,). Applying Cauchy’s Mean value theorem to F' and 
G on [c,z], we have £ a= ath for some € in (c, 2). 

Therefore fz) -_ at for z € (c,c +64). 


Since € E (c,z), £® > B from (i). 


9{8) 
Therefore fe) > B for all x € (e,c+ 44). 
This proves that jim , = BOO se. ae (ii) 


Let x € (c—61,c). Applying Cauchy’s Mean value theorem to # and 
G on [z,c] we can prove in a similar manner 


Pe) 
g(x) 
Corollary. If f and g be continuous on [a, 6] and differentiable on (a, 6) 
and lim f(z) =0, jim L 9(x) = 0; g(x) # 0, 9/(x) # 0 on (a,b) then 
ee. . 
f(z) 


(a) if lim Le) =1lER) then Jim, os = h 


Similar proof for the case when dies 
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(x) 


(b) if jim EAE) = oo (or —oo) then jim, Te) co (or —oo). 


a+ g/(x) + g(x) 


Note. Under the conditions, stated in the theorem, satisfied by f and: 


¢ 
g, if lim a () exists then lim f(z) exists and equals lim a z) 
we g(x) ze g(x) g(x)” 
However, lim Fe) FD may exist even if lim Pilz ie does not exist. 
t— 
For example, let f(x) = x? sin(4),z #0 
=O0,2=0 
and g(x) = 2,2 ER. 
Then lim F(a) _ = 0 but jim fil) does not exist. 
=—+0 g(x) 0 g'(x) 


9.9.5. Generalised L’Hospital’s rule. Case % 


Let ¢c € R. Let f and g be such that f"(x),g"(x) exist on some 
deleted neighbourhood N’(c, 6), g"(x) # 0 on N’(c, 6) and 


lim f() = lim (2) = +++ = lim f"""(2) =0, 
lim g(x) = lim g(x) = --- = lim g"“"(x) = 0. 


FO) jim 2°) 


a 
Then if lim si (2) exists in R*, then lim 
cm 


e g(x) we g(x) ze g" (x) 
Examples. 
1. Let f(x) =sinz,z ER, g(x) = V2, xz € [0, 00). 
Then lim, SAE) lim fe) [by L’Hospital’s rule, 2] 


g(x) -=0+ g’(x) 
= lim 2/zcosz 
wo 0+ 
= 0. 
2. Evaluate the limit 
Gn geo 
lim 2” 2 log(1 + x) 
z—0 xsinx 


Here the limit takes the indeterminate form g. We have to apply 


L’Hospital’s rule successively. The evaluation of the limit can be exhib- 
ited as follows- 
lim e= —e-* = Alogi +2) 
xO cSin xv 
em +e77 — 2 
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Zz 
= lim € ius Cpa 
ae —xzsinx + 2cos x 
oS 
Porni. = - 


Theorem 9.9.6. Let c € R. Let f and g be differentiable in some 
deleted neighbourhood N'(c,6) of c. Let lim f(z) = ow, lim g(x) = co 


and g(x) # 0,g’(x) 4 0: on N’(e, 5). Then 
(a) if lim f@) _ 1 eR) then lim JAE) 


¢ g'(z) 9(z) 
(b) if lim = oo (or —oo) then ie a = 00 (or —oo). 


Proof. (a) Let us choose € such that 0 < « < $. Then there exists a 
positive 6, < 6 such that | £12) —1 |< ¢ for all x € N’(c, 61). 
Let us choose c, € (c,c+6,). Thene <¢, <e+6) 
Since jim, f(x) = 00, we can choose ce in (c,c1) such that 
f(x) # Fler) for all x € (c,¢2). 
Since g/(x) # 0 on N’(c, 5), g(x) # g(e1) for a x E (¢,c2). 
pare e 


Let us define a function ¢ on [e, cz] by ¢(z) = —i 
s 
Since jim, f(z) = coand lim, g(x) = 00, jim, pr =. 
Therefore there exists a cg in (c,c2) such that 

l—e< d(x) <1+e for all x € (c,c3) 

or, 4 < f(x) < $ for all-x € (c,¢g). 


xj}— k 1 B 
Now oe = fej fe) 1 for all x € (c, cg). 


- Applying Cauchy’s Mean value theorem to f and g on {e, ei], 


aed = = oe for some & in (e,¢1). 


Therefore ao = Fe Sia) for all x € (c,¢2). 


Now | 42 — (EB ates —# 


= j re ld(x) | -Teeay 
< {| FQ -1[ 4+] de) -11 dehy: 
Therefore for all x € (c, cs), | Az} —1 |< 2e(4 + {2)). 


f(x) _ 
m 
. —e+ g(x) 
Let us choose cq in (¢ — 61,c). Then ¢— 61 < cg <c. 


Since ¢ is arbitrary, lit 
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Since Jim f(z) pe 
f(e4) for all x € (¢5,¢). 
Since g/(x) #0 on one 6), g(x) 4% g(ea) for all x € (es, c). 

_ Seq) 
Defining ¢(z) = ie 


_ £h 


4 
oo, we can choose cg in (c4,c) such that f(x) 4 


for x € (e3,c) and proceeding similarly as 


above we can prove Jim ig 1 — rare (ii) 
From (i) and (ii) lim oA = l. 


(b) Let us choose G > 0. Then there exists a positive 6, < 6 such 
that fig > G for all x € N’(c,6;). 
Let us choose c1 € (¢,e +61). Thene< cy <e+d1. 
Since jim, f(x) = 00, we can choose cz in (e,c,) such that f(r) 4 
—c 


f(c1) for all x € ¢,c2). 
Since g’(z) # 0 on N’(c, 4), g(x) # g(e1) for all x € (ce, ¢2). 


_ fey) 
Let us define ¢ on [e, cg] by ¢(z) = ie. 
gtr) 
Since lim f(z) = ooand lim g(x) = 00, we have lim (x) = 1. 
ZO zB O+ woe+ 


Let us choose « = 3. Then there exists a cg in (¢,cg) such that 
| d(x) ~ 1 |< 4 for all x € (c,e3). Therefore 4 < A(z) < 3. 


f(z) _ f(x)- 1 
Now tH = nS = 7 ‘Bay for all x & (c, cg). 


Applying Cauchy’s Mean value theorem to f and g on |e, cy], 


fee fen = oS 7 for some € in (c,¢,). 


Therefore fis} ae LQ for all x € (e,¢2). 


Consequently, f = > 2G for all x & (ce, c3). 
This proves that jim Jz) = 00 we ass (i): 
—e+ g(x) 
In a similar manner we can prove that im a OO es sis (ii) 
hae | 
From (i) and (ii) lim — F(z) = OO | 
g(x) 
“The case when ne oS = ~—oo can be similarly dealt with. 
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Corollary. Let f and g be continuous on [a,} and differentiable on 
(a,b). Let jim, f(z) = co, jim, g(x) = co and ae) # 0,9'(x) * 0 on 


(a,b). Then 


_ (a) if im, oe 2) lle R) then jim 5} =: 
() if fim, er = oo (or —oo) then lim, en = 00 (or —0o). 


Other indeterminate forms. 


Indeterminate forms such as co — 00, 0.00, 1%, 0°, oo? can be re- 
duced to either of the forms e, & by algebraic manipulations and use of 
logarithmic and exponential functions. , 


Worked Examples. 


1. Evaluate im ae _ ana): 


Let f(x) = 4,2 € (0, 1), 9(2) = atg, x € (0, Lite 
lim. | f(x) — g(x)] takes the indeterminate form oo — co. 
PS 


sinz —- =x 
~ gna) aii asin (= 9) 


cosz — 1 


= lim — (= 8) 
z—0+ Sinz + x2cos2 


—sinaz 
= lim —————_ = 0. va 
a—-0+ 2cosx — xsing 


We have tim Ke 


2. Evaluate lim = log z. 
Let f(x) = 2,x € (0,00), g(a) = log x, x € (0, 00). 
Then lim z=0, lim logz = oo 
x—0+ x O+ 


lim, x log x takes the indeterminate form 0.00. 
—_ 


= logt x 
_ We have lim, vlog x = jim, I (= 2) 
L 
= lim = = lim (-z) = 0. 
tm Oe — gr 2—O-+ 


3. Evaluate lim (sing)? ; 
xs—- 


£0, (2) = 4,00. 


Let f(x) = #2 


Analysis-25 
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Then lim f(z) = 1, Jim, g(x) = 


lim f(x)9) takes the indeterminate form 1°. 
z—+O0+ 


lim log (FE sinz\= -— lim 
x xcosa—sing 
sing * x 
xO 1 . 
zZcosxr ~ Sin & 


o 
— lim ———— ef 
ase xcosx + sing (=o 


—ZCOST — sin © 


es —xsinaz + 2cosz 
Therefore lim (sine) =e = 1, 
a@—0+ 


Also we have im f(x) =1 and im g(x) = —oo. 


lim f(x)9 ales the een ke form 17™, 


z+ O— 


: Proceeding similarly, we have im (#82) ee 


Consequently, lim (sing je =1. 
xs— 


. Evaluate lim x. 


w—-0+ 


Let f(z) = 2,2 > 0; gf) = 2,2 > 0. Then lim, f(z) 


0, im, g(x) =0. 


lim [f(x)]9™ takes the sad cherintants form 0°. 


z—+0+ 1 
log x = : 
= lim = #2)= lim = lim -r%= 
lim log 2* = lim, T oak? Boag — aad 


Therefore im, creo 


. Evaluate jim (s291 yset1, 


3a+1)1 
Let f(x) = (seen) w € (0,00). Then f(z) = eOFT) 8 sot 
log wend a 
jim n (3x +1) log = Si = Jim “EE (= 8) 
Sa2+-k 3 
= lim ——_ “GetO" = lim — 32+! = -3. 
Z—-+00  ~ e+1) xr OO 
Since the exponential function is continuous, 
lim e(87+1) log sefr = e~3, ie, jim a (itr er Ses, 


Lm+ OO} 
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6. Evaluate jim n (1 = get}, 
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Let f(z) = (1— £)*+1,2>1. Then log f(x) = (x + 1) log(1 — 4). 


lim log f(x) = lim “&Gra) (= 8) 
=-—00 oO 


eel 


2z(x +1)? x? +2¢+1_ 
= in ———_———- = lim —— 
zoo —(22 —1).272 — woo —(2x7 — x) 
Hence lim f(z) =e ae: 
rt OO 


Let us consider the sequence {n} that diverges to oo. 


By sequential criterion for limits, lim f(n) = e7?. 
Teme OO 


: 7 L ynt+l — p-} 
That is, lim (1 — 35)” =e? 


7. Evaluate lim (1+ 3y2n, 


Let f(x) = (1+ 3)?", x € (0,00). 
jim, f(x) takes the indeterminate form 0°. 


jim, log f(z) = Jim ye 
Qa 


oo 
1... =3 
14-20 a 
= lim 25 = lim z= 6. 
THO — we rm—oo ] += 


‘ =z 
Hence lim f(x) = e®, ie., lim (1+ a) as 
Zs OO 2-00 


Let us consider the sequence {n} that diverges to oo. 


By sequential criterion for limits, lim f(n) = e®. 
nr OO 
That is, lim (1+ 2)?" = e®. 
rt OO 


Exercises 19 


Prove that 
(iii) aun —0 uae 7 y, (iv) ae uae =/3° 
() tim See hi lin “SS =p 


tle 
; 
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2. Evaluate the limits : 


log sin log tan 2x 
i) lim —_— peta ~ liedrialaNateed sez) 7s i 4 
(i) ree OD jim isgtane (iii) lim (Gare ~ Zz), 


(iv) im + 2)", (v) lim z+ loge 


B00 zloga : (vi) jim. (@ - Va? — 4), 
(vii) Jim [z — V(x —1)(x — 2)(x ~ 39], (viii) jim [z ~ @ log(1 + +)j. 


3. Prove that 
tana 


(i) lim (cos > aie = e?, (ii) jim ( )= =1, 
(ili) lim (#22 ar =e3, (iv) lim 22) ss es, 
(v) lim (cos 2) #¥ ment, (vi) lim (S2BZ Sa =e, 
(vii) Jim (1 +2)* =e, (viii) lim, (sin zien = end 
L 
l+a)* —e Ba ge 
(ix) lim +2)" =e =—£, (x) lim (7°$8") = = ¥6, 


P Qu4+3\3e+2 _ 23 Per _ 
(xi) jim (334%) 742 = e°, (xii) lim ($243 )°+? = e7?, 
(xiii) lim (x + e7)? = e?, (xiv) lim (1282)? = 1. 

ee OO = 00 2 


4. Prove that 
(i) lim Jogi tn") ed 0, 


Th mm OD) 


(iii) jim avn + l+aevn+2+a3V¥n+3 = 0 where ai,a2,a3 € R and 


a1 +a2+a3 = 0. 


1 


(ii) jim a [n+ n? log sy] = 2. 


5. (i) Find the value of a such that lim 292% — sin 2x is finite. Find the 
oi z—+0 tan$ x 
limit. 
x —x . 
(ii) Find a and b such that lim cc wc ie Lg = 2 
z—+0 sinz + xcosx 


x(1 + acos2z) + bsin 2x 


(iii) Find a and 6 such that lim = 1, 
z—0 x3 
(iv) Determine a,b,c such that lim ala + bcosx) + csinz nk 
z—0 2S 60° 


6. If a1,a2,++-,@, be all positive real numbers, prove, that 


(i) Jim {@ — V/(@ — a1)(@ — ag)-+- (@ = an)} = en 


7 
tat 4 
(ii) lim pe as a2 aE Seth an ye 


=a wae Rn 
esos nh 1az an 


10. FUNCTIONS OF BOUNDED 
VARIATION 


10.1. Introduction. 


Let [a,b] be a closed and bounded interval. A partition P of [a,b] is 
a finite ordered set (%,2%1,..-,2%n) of points of [a, b] such that a = xo < 
By<2Qg<+++ < an = bz 

The family of all partitions of [a,b] is denoted by Pla,b] and the 
partition P = (xo,a%,...,2n) is a member of P[a, db]. 


Q = (0,2,3,2,1) is 


For example, P = (0, §,1) is a partition of (0,1), resd0.8) 


another partition of (0, 1]. 
,Zn) of [a,b] divides the interval [a, }] 
[@n—1) b] ‘ 


The partition P = (xo0,%1,... 
into non-overlapping subintervals [a, 71], [v1,22],..., 
Definition. Let [a,b] be a closed and bounded interval and f : [a,b] ~ R 
be a function. Let P = (xo,%1,...,2n) where a = xp < 41 <u <-:+- < 
Ln = b, be a partition of [a, 6]. Let us consider the sum 
V(P, f) = |f("1) — f (x0) + [Ff (2) — f(e1)| + +++ +f (@n) — f(en—1)- 

For different partitions P € Pla, b], V(P, f) gives a set of non-negative 
real numbers. If the set {V(P, f) : P € Pla, b]} be bounded above, then 
f is said to be a function of bounded variation (or a BV-function) on 
[a, b]. 

The supremum of the set {V(P,f) : P € P[a,b]} is said to be the 
total variation of f on [a,b] and is denoted by Vyl[a, 6] (or by Vy, if there 
is no confusion regarding the interval). 
ote. Since each sum V(P, f) > 0, it follows that Vy|a,b) = O if and 
only if f is a constant function on [a, d]. 


Examples. 
1. Let k € Rand f(x) =k, x € [a, bd). 


Let P = (%0,2%1,...,2n) where@a= 2p < 41 < ag<-+- 


a partition of [a,b]. Then 
V(P, f) = |f (a1) — f(@0)| + If (e2) — F(ei)| +--+ + 1F (tn) — Fle@n-1)| = 


< Uy, = b, be 
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For each partition P of [a,b], V(P,f) = 0. Therefore the set 
{V(P,f) : P € Pla,b]} is bounded above and the supremum of the 
set. is 0, a finite real number. +7 


Consequently, f is a function of bounded variation on [a,b] and the 
total variation V;[a, b] is 0. 


2. Let f(x) = 2,2 € [a, 0). —: by dered set 


Let P = (x0,21,.--,%n) where a= 2% <2) < @g< +++ < In = b, be 
a partition of [a,b]. Then < 
V(P, f) = jar — xo] + [v2 — wif +--+ + [tn — Fn-1] 
= (a1 — Zo) + (2 — 21) +++ + (Bn — Ln-1) 
=b-a . 
For each partition P of [a,b], V(P,f) = 6-— a. Therefore the set 


{V(P, f) : P € P[a, b]} is bounded above and the supremum of the set is 
b ~ a, a finite real number. 


_ Therefore f is a function of bounded variation on {a, b] and the total 
variation V;{a, b] is b ~—a. 


3. Let f(z) =sin x,x € f{a, bj. 
Let P= (%0,21,---,2n) where @ = 2% < 41 < we <-+:: < Zn = 5, be 
a partition of [a, b]. Then 
V(P,f) =|sin 21 —sin xo|+|sin v2—sin 21/+--+-+]|sin zn —sin Bn] 
By Mean value theorem, |f (vr) — f(@r—1)| = |r — r-1|| cos €,| for 
some €, satisfying t,~,1 < €- < z-. This holds for r = 1,2,...,n. 
Therefore |f(x-) — f(zr—1)| < |e, — &r-i], since |cos €-| < 1. 
V(P, f) < |e. — 0] + |z2 — 1] +--+ + [tn — Brel 
ie, < (a1 — £0) + (vo — 41) +--+ + (@n — Bn-1) 
i.e.j < (b—a). 
This holds for every partition P of [a,b]. Therefore the set {V(P, f): 
P € Pla, b]} is bounded above and V(P, f) < b— a. 
Therefore f is a function of bounded variation on [a,.}}. 


4. Let f : [0,1] — R be defined by f(x) = 1, if x be rational 
= 0, if x be irrational. 
Let P = (x0,21,-..,22n) be a partition of [a,b] such that xo,22,..., 
Zon are all rational and 21,23,...,Zan-—1 are all irrational. Then 
V(P, f) = [Ff (e1) — f (wo) +1 F (ee) — f(a) + +1F Gp) ~ FGn—1)| = 20. 


Clearly, the set {V(P,f) : P € P[0,1]} is not bounded above and 
therefore f is not a function of bounded variation on [0, 1). 


q 


| 
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Theorem 10.1.1. Let [a,b] ¢ R and f : [a,b] — R be a function of 


bounded variation on [a,b]. Then f "is bounded « on [a, 5. 

Proof. Let P be a partition of [a,b]. Since f is a function of bounded 

variation on [a,b], sup{V(P, f):P «€ Pla, b]} is finite. ae 
Let sup{V(P,f) : P € Pla, ]} = M, where M is a non-negative real 

number. 


Let « € (a,b). tek us consider the partition Po = (a, x, b) of (a, b}. 
Then V(Po,f) = If(2) — fl@l + \f(b) — f(x)| < M. This gives 
(f(x) — f(a)| < M and therefore |f(x)| < |f(a)| + M. 


If however, x = a, then |f(x)| = lf(a)| < |f(@l+M and also ifz = b, 
then V(Po, f) = |f(x) — f(a)| + 1F() — FO) = |f(z) — f(a)| and this 
impli < +M. 
eS Lae b], |f(z)| < If (a+ M and this proves that f is 
bounded on [a, 8]. : 


Note 1. The converse of the theorem is not true. A function f bounded 
on [a,b] may not be a function of bounded variation on [a,b]. For exam- 
ple, let f : [0,1] — R be defined by f(a) = xcos 7,2 #0 


=0,c4=0, 
Then f is bounded on [0, 1}, since |f(z)| <1 for allze (0, 1}. 
Let P = (0, hy gb gl) bea partition of [0, 1). 
Then f(+) = 2 cos 2% = 2.(-1)’, for r=1,2,..-.97 
and f(s4) = soi cos G25U" = 0, for r = 1,2,...,7. 


1 
Then V(P, f) = LPG FO + UF Gaen) — Fae 4 FFG) FO) 
=htdhtghotmeatotata sitet ta 
Since 1+4+---+% tends to coasn tends to oo, the set {V(P, f) : 


P € P[0,1}} is not bounded above and therefore f is not a function of 
bounded variation on [0, 1}. 


Note 2. It follows from the theorem that a function f, not bounded on 
(a, b], cannot be a function of bounded variation on fa, bl. 


"Theorem 10.1.2. Let f : [a,b] > R be monotone on [a,}]. Then f isa 
function of bounded variation on {a, bl 
Proof. Case 1. Let f be monotone increasing on [a, 6]. 
Let P = (Xo, 21:--- ,n) be a partition of [a,b]. Then 
V(P, f) = If (1) — f(@q)| + |F@2) - f(ai)[ Ao + lf (en) — Fl@n-a) 
= FO) ~ F@) | 


We. 
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2 
+ 


This holds for every partition P of [a,b]. Therefore the supremum of 
the set {V(P, f) : P € Pla, b]} is f(b) — f(a), a finite real number. 
This proves that f is a function of bounded variation on [a, d}. 


Case 2. Let f be monotone decreasing on [a, }}. 

In a similar manner it can be proved that V(P, f) = f(a) — f(b) for 
all partitions of [a,b] and f is a function of bounded variation on [a, d] in 
this case. 

This completes the proof. 


Note. If f be monotone increasing on [a,b], then V;/ja, b] = f(b) — f(a); 
if f be monotone.decreasing on [a, b], then V;[a, b] = f(a) — f(b). 


Definition. A function f : [a,b] — Ris said to satisfy Lipschitz condition 
on [a,b] if there exists a positive real number M such that’ |f(21) — 
i(v2)| < M|x, — x2! for any two points 2,,22 in [a,b]. In this case f is 
also said to be a Lipschitz function on [a, b}. 


Theorem 10.1.3. Let f : [a,b] — R be a Lipschitz function on fa, bj. 
Then f is a function of bounded variation on [a, b]. 


Proof. Let P = (%0,21,.-.-,%n) wherea =a < 41 < ag <-+:+< 2, =), 
be a partition of [a,b]. Since f is a Lipschitz function on [a,b], there is a 
positive real number M such that 

|f(ar) = S(erca) < M \xy ‘a Lr—1], for r= 1, 2, ree. , 


Therefore V(P, f) = |f(t1) — f(o)| + 1f(@2) — F(mi)l +--+ +1f @n) - 
f(an-1)| S$ Mile. — zo] + |v2 — 21) + +++ + [2a — Sn-1|] = M(b — a). 

For each partition P of [a,b], V(P,f}) < Af(b-— a). Therefore the 
supremum of the set {V(P, f) : P € P[a,b]} is a finite real number. 


Consequently, f is a function of bounded variation on {a, b] 


Note. The converse of the theorem is not true. A function f of bounded. 
variation on [a,b] may not be a Lipschitz function on [a,b]. For example, 
let f : [0,1] — R be defined by f(x) = /z,z & [0,1]. 

Then f being a monotone increasing function on [0,1], is a function 
of bounded variation on [0,1]. But f is not a Lipschitz function on [0, 1}, 


because if x; = 0, no positive real number M can be found to satisfy the 
condition “|f(xe) — f(a1)| < M|a2 — x,| for all x2 € (0,1]”. 


Theorem 10.1.4. Let f : [a,b] — R be continuous on [a,b], f’ exists 
and be bounded on (a,b). Then f is a function of bounded variation on 


(a, bd). 


Proof. There exists a positive real number & such that |f'{a)| < & for all 
x € (a,b). 
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Let P = (%0,%1,.--;2n) where a = % <%1 <%2< °°" < an == b, be 
a partition of [a,b]. Then 

V(P, f) = |F (21) — f (vo) + Lf (@2) — fea) +++ + LF Gn) - F@n-1)]- 

By Mean value theorem, we have f (tr) —f(@r-1) = (ar — 2-1) f' (Er) 
for some €, satisfying x--1 < € <r. 

Therefore |f(z,) — f(@r—1)| < kl@r - er—i|, for r = 1,2,...,7. 

This implies V(P, f) < k(b — a). 

Therefore the set {V(P, f) : P € Pla, b]} is bounded above and there- 
fore the supremum of the set is a finite real number. 


Consequently, f is a function of bounded variation on [a, d] 


Note. Boundedness of f’ on (a,b) is not necessary for the function f to 
be of bounded variation on [a,b]. For example, let f(z) = Va,« € [0, i]. 
Then / is a monotone increasing function on [0,1] and therefore it is a 
function of bounded variation on [0,1]. But f’ is not bounded on (0,1). 


Remark. A function f continuous on a closed and bounded interval 
[a,b] may not be a function of bounded variation on [a,b]. For example, 
let f(z) =xcos #, if x € (0,1) 
= 0, ifa = 0. 
Then f continuous on [0,1]. But f is not a function of bounded 
variation on {0,1}. [ Worked out in Note 1 of Theorem 10.1.1.] 


Worked Example. 
1. A function f : [0,1] > R is defined by f(x) = z* cos +, ifa #0 
=-O,if<=0 | 
Show that f is a function of bounded variation on (0, 1}. 


f is continuous on [0,1]. f’(«) = 2x cos 1 +sin 4,2 € (0,1). 


f’ is bounded on (0,1), since |f’(x)| < 3 for all x € (0, 1). 
Therefore f is a function of bounded variation on {O, 1]. 


Theorem 10.1.5. Let f : [a,b] ~ R and g: [a,b] > R be functions of 
bounded variation on [a, 6]. Then 

(i) f+g is a function of bounded variation on [a, b] and Vr4g S Ve +Vo3 

(ii) f — g is a function of bounded variation on {a,b} and Vy_-g S 
Vy + Vo; 

(iii) cf (e¢ € R) is a function of bounded variation on [a, 8]. 
Proof. (i) Let h(x) = f(x) + g(z), x € [a, bd]. 

Let P = (%0,%1,-.-,%n) where a = % <%1 <%2< °° < Ln = b, be 
a partition of fa, b). Then 
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V(P, f) = |f(@1) — f(eo)| + |f (2) — Far) +--+ + f(r) — Fen-r)]i 
V(P, 9) = |g(e1) — 9(@o)| + l9(@2) — g(ai)| + +++ + Lo(@n) — 9(@n-1) hi 
V(P,R) = |h(w1) — h(wo)| + |h(@2) — h(ai)| +--+ + [R(en) — h(@n-1)]. 
Now |h(a,) — h(tr—1)| = [f (ar) + g(@r) — f(@r-1) — g(@r-1)| 
S |f (tr) — f(@r—1)| + |g(@r) — g(ar-1)I- 
os V(P,h) < V(P,f)+V(P,9). 
ince f and g are functions of bounded variation on [a, 6], V(P, f) < 
V;|a, 8], VCP, 9) < Vala, 8] for all partitions P of {a, tl. pee kee 
Therfore V(P,h) < V;[a, 6] + V,[a, 6] for all partitions P of (a, b]. 
This shows that the set {V(P,h): P € Pla, b]} is b 
A): < ounded above and 
sup{V(P,h): P € Pla, b]} < V;[a, b] + V,[a, bj, a finite number. 
Hence A, (i.e.,f + i i iati 
Nae an f +) is a function of bounded variation on [a, b] and 


Note. Strict inequality in the above relation holds for some functions 


f and g. For example, let f(z) = 2, x &€ [1,2], g(z) = 1— 2, a2 € [1,2].° 


Then (f + g)(x) = 1, x € [1, 2]. 

Since f is a monotone increasing function on [1,2], Vy[1, 2] = f(2) - 
f(1) = 1. Since g isa monotone decreasing function on [1,2], V,(1, 2] = 
g(1)~g(2) = 1. Since f+g is a constant function on [1, 2], Vp+,[1, 2] = 0. 

Clearly; Vp+9{1, 2] < Vp[1, 2] + V,[1, 2]. 

(ii) Similar proof. 
(iii) Similar proof. 
Note. The class S' of all BV-functions on [ 
- a,b] form a real vect 
Sa Fee ges fi eee Pee Sees. cee 


Theorem 10.1.6. Let f : [a,b| — IR and g: 

0.1.6. : [a, g: [a,b] — R be functions of 
bounded variation on [a,b]. Then fg is a function of bounded variation 
on [a,b] and Vy, < AV, + BV;, where A = sup{|f(zx)| : « € [a,5]} 
B = sup{|g(z)|: © € [a, b}}. 
ak et = f(x).g(x), x € [a,b]. 

e == (9,21,-.-.,%n) where a = x < tee = 
a partition of [a, d]. Then: pea his a as 


V(P, f) = |f (21) — f(wo)| + 'f (a2) — (ar) +++ + Lf en) — Fen) 
V(P, 9) = |g(@1) — 9(a20)| + (ee) — g(a1)| +--+ lg(@n) - o(tn—a)h 
V(P,h) = |h(e1) — h(a0)| + [h(w2) — h(ai)| +++ + |A(en) — Alena) h- 
|h(ae) — A(r—1)| = |[f @r).9(@r) — f(tr—1)-9(tr—1)1 
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=f (er) [g(ar) — g(er—1)] + 9(er-1) If (2) — F(@r-a)] 

< |f(xr)|\9(ar) — 9(ar—1)| + lo(@r—r)ILf @r) — F(@r-a)I- 

Since f and g are functions of bounded variation on [a,bl, f and g 
are bounded on {a,b]. There exist positive real numbers A, B such that 
if(z)| < A, lg(x)| < B, for all x € [a, b. 

Then |h(a-) — h(wr—1)| S$ Alg(er) ~ g(@r—a)1 + Bi f (ar) — f(er-r)I- 

Since f and g are functions of bounded variation on [a,b], V(P, f)< 
V;(a, b], V(P,g) < Vola, 5) for all partitions P of [a, }}. 

Therefore V(P,h) < AV,(a,6] + BVs (a, b] for all partitions P of fa, b). 

This shows that the set {V(P,h) : P € Pla, b]} is bounded above and 
therefore sup{V(P, h) : P € P[a, b]} isa finite real number. 

Hence hi (i.e., f.g) is a function of bounded variation on [a,b] and 
Vig AVy + BVy. 

Theorem 10.1.7. Let f : [a,b] — R be a function of bounded variation 


on {a, 5). If there exists a positive real number k such that 0<k < f(x) 
for all z € [a,b], then 1/f is a function of bounded variation on [a, b] and 


Proof. Let h(x) = 1/f(z), 2 € [a, 8. . 
Let P = (xo, 21,---,2%n) where a = @% < 21 < 42 <°+*' < Un = b, be 
a partition of {a, 6]. Then 
V(P, f) = |f (#1) — f (wo) + If (z2) — Feit + \f(an) — f(tn—1)); 
V(P,h) = |h(x1) - h(ao)| + |h(e2) — h(ay)|+e0°+ |h(an) — h(tn—-1))- 


_ [f(ern1)— fer) 

Now |h(ar) — h(@r—1)1 = |ytey ~ Fem! eaT ral” 

Since 0 < k < f(x) for all x € [a,}}, \f(ar)f(ar—1)| > k? for all 
x € [a, d}. 

Therefore V(P,h) < &-V(P, Ff). 

Since f is a function of bounded variation on [a,b], V(P, f) = Vela, 5 
for all partitions P of [a, 2]. 

Therfore V(P,h) < zz-Vsla, 6] for all partitions P of [a, }]. 

This shows that the set {V(P,h): P € Pla, b]} is bounded above and 
therefore sup{V(P,h) : P € Pla, 6]} isa finite real number. 


Hence A (i.e.,1/f) is a function of bounded variation on [a,b] and 


Vv 
Visp S 


Theorem 10.1.8. Let f : [2,6] - R be a function of bounded variation 
on [a,'b]. Then | f| is a function of bounded variation on [a, }}; 
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Proof. Let h(x) = |f(x)|,z-€ [a,b]. 


Let P = (Z0,%1,-.-,%n) wherea = zp < 21 < 22 < ++: < an =b, be 
a partition of [a,b]. Then 


V(P,f) = IF (a1) — f(@0)| + |f(@2) — fei) 4-++ +1 (en) — f(@nr)); 
V(P, h) = |h(x1) — A(ao)| + |h(@2) — h(a1)| + +++ + [h(@n) — h(wn-1)I. 


Now |h(a,r) — h(tr—1)| = [lf (@r)] — |f (eri) I) S [Ff (ar) ~ f(ar-1)]- 
Therefore V(P,h) < V(P, f). 


5 


Since f is a function of bounded variation on [a, b], V(P, f) < V;[a, b] 
for all partitions P of [a, dj. 


Therefore V(P, hk) < V;[a, d] for all partitions P of [a, d]. 


This shows that the set {V(P,h): P € P[a,b]} is bounded above and 
therefore sup{V(P,h) : P € P[a, |} is a finite real number. 


Hence h (i.e., [f) is a function of bounded variation on [a, 8]. 


Refinement of a partition. 


Let [a,b] be a closed and bounded interval. Let P = (x0,21,22, 
-++,2n), where a = 2% < 2, < 22 <--+: < 2, =), bea partition of [a, }]. 


A partition Q of |a, 6] is said to be a refinement of P if P be a proper 
subset of @. That is, @ is obtained by adjoining a finite number of 
additional points to P. 

For example, if P = (0,4, 5,3,1) be a partition of [0,1] and Q = 
(0,3, 4,3, 2, 2,1) then Q isa refinement of P. 

If R = (0, %,4,2,4,2,1) then R is a refinement of P but not a re- 
finement of Q. 


Theorem 10.1.9. Let f : [a,b] — R bea function of bounded variation 
on [a,b] and P be a partition of [a,b]. If Q be a refinement of P then 


V(Q,f)2V(P,S). 


Proof. Let P = (a9,2%1,%2,...,%n), where a = 29,2, = bd. 
First we examine the effect of adjoining one additional point y to P. 
Let P, aa (@9,21, se4yUe-1,Y,>2k,- by iin) 


The subinterval [v,~1,2%] is divided into two smaller subintervals 
[cx—1,y] and [y, x]. 


V(P, f) = (f(e1)—F (eo) +: + +1 F (eae) —F (e—1) | +S (2m) —F (@n-1)]- 


V(Pi,f) = [f(e1) — f(@o)| +--+ + PCy) — F(ee-1)! + [f(ee) ~ Fy) + 


Mise \f (an) = f(%n~1)|. 
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A since [f (ze) — f(ee—1)| = [f(ve) — Fy) + f(y) — Fee) S IF) - 
f(@x-1)| + [fF (ze) — f(y), it follows that V(Pi, f) = V(P, f). 

If Q be any refinement of P then @ can be obtained from P by 
adjoining a finite number of additional points to P, one at a time. 


. By repeating the argument a finite number of times, we have 
V(Q,f) 2 VO, f)- 


Theorem 10.1.10. Let f : [2,5] — R be a function of bounded variation 
on [a,b] and ¢ € (a,b). Then 

(i) f is of bounded variation on [a, c] and on [c, ]; and 

(ii) V;[a, 6) = Vy[a,c] + Vy le, b]. 

Proof. (i) Let P, be a partition of [a,¢] and P, be a partition of [e, d]. 
Let P = P, UP2. Then P is a partition of [a, }] 

Clearly, V(Pi, f) + V (Pa: f) = VP, f). 

Since f is a function of bounded variation on [a,b], V(P, f) < Vela. b] 
for all partitions P of [a, 6]. 

Since each of V(P;, f) and V(P2, f) is non-negative, it follows that 
V(Pi,f) < V;la, 6] for all partitions P; of [a,c] and V(Po,f) < Vela, }] 
for all partitions P2 of [e, 6). 

Hence f is a function of bounded variation on [a,c] and on [e, d] 


(ii) We use here an important property of bounded sets in R. 

If S; and Sz be subsets of R both bounded above and T = {z+ y: 
x € S1,y € So}, then supT = sup S; + sup $2. . 

Here both the sets 5, = {V(Pi,f) : Pi € Pla,c]} and S. = 
{V(P2,f) : P2 € Ple,b]} are bounded above and sup S; =. Vela, cl, 
sup Sz = Vy|e, 6]. . 

The supremum of the set {(V(Pi,f) + V(P2,f): Pi € Pla,cl, Ps € 
Pie, b)} = sup{V(Pi, f) : P; € Pla, c]} = sup{V (P2, f) : P2 € Pie, bj} 
=Vy\a, ec + Vele, bj. ee 

Since the set {V(Pi, f) + V(Pa.f) : Pi ¢ Pla,cl, Pe € Ple, bl} is 
a proper subset of the set {V(P,f) : P € Pla,]}, we have V;[a, ce} + 
Vy le, 6] < Vela, d]... -. : (i) 

To obtain the reverse inequality, let P be a partition of [a, 6] and let 
Po = PU {c}. Then Pp is a refinement of Pife @ P, and RH = Pif 
ceP. 

Let Py = Po Mfa,el, Pe = Po [ed]. Then P; is a partition of [a, c] 
and P» is a partition of [c, b] and V(Po, f) = V(Pi, f) + V(Pa, f)- 

Since Pp is a refinement of the partition P, V(Fo, f) 2 V(P,Ff). 
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We have V(P, f) < V(Po, f) = V(Pi, f)+V (Pa, f) < V7 [a,c] + V5 [cb] 
and this holds for all partitions P of [a, }]. 


This shows that V;[a,c] + Vy[c,b] is an upper bound of the set 
{V(P, f): P € Pla, b]}. Therefore V;[a,b] < Vs[a,c] + V;[c.b] ... (ii) 

From (i) and (ii) we have V;[(a,b) = V;[a,¢] + V;[e, b]. 

This completes the proof. 


Theorem 10.1.11. Let f : [a,b] — R be a function of bounded variation 
on [a;c] and on [c,d] where c € (a,b). Then 


(i) f is of bounded variation on [a,b], and 
(ii) Vy [a, ce] + Ve[c, b] = Vy[a, d]. 


Proof. (i) let P be a partition of [a,b] and let Py = PU {c}. Then Pp is 
a refinement of P ife ¢ P; and Po = P ifce P. 

Let P) = Po [a,c], Po = Po M[e,b]. Then P, is a partition of la, ¢] 
and P2 is a partition of [c,b] and V(Po, f) = V(Fi, f) + V(P», f). 

We also have either Fo = P or Po is a refinement of P. Therefore 
V(Po, f) 2 V(P, f) 

We have V(P, f) < V(Po, f) = V(Pi, f) + V( Pe, f). 

Since f is of bounded variation on [a,c] and also on [e,b], V(Pi, f) < 
V; [a,c] and V(P2, f) < Vy[e, d]. . 


Therefore the set {V(P, f) : P € P[a, b]} is bounded above and there- 
fore f is of bounded variation on [a, b]. 


(ii) Since V(P, f) < Vy[a, ce] + Vy [e, b], V>[a, c] + V;[c, b] is an upper bound 
of the set {V(P, f) : P € Pla, 6]} and since sup{V(P, f) : P € Pla, b]} is 
Vy [a, b], it follows that V;[a, b] < Vy[a,c] + Vy[c, db]... ... (i) 

Let € > 0. 

Since V;[a,c] is the supremum of the set {V(P,f) : P € Pla, cl}, 
there exists a partition Q, of [a,c] such that V(Qi, f) > V;la,¢ — o. 
. _ Since Vy[c, 6] is the supremum of the set {V(P, f) : P € P[c, b]}, there 
exists a partition Q2 of [c,b] such that V(Qo, f) > Vs[c, b] — oe 

Let Q = Qi UQ2. Then @ is a partition of [a,b] and V(Q,f) = 
V(Qi,f) + V(Qa, f) > Vela, c] + Vy[e, b] — e. : 

But V;[a,}] > V(Q, f). Therefore. V;[a,b] > V;[a,c] + V;[e, d] — . 

Since ¢ is an arbitrarily small positive number, it follows that 

Vy [a, b] = Vy {a, c] + Vy le, One ce (ii) 


Using (i) and (ii) the proof is complete. 
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Corollary. If f : [a,b] — R and if it be possible to divide the interval 
(a, b] into a finite number of subintervals in each of which f is monotone, 
then f is a BV-function on |a, bd]. 


Worked Example (continued). 


2. Let f : [0,3] — R be defined by f(x) = x? — 4x + 3, x € [0,3]. Show 
that f is a function of bounded variation on [0,3]. Calculate V;(0, 3]. 


f is continuous on [0,3]. f’(z) < Oif x € (0,2); f’(x) > Oif x € (2,3). 
Therefore f is a decreasing function on [0, 2] and is an increasing function 
on [2, 3]. 

Hence f is a BV-function on [0,2] and on [2,3] and therefore f is a 
BV-function on [0, 3). 


V; [0,2] = f(0) — f(2) = 4, since f is a decreasing function on [0,2]; _ 
[ 


V; (2, 3] = f(3) — f(2) = 1, since f is an increasing function on [2,3]. 
Therefore V;(0,3] = Vy (0, 2] + Vy[2, 3] = 5. 7 
Theorem 10.1.12. Let f : [a,b] — R be a function of bounded variation 
on [a,b] and let ¢ : [a,b] -» R be such that ¢ is bounded on [a, b] and 
$(z) = f(x) except at only one point in [a,b]. Then ¢ is a function of 
bounded variation on [a,b]. 


Proof. Let o(c) # f(e), c € [a,b]. Let o(c) = f(c)+ pn, wER pO. 


. Case 1.c= a. 


Let us take a partition P = (x9,21,%2,--.,%n) of [a,b]. Then 

V(P, f) = lf (21) — fF (@o)| + [fF (2) — Fei) +--+ [Ff (en) — f@n-1)I- 

V(P, ¢) = |¢(21) — (20) + 1o(z2) — d(@1)| +--+ + 1b(@n) — O(@n-1)I- 

V(P, 6) — V(P, f) = 10(21) — 6(20)| — [Ff (%1) — f(20)| = [f(@i) +e - 
b(x0)| ~ |f (x1) — F(eo)| S [ut 

Therefore V(P,¢) < V(P, f) + |p| and this holds for every partition 
P of [a,b]. 

Consequently, sup{V(P,¢) : P € Pla,b]} < |u| + Vela, bd], a finite 
positive number. Hence ¢ is a function of bounded variation on [a, db]. 
Case 2. c= 0. 

Similar proof. 


Case 3. a<c<b. 


Since f is a function of bounded variation on [a,b] and a <¢ <b, f 
is a BV-function on [a,c] and on [c, }]. 


Since ¢ is bounded on [a,c] and ¢(x) = f(x) for all x € [a,c] except 


atc, ¢ is a function of bounded variation on [a,c], by Case 2. 


* 
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Since ¢ is bounded on [c,)] and d(x) = f(z) for allzeé {c, b] except 
at c, ¢ is a function of bounded variation on [c,b], by Case 1. 

Since ¢ is a BV-function on [a,c] and on [c,b], ¢ is a function of 
bounded variation on [a,b]. This completes the proof. 
Note. If f : [a,b] — R be a function of bounded variation on [a,b] and 
@: [a,b] — R be such that ¢ is bounded on [a,b] and ¢(z) = f(x) except 
at a finite number of points in [a,b], then ¢ is a a function of bounded 
variation on |a, 6}. 


Worked Example (continued). 
3. Let f : [1,3] — R be defined by f(z) = x — [z], x € [1,3]. Show that 
f is a function of bounded variation on [1,3]. Calculate V;/1, 3]. 
f(@)=a2-lifl<2#<2 
=mr-2,if2<2<3 
0) if a = 3. 


Let us define a function ¢; on [1,2] by di(z) = x -—1, @ € [1,2]. : 


Then ¢); is a monotone increasing function on [1,2] and therefore ¢, is a 
BV-function on [1,2]. Since f is bounded on [1,2] and f(x) = 1 (2) for 
all x € [1,2] except at 2, f is a BV-function on [1, 2]. 

Let us define a function ¢2 on [2,3] by ¢a(z) = x — 2, x € [2,3]. 
Then ¢2 is a monotone increasing function on [2, 3] and therefore ¢ is a 
BV-function on [2,3]. Since f is bounded on [2,3] and f(x) = $e(z) for 
all x € [2,3] except at 3, f is a BV-function on’[2, 3]. 

Since f is a BV-function on [1,2] and on [2,3], f is a BV-function 
on {1, 3]. 


Vr(1,2] = sup [Ve], 2]+|f(2)—f(z)\] = sup [z-1+ |1—-2]] =2. 
tE(1,2) x (1,2) 

V; (2,3) = sup [V;(2,2]+|f(3) — f(z)|] = sup [2-24 |(2-2]] = 2. 
2€(2,3) : x€(2,3) f 


[ 
V7 (1, 3] = V7 (1, 2] + V; (2, 3] == 4, 


10.2. Variation function. 

Let f : [a,b] — R be a function of bounded variation on [a,b] and 
x € (a,b]. Then the total variation of f on [a, z], i.e., Vela, z] is a function 
of x for all x & (a,b). Let us define a function V on [a,b] by 

V(a) =O and V(z)=Vyla,c], ifa<a <b. 

V is called the variation function of f on [a,b]. The variation function 


of f is also denoted by V;. 
Therefore Vs(r) = Vrla,z], ifa <2 <b and V7(a) = 0. 
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Theorem 10.2.1. Let f : [a,b] — R be a function of bounded variation 
on [a,b]. Then the variation function V defined by 


V(a) =Oand V(r) =Vyla,z], ifa<x<b 
is & monotone increasing function on fa, O}. 
Proof. Ma<a<y < 6, then V(y) —- V(z) = Vyla,y] — Vela,z] = 
Vy (x, y]> 0. 
Ifa=a<y <b, then V(y) — V(r) = Vy[e,y] — V(a) = Vela, y] > O. 
Thereforea<a2<y<b=>V(z) < V(y) and this proves that V is a 
monotone increasing function on fa, dj. 
Theorem 10.2.2. Let f : [a,b] — R be a function of bounded variation 
on [a,b] and V be the variation function of f on [a,b]. Then 
(i) V + f is a monotone increasing function on [a, 6); 
(ii) V — f is a monotone increasing function on [a, 6}. 
Proof. (i) Let F(z) = V(x) + f(x), 2 € [a, bd). 
Ifa<x2<y <b then Fly) — F(x) = V(y) — Via) + (fy) — f(@)| = 


Vs la, y) — Vela, 2] + (f(y) — f(z)] = Velez, y] — (f(z) — fy). 
But Vy(z,y) > If(y) — f(z)|, by definition. 


Therefore ifa<x2<y<bthen F(y) - F(z) > 0. 


Ifa=a<y <b then F(y) — F(z) =V(y) — V(z) + [f(y) — f(@) = 
Vyla,y] — V(a) + (f(y) — f(@)] = Vela,y] — [f(@) - fly)] 2 9, by the 
foregoing argument. 

Thereforea <a <y< b= F(x) < F(y) and this proves that F, ie., . 
V + f is'a monotone increasing function on [a, d}. 

(ii) Let G(z) = V(x) — f(x),2 & [a,b]. 

Ifa<az<.y <b then G(y) — G(x) = V(y) — V(z) — [f(y) - f(@)) = 
Vy la, ul — Vela, 2] — (f(y) — f(@)] = Vela, y] — (f(y) — fF). 

But Vy(z,y) = [f(y) — f(x)], by definition. 

Therefore ifa <2 <y <bthen G(y) - G(x) > 0. 


Ifa=xz<y <b then Gly) — G(r) = V(y) — V(x) — [f(y) - f(@)] = 


Vyla,y] — Va) — [f(y) — Fle)] = Vela, ul ~ [F(y) — f(a)] 2 9, by the 
foregoing argument. 


Thereforea <x <y< b= V(z) < V(y) and this proves that G, ie., 
V — f is a monotone increasing function on [a, 5]. 
This completes the proof. 
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With the help of the two previous theorems we have an important 
characterisation of a function of bounded variation. 


Theorem 10.2.3. Let f : [a,b] + R. Then f is a function of bounded 
variation on [a,b] if and only if f can be expressed as the difference of 
two monotone increasing functions on [a, 5]. 


Proof. Let f be a function of bounded variation on [a, 5]. 


Then the variation function V is defined on [a,b] by V(x) = Vy[a, a], 
fora < « < b and V(a) = 0. We prove that V and V + f are both 
monotone increasing functions on [a, }}. 

Ifa<2<y<bthen V(y)—V(z) = Vyla,y] — Vela, x] = Vex, y]> 0. 

Ifa=a<y<bthen V(y) ~ V(x) = Vyl[a,y] — V(e) = Vela, y] > O. 


Thereforea<a<y<b=V(z) < V(y) and this proves that V is a 


monotone increasing function on [a, 5]. 
Let F(x) = V(x) + f(x), a € [a, B]. | 
Ifa<a<y<b then F(y) — F(x) = V(y) — V(x) + [f(y) — f(x) = 
Vela,y] — Vela, x] + (f(y) — f(2)] = Vylz,¥] — [f(2) — Fy)] 2 0, since 
Vi(z,y) = \f(y) — f(x), by definition. 
Ifa=2x<y<bthen F(y) — F(x) =V(y) - V(x) + [fy) - fle) = 


Vela,y] — Va) + (f(y) - Fl@)) = Vela.y] — [f(@) — Fly)] 2 0, by the 


foregoing argument. 


Thereforea <a <y< b= F(z) < F(y) and this proves that F, i-e., 
V + f is a monotone increasing function on {a, b]. 


f can be expressed as f = (V + f) — V. Thus f/f is expressed as the 
difference of two monotone increasing functions V + f and V. 


Conversely, let f be expressed as the difference of two monotone increas- 
ing functions on [a, d]. 


Since a monotone increasing function on [a, }] is a function of bounded 
variation on [a, 5] and the difference of two BV-functions on [a, b] is a BV- 
function on fa, bj, it follows that f is a function of bounded variation on 
[a, B]. 

This completes the proof. 


Note. f can also be expressed as f = V — (V — f), where V is the 
variation function of f on [a,b]. Since V and V — f are both monotone 
increasing functions oni [a,b], f is expressed as the difference of two mono- 
tone increasing functions on [a,b]. This shows that the representation of 
f as the difference of two monotone increasing functions is not unique. 
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Worked Examples (continued), 


4. f(x) = 2?,x € [-1,1]. Show that f is a function of bounded variation 
on [—1, 1]. Find the variation function V on [-1,1]. Express f as the 
difference of two monotone increasing functions on [—1, 1]. 


Ff is continuous on [-1,1]. f’(z) < 0 on (—1,0) and f’(z) > 0 on 
(0,1). Therefore f is a dscrcastig function on [~1 0) and is an increasing 
function on {0, 1). 


Hence f is a BV-function on [~1, 0] and on [0, 1] and therefore f is a 
BV-function on [—1, 1]. 


V(-l)= 

ote then V(x) = V¢[-1, a] 
== f(- 1) _ f(a), since f is decreasing on [1,0] 
= ]—2, 


IfO0<a2 <1, then V(x) = V;[—1, 2] = V;[—1, 0] + V;[0, x] 
== [f(- 1) — f(0)]+ + (f(z) — f(0)], since f is a decreasing on [—1, 0] 
=1+<2° and increasing on [0, 1] 
Therefore V(2) =l—2#,if-l<2x<0 
=l+2?,if0<2 <1. 
V is a monotone increasing function on {[—1,1). 
(V+ f(z) =1,if -l<2<0 
1+2n?,if0<2<1, 
V + f is a monotone increasing function on [~-1, 1]. 
f can be expressed as (V + f) — V, the difference of two monotone 
increasing - functions. 
Note. Here (V — f(z) = 1-22? if-1<2<0 
=1lifd0<zxz<1, 
V — f is a monotone increasing function on [~1, 1]. 


f can also be expressed as V -(V — f), the difference of two monotone 
increasing functions on [—1, 1]. 


5. f(x) = [z],z € [1,3]. Show that f is a function of bounded varia- 
tion on [1,3]. Find the variation function V on (1, 3]. Express f as the 
difference of two monotone increasing functions on [1, 3]. 


fia=-lifl<c#<2 
: =2,if2<a2< 3 
= 3, ifa=3. 


f is a monotone increasing function on [1, 3]. Therefore f is a function 
of bounded variation on [1, 3]. 
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V(t) = 0. ; 
If 1 <2 <2 then V(x) = V/[—1,z] 
= fle) f(1), since f is increasing on (1, 2] 
= 0. 


V(2) = Vj [1,2] = f(2) — #(1) = 1. 
If2<a <3 then V(z) = Vy[1, 2] = Vy[1, 2] + V;(2, 2] 
= [f(2) — ft He — f(2)], since f is a increasing on [1,3] 
=(2-1)+0 
V(3) = V;[1, 3] = are = [f(2)- f()] -[F(3) - £(2)] = 
Therefore V(x) = 0, if1l <2 <2 
=lif2<2r#<383 
=2,ifa= 3. 
V is a monotone increasing function on (2, 3]. 
(V+f)(x)=1ifl<2r4<2 
=3,if2<2<3 
= 6, ifa = 3, 


V + f is a monotone increasing function on {1, 3]. 


f can be expressed as (V + f) — V, the difference of two monotone 
increasing functions. 


Sheorem 10.2.4. Let f : [a,b] — R be a function of bounded variation 
on [a,b] then f can have only discontinuities of the first kind and the 
points of discontinuity of f form a countable set. 


Proof. Since f is a function of bounded variation on [a,b], f can be 
expressed as f(z) = g(x) — h(x), where g and h are monotone increasing 
functions on [a, bj. 


A monotone function can have only discontinuities of the first kind. 

Let c € (a,b). Then each of g(e+ 0), gfe — 0), k(c+ 0), A(e — 0) exists 
and therefore each of f(c¢ + 0), f(¢ — 0) exists. 

‘By similar arguments, each of fla = 0), f(b — 0) exists. 


It follows that f can ‘have only discontinuities of the first kind on 
[2, d). 


Let FE, Eo be respectively the sets of points of discontinuity y of g and 


h. Then EF, U E> is the set of points of discontinuity of f. . 


By Theorem 8.6.4, E, and &z are both countable sets. Therefore the 
set &, U E> is countable. 
This completes the proof. 
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Theorem 10.2.5. Let f : [a,b] — R be a function of bounded variation 
on [a,b] and let V be the variation function on [a,b]. If f be continuous 


.at a point c € [a,b] then V is continuous at c, and conversely. 


Proof. Let c € [a,b) and f is right continuous at c. 
Let 7 choose a positive e«. There exists a positive Jy such that | f(x) — 
f(e)| < § for all x € [e,e + 51) 9 [e, 8). 

Since Vy |c, b] is the supremum of the set {V(P, f): P € Plc, b]},there 
exists a partition Po of [c, b] such that V;[c, b] — § < V(Po, f) < Vy[e, 8]. 

Let Po = (c,21,%2,...,2n-1,b). Let 6 < min{x, —c, 6;}. 

Let us choose a point x9 in (c,c+ 3). 

Let Py = Po U {zg}. Then the partition P, is a refinement of Po and 
VP, fF) 2 V Fas): 

Therefore for all zo € (c,c + 6), we have V;[c,b] —§ < V(Po,f) < 
V(Pi,f) < Vyle, b] and also we have |f(xo) - f(c)| < § 

But V(P,, f) = [f(@o) — fle) + | f(a1) — F(@o)| +--+ 1F (0) -— f(en-1| 

Therefore for all xp € (c,c + 6), V(b) — V(e) — § < §+ V(b) — V(ao). 

or, V(zo) — V(e) < « for all rp € (c,c +4). 

Also we have V(rp) > V(ce) for all zp € [c, c+), since V is a monotone 
increasing function on [a,b]. Therefore |V(ag) ~ V(e)| < ¢ for all ag € 
[c,c +46) and this proves that V is right continuous at c. 

‘By similar arguments, if f be left continuous at c € (a,b] then V is 
left continuous at ec. 

It follows that V is continuous at every point c € [a,b] where f is 
continuous. 

Conversely, let c € [a,b) and V be right continuous at c. 

Let us choose_a positive «. Then there exists a positive 6 such that 
\V(x) — V(c)| < ¢€ for all z € fe,c+ 6) [e, d]. 

For all c € [a,b) and for all a € (c,c +4), we have lf) ~ f(d| < 
Vyle, 2] < |V(x) - V(c)I. 

Therefore | f(x) — f(c)| < for all ze [ce,c + 6) MN [e, d]. 

This proves that f is right continuous at c. 


By similar arguments, if e € (a,b] and V be left continuous at ¢ then 
f is left continuous at ec. 

It follows that f is continuous at every point c € [a,b] where V is 
continuous. , 

This completes the proof. 
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Corollary. If f : [a,b] — R be continuous and be of bounded varia- 
tion on [a,b] then f can be expressed as the difference of two monotone 
increasing and continuous functions on [a, b], and conversely. 


10.3. Positive variation, Negative variation. 


Let f : [a,b] — R be a function of bounded variation on [a,b]. Let 
P = (%o,21,22,...,2n) be a partition of [a,b]. Let us consider the sum 


Afi + Afe+---+Afyp, where Af, = f(z) — f(Lr-1) ... «. . (i) 
We have V(P, f) = ON Pa) de) nl 
f(@n-1)| = |Afi| + |Afel+---+ [Afn 


Let Vi (P, f) denote the sum Ah> oot (i.e., the sum of all positive 
differences in (i)) and V_(P, f) de ce sum Ape Afi (i.e., the sum 
of absolute values of all negative differences in i). 

Then Vi(P, f) — V-(P, f) = f(b) — f(a) and 

Vi(P, f) + V-(P, f) = VP, f). 
Therefore 2V,(P, f) = V(P, f) + f(b) — f(a) and 
2V_(P, f) = V(P, f) — f(0) + Fla). (ii) 


Since f is a function of bounded variation on [a, d], the set {V(P, f) : 
P € P[a, b]} is bounded above. It follows from (ii) that the both the sets 
{V,(P, f): P € Pla, b]} and {V_(P, f) : P € Pla, b]} are bounded above. 


The supremum of the set {V,(P, f) : P € P[a,b]} is said to be the 
positive variation of f on [a, b] and is denoted by (V1); [a, b] or by py [a, d]. 


The supremum of the set {V_(P, f) : P © P[a,b]} is said to be the 
negative variation of f on [a, b] and is denoted by (V_)y [a, b] or by ny [a, d}. 


Note. It follows from (ii) that 2p, [a,b] = Vy[a, b] + f(b) — f(a) and 
2ns [a,b] = Vela, b] — f(b) + f(a). 
Therefore py [a, 6] +n, [a, b] = Vy[a, b] and py la, b] —nz[a, b] = f(b) — f(a). 


Positive variation function, Negative variation function. 


Let f : [a,b] — R be a function of bounded variation on [a, b] and let 
xz € (a,b). 


The positive variation of f on [a, z] is a function of z for all x €-(a, Ob]. 
Let us define a function V; on [a, b] by 


Vi(a) =0 and V.(%) = pela, a), if c € (a, d). 
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V, is called the positive variation function of f on [a,6]. It is also 
denoted by p. Therefore p(x) = pra, x], if x € (a,b] and p(a) = 0. 

The negative variation of f on [a, z] is a function of x for all x € (a, bd]. 
Let us define a function V_ on [a, }] by 

V_(a) =O and V_(z) = n,[a,2], if x € (a, d). 


V_ is called the negative variation function of f on {a,b}. It is also 
denoted by n. Therefore n(x) = ns[a, 2], if z € (a, b] and n(a) = 0. 


Theorem 10.3.1. Let f : [a,b] — R be a function of bounded variation 
on [a,b]. Then 
(i) p(x) + n(x) = V(z) for all z € [a, 4], 
(ii) p(x) — n(x) = f(x) — f(a) for-all x € [a, d}, 
where V is the variation function, p is the positive variation function and 
nis the negative variation function of f on [a, }]. 
Proof. (i) We have p(a) = 0, n(a) = 0 and V(a) = 0. 
Therefore V(a) = p(a) + n(a) ... -. (i) 
Ifa <a <b, then V(z) = V;[a, 2], p(x) = psa, z], n(x) = ns (a, z). 
Therefore p(x) + n(x) = V(x) for all z € (a,6], since psla,z] + 
nyla, 2] = Vz(a, 2] for all c € (a, b] ... «- (ii) 
‘From (i) and (ii) p(x) + n(x) = V(2) for all z € [a, bd]. 
(ii) Similar proof. 7 


Theorem 10.3.2. Let f : [a,b] ~ R be a function of bounded variation 
on [a,b]. Then the positive variation function p is a monotone increasing 
function on [a, d}. 


Proof. By definition, 2p(z) = V(z) 4: f(z) — f(a). 

Ifa<ux<y <b, then p(y) —p(z)= 4{V(y) — V(z)} + 3If(y) — f@)) 
£{V;[a, y] — Vela, 2}} + s[f(y) — f(2)] 
LIV; [z,y] — (F(@) — f(y))] 2 0, since Ve[z, y] 2 If(y) - f(z)I. 
Ifa=x<y <b, then p(y) —p(z)= 3{V(y) —V(z)} + s[f) - F@)] 
= 3{V;[a, y]} + $1f(y) — f(a)], since V(x) = V(a) = 0 
= 1[V;[a,¥] — (f(a) — f(y))] = 0, since V;[2,y] 2 If(y) — F@)I. 


Therefore a <z < y < b= p(z) < p(y) and this proves that p is a 
monotone increasing function on [a,}]. 


Theorem 10.3.3. Let f : [a,6] — R be a function of bounded variation 
on {a, 6]. Then the negative variation function n is a monotone increasing 
function on {a, 6]. 
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Similar proof. ; 
Note 1. In view of the theorem 10.2.5, the functions p and n are both 
‘ continuous at the point where f is continuous. 

2. Since p(x) ~ n(x) = f(x) — f(a) for all x € [a,d], we have f(x) = 
(p(x) + f(a)] ~n(z). Since p and n are both monotone increasing functions 
on la, 5], f is expressed as the difference of two monotone increasing 
functions p+ f(a) and n. . 


Worked Examples (continued). 


6. f(x) =|zl,26 [—1, 2]. Show that f is a function of bounded variation 
on [1, 3]. Calculate the positive variation, the negative variation and the 
total variation of f on [—1,2]. Find the functions p and n on [—1, 2]. 

Ff is a monotone decreasing function on [—1,0] and a monotone in- 
creasing function on [0,2]. Therefore f is a function of bounded variation 
on {[—1, 0] and on [0, 2] and consequently, f is a BV-function on [—1, 2]. 

_Vpl-1, 2] = Vil-1, 0] + Vsl0, 2] = [F(-1) — £(0)] + LF(2) — £(0)]. since 
Ff is monotone decreasing on [~1,0] and monotone increasing on [0, 2]. 

Therefore V;[-1, 2) =1+2 = 3. 

We have 2ps{~1, 2] = V;[-1, 2] + (2) — f(-1) =3+(2—1) 
ro : A = —-1)=4 and 
2ns[—1, 2] = Vs[—1, 2] — f(2) + f(-1) = 3+ (-241) =2. 

or, ps[~1,2] = 2 and nys[—1, 2] = 1. 

V(—1) =0. 

If ~1 <a <0, then V(z) = V;[—1, 2] 

= f(-1) — f(z), since f is decreasing on [—1, 0] 
=l+qaz. 

IfO0< a2 < 2, then V(x) = V;[-1, 2] = V;[-1,0] + V;(0, 2] 

= [f(—1) — f(0)] + [f(x) — f(0)], since f is decreasing on {—1, 0] 
=l+az. and increasing on (0, 2] 
Therefore V(x) =1l+2,if-~l<2x <0 
; =l+z2,if0O<2 <2. 
That is, Viz) =1l+2, -l<2<2. 
The positive variation function p is given b = 
y 2p(x) = Vix - 
f(0) for all x € [~1, 2]. ae mE 
Therefore p(x) = al(l +2)+(~2z)] = 4,if-1<2<0 
= 3((l+2)+(z)]) = 40+ 22), ifO<2<2. 

The negative variation function n is given by 2n(x) = V(x) — 

f(0) for all x € [~1, 2]. pent, ia ae 
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Therefore n(x) = Al +2)+2] = 4(1+ 22), if-l1<2<0 
f[(1+z2)—(2)) = §5,if0s2 <2. 


I 


7. f(x) =x -—[z],z € [1,3]. Show that f is a function of bounded varia- 
tion on [1,3]. Find the positive variation function, the negative variation 
function and express f as the difference of two monotone increasing func- 
tions on [1, 3}. 
f@)=x-1,fiscxr<2 
=2-2,if2<2<3 
=0O0,ifa2=3. 
f is a function of bounded variation on [1,3]. [worked Ex. 3] 
V(1) =0. Forl <a <2, V(z) = V;[1, 2] = f(z) -fQ)=2-1. 
V (2) = Vy[1, 2] = 2. [worked Ex. 3] 
For 2 <2 < 3, V(z) = V; [0,2] + Vy[2,2] = V(2) + f(z) — f(2) = 
Q+(2-—2)= 2, 
V (3) = V>(1,3] = Vy[1, 2] + V/[2,3] = 2+ 2 = 4. [worked Ex.3] 
The variation function V is given by V(r) = 2-1, ifl<2<2 
=o”,f2<xr<3 
=4,ifx=3. 


The positive variation function p is given by 2p(x) = V(x) + f(x) - 
f(1) for all x € [1,3]. Therefore 
p(z) = 4[(e@-1) + (e@-Dl=r-lLifls<2<2 
=fie+(e-2))=2-1,if2<2<3 
= $(4+0) =2, ife=3. 
That is, p(x) = 2-1, x € [1,3]. 
The negative variation function n is given by 2Qn(x) = V(x) - F(t 
f(1) for all x € [1,3]. Therefore 
n(x) = 4[(e-1)-(@- 1] = 0, iflsr<2 
fice) — ( ~ 2)] =lif2<r<3 
= [4-0] = 2, ifa =3. | 
Clearly, p and n are monotone increasing functions on 11, 3). 
Since p(x) — n(x) = f(x) — f(1), x € [1,3] and f(1) = 0, f can be 
expressed as f(x) = p(x) — n(x), x € [1, 3}. 
8. Let 21,22,..-;Zn,--- be an enumeration of all rational points in [0, 1] 


and let f : [0,1] > R be defined by f(2n) = yz, 7 = 1,2,3,.-. 
= 0, elsewhere. 


Prove that that f is a function of bounded variation on (0, 1]. 


Let us take a partition P = (yo, y1,Y2,-+-1Yn) oF [0, 1]. 
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Then V(P, f) = [f()—Fyodl +f (ye) — fit: +1f Gnd —f Ga-1)I 
S 2[lF(yo)| + IFC )] + iF (ye) ++ + LF Gn) I]- 


Let us choose a natural number m such that the rational points in P 
form a proper subset of the set {%1,22,...,2%m} 
Then V(P,f) < 2{fr + de +--+ + 5] 


« ., oO 
< 2s, where s is the sum of the convergent series 30 as. 
‘ n=1 


Therefore V(P, f) < 2s for all partitions P of [a, 6] and therefore the 
supremum of the set {V(P, f): P € Pla, d]} is finite. 
Hence f is a function of bounded variation on [0,1]. 


Exercises 20 


1. Let f : [a,b] — R be a function of bounded variation on {a, b] and [e.d] Cc 
{a, b]. Prove that f is a function of bounded variation on [e, d]. 


2. Give an example of a function f continuous on a closed interval {a, db] but f 
is not a function of bounded variation on [a, 6]. 


3. Give an example of a function f not continuous on a closed interval [a, 5] 
but f is a function of bounded variation on [a, 6]. 
4. Show that the function f is not of bounded variation on [0, 1]. 
(i) f(x) = xsin 4, if x € (0,1) and f(0) =0. 
Gi) f(z) = sin 4, if x € (0,1] and f(0) =O. 
Hint. (i) Consider the partition (0, 524, 52 --,2,2 


+ Sn-i? In-1?” + §} 


1) of {0, 1]. 


5. Show that f is a function of bounded variation on [0, $|. Find the variation 
function V on (0, $]. 


(i) f(z) =sin 2x, (ii) f(x) =sin x abe d: (iii) sgn cos 22. 


6. Show that f is a function. of bounded variation on [0,2]. Find the variation 


function V on [0,2]. Express f as the difference of two monotone increasing 
functions on (0, 2}. 


(i) f(z) = 2? -2242, (ii) f(x) =[z]—2, (iii) f(x) = Ja — 1]. 
7. Show that f is a function of bounded variation on [0,3]. Calculate the total 
variation, the positive variation and the negative variation of f on [0, 3]. 

(i) f(v) =a? —4241, (ii) f(z) =sgn (x—-1), (iii) f(z) = |x - QI. 
8, Show that f is a function of bounded variation on [0,2]. Find the positive 


variation function p and the negative variation function n on [0,2]. Hence 
express f as the difference of two monotone increasing functions on [0, 2). 


(i) f(z) = 22-2242, (ii) f(z) =sgn(x@—1), (iii) f(x) = |x — 1). 


11. RIEMANN INTEGRAL 


aiite¥wal. A partition of [a, 6] is 
) of points of [a,b] such that 


4=29 < 21 <p S01 <n =O. 
The family of all partitions of [a,] is denoted by P[a,b] and the 
partition P = (zo,%1,..- , Zn) is a member of P{a, }. 


For example, P = (0,9,4%, 3,1) is a partition of [0,1],Q = 
(0,4, 3, 4, §, 1) is another partition of {0,1}. . 

Let P € Pla,b] where P = (xo, 21, 22)+++»2n) such that a = Lo < 
gyi Ug SS Eni < in = b. Then P divides the interval [a, b] into 
non-overlapping subintervals (a, 21], (v1, 22],---5 |fn—1> bl. 


LL.2chiginaiin integrability. 

Let [a,b] be a closed and bounded interval. Let f : a, 
bounded function on [a,b]. Let us take a partition P of fa, 
P= (x0, %1,%2,-++s2n), where a= %p < 21 <%2 << °° <2 
f_is bounded on {a, }], f is boundéd on {[v-1,2,], for r= 1 


— Rbea 
defined by 
= b, Since 


Roa 


pat an 
Thenin'<-mi SIME SMS E 
The sum Mifaus, Ne 
to be the upper*Durtous sumor thé““pper sum of f corresponding to the 
partition P and is denoted by U(P, f); 


and the summ7i(21..Zoe RODS OY ESA Min (Des = 1) is said 
a seen or the lower sum of f corresponding to the 


FTE 
to be the lower Darbougeie 
partition P and is denoted by L(P, f). ; 
Each..P:e:P{a; b} determines two numbers CPE f )sand* LP; f). 


By the inequality (i) we have 


+ 
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M(ty — Bro.) < Mr(ap — @r1) < M, (a, — Zr-1) < Max, — ryp_), 
for r=1,2,...,n. Therefore 


a] Tt 
mS (tp—-2p-1) < YS m,-(zr — tr-1) 
r= r=1 


< a M, (xy — Lp-1) <M E (er — tr~2) 
r= ae a — 
or, 7260. a): LGR fie StI (Ri Pye WEG a) anaeey (ii) 
Let us the consider the set P{a, }| of all partitions of fa, 5}. 
We have two sets of real numbers {U(P,f) : P € Pla,6]} and 
{L(P, f) : P € P[a, d}}. 


The inequality (ii) shows that both these sets are bounded sets. M(b- 
a) is an upper bound and m(b — a) is a lower bound in respect of both 
the sets. 


The supremum. (the-least: uppér bound): 6f the “set f El Pepys pe 


Pla, bh} exists and it is called the lower integral of f on [a,6] and is 
‘denoted by Lo f(x)dz, or by [sae or by ee 

The infimum® (thesgreatest:lowér botind “oP the set LU CRE Pye se 
delQsb)}.exists and it is called the upper integral of f on [a,6] and is 
denoted by f fp (w)da,vor by. Jofdty OL Ey Pep 


fris-said.to be. Riemannrinkegrablesomfazbhsifef? fis SEP. 


The common value Lr or yer is called the Riemann integral of f on 
[a, 6] and it is denoted by ie i (x)dx, or by ee fdx, or by 1m sf 
In addition, we define [” f = 0, fe f=- Hs f 


Note 1. It follows from the definition of the supremum and the infimum 
of a bounded set that 


{bY Sf SMG), 2 SMO 4). 


a 


Note 2. The class of all Riemann integrable functions on [a,b] is de- 
noted by R[a,b). The class of all functions bounded on |a, }] is denoted 
by Bla, b]. From the definition of an integrable function it follows that 
Ria, b] is a subset of Bia, b]. 

We shall see that there are functions in Bla, b] which do not belong 
to R{a, bj, i.e., Rla, b] is a proper subset of Bla, d]. 


From now on we shall often drop the adjective ‘Riemann’ and simply 
use the term ‘integral’ to mean Riemann integral, the term ‘integrability’ 
to mean Riemann integrability. 


Workéd Examples. 


ae ja, b] — R is defined by f(x) =c,2 € [a,b]. Prove t 
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rval and c € R. A function 
hat f € R{a, d}. 


“Let [a,b] be a closed and bounded inte 


f is bounded on [a, b}. ; a 
Let us take a partition P of {a, 6] defined by P = ("0,21,22;-++1n), 


where a= Zo <%1 < £2 <+°: <dn =. 


= ‘Cr m= inf f(x); 
Let. Af = ue f(a), om ahs f(x) 


M, = sup f(x), Tl = inf 


By n€[rr—1,27] 
Then oes ce, M,p = ¢,mMr = C, for r= 1,2,...,7. . 
Now U(P, f) = Mi(zi — a) + Mo(xe - x1) t+++ + Mn(b - Ln—-1) 
=c(b—a); 
L(P, f) = mi(m - a) +mo(x2— 71) to + mMn(b — tn-1) 
= c(b— a). 
Let us consider the set P{a, 6] of all partitions of [a, 8). 
The set {L(P. f) : P € Pla, b]} is the singleton set {c(b —a)}. The 
least upper bound of the set is c(b — a), Le., i = c(b— a). 
Also the set {U(P, f) : P € Pla, b}} is the singleton set {c(b — a)}. 


b 
The greatest lower bound of the set is c(b — @), ie., f= cle- a). 


WS Lange 
As oe = pa =c(b—a), f is integrable on [a,b] and f? f = c(b a). 


f(z), for r= V2 .322¢7: 


‘\ function f is defined on (0, 1} by 


1 f(x) = 1, ifcis rational 


= 0, ifgz is irrational. 


? 


- Show that f is not integrable on (0, 1]. 


f is bounded on {0,1}. . as 
Let us take a partition P of (0, 1] defined by P = (20, 01,22)-++9 En), 
where 0 =ito <p < ue << ie a 
‘ : = sup = in Z); 
Let Af = oe ee es 
M, = sup f(x), Mr = inf 


Deep Bp 
w€[nr—1,2r] E(w 1,0] 


Then M=1,m=0;M, =1,™r = 0, for r= 1,2,...,7. 


f(x), for r=1,2,.-.5,7. 


| U(P, Sf) = M(x — x0) + Mo(x2 _ xi) 5 M,(tn ~ tn—1) & 1. 
L(P, f) = 174 (") - Lo) + rig (aig -- ty) +: we + Mn (b - in-1) = 0. 
Let us consider the set P{0, 1] of all partitions of [0, 1]. 


The set {L(P,f) : P & P(0, 1]} is the singleton set {0}. The least 
é 1 
upper bound of the set is 0, Kea. J at =0. 
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The set {U(P, f) : P € P[0,1]}} is the singleton set {1}. The greatest 
lower bound of the set is 1, i.e, [yf = 1. 


ene Lod is # Sot f is not integrable on [0,1]. 


Let f : [a, : — R be bounded on [a, al and P be any 


Proof. Let P = Ca beac ac as a partition of (oth “Then a= 
Go <2, <M g S++ Se, =. 
Let M, = sup f(x), m= inf f(z), for r = 1,2,...,n. 
; n€[zp—1,2,] ee(rpo1,er 
Then m, < M,, for r= 1,2,...,7 


Since 2, — 4,1 > 0, for r = 1,2,...,n it follows that 
my(2x1 = Zo) + mo(x2 = x1) aaa mn (Zn — Ly) 
< Mi (@1 — 20) + Ma(a2 — 21) +--+ + My(an — tn-1). 


That is, L(P, f) < U(P,f). This proves the lemma. 


i 


Let [a,b] be a eloeed. ena bounded interval. 
(20,21,22,.-.,%n) be a partition of [a, b]. 


A partition Q of [a,6] is said to be a refinement of P if P be a proper 
subset of @. That is, @ is obtained by adjoining a finite number of 
additional points to. P. 

For ae if P= 


-Let P 


(0, 4+ a i, 3, 1) be a partition of [0,1] and 
= (0,4, a 3, %,%,1) then Q is a refinement of P. | 
: R=(0,2 ®> 3, 3, 3,2 5,1) then R is a refinement of P but not a refinement 


EO: 


Lieinsaicl :8\1. Let a function f: la, 4) = + as be bounded on [a,b] and 
P be a partition | of la, oY ‘TE: jeri ; 


and LAP, fs 26H 


,X%y). First we examine the effect of ad- 
joining one additional point y to P. 


Proof. Let P = (%9,%1,22,... 


Let Py = (@0,01,--+,2k-1, Ys Les +--+ En). 
Let M-= sup f(x), m-= inf f(x), forr=1,2,. 
w6(tn—1,2,] tE(zr1,0r} 


The subinterval [x,~-1,2,| is divided into two smaller subintervals 
[Ce-~-1.Y} and ly, Lx]. 
Let Mj = sup f(z),m, = ae f(z), 
reir : 


zE[te-1sy} k-1s4] 
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My = sup f(a),mi= inf f(z). 
zé[y.re] zély,cx] 
Then Mj < My, Mg < Mz;mi, > me, my > Me. 
Therefore M;(rp — Ze~1) My |((te —y+y — Le-1)] 
My (an ~ y) + My (y — te-1)3 
melee —y + y — £x-1] 
my (re — y) +m, (y — e-1)- 


Mg (2% — &e-1) ~ [May — Ze-1) 
+M;, (tx — y)] 2 0; 
Mr (2k — Le-1) — [Mi,(y — Le-1) 
+m;,(zp — y)] <0. 
Therefore U(P, f) > U(Pi, f) and L(P,f) < L(P,, f). 
If @ be any refinement of P then @ can be obtained from P by 
adjoining a finite number of additional points to P, one at a time. 


‘Ma (Lk — Le-1) 


iA WIV Il 


U(P, f) -U(Pi f) 


I 


L(P, f) - (Pi, f) 


By repeating the argument a finite number of times we have 


U(P,f) = U(Q,f); LIPS) = L(Q, f). 
This completes the proof. 

Note. By the Lemma 11.2.1, it follows that 
L(P, f) < LQ, f) s U(Q, Ff) < UCP, f). 


11.4. Norm ofa. partition. 
Let [a, Bf bé & cloged“and bounded interval and P = (%o,71,--.,%n) 
be a partition of (a, d}. 

The interval {a, b] is divided into n subintervals [a, zy], [v1, 22], °.. 
[tn—1,2n]. The norm of the partition P, denoted by || Pl}, is defined by 

[P|] = max{(x1 ~ xo), (xq — %1),.+- (fn ~ En- 1)}- 

In other words, LAAs theemaxiniuiy, téfigth of the subintervals into 
which {a, b] is divided by the partition P. 


If Q be a refinement of P then |{Q|| < ||P||. But the converse is not 
true. , 


For example, let P = (0,4, 4, 3,1), : = OS ein be two 


partitions of 0, 1). Then [|Plj <= 2, llQl| = 3. Here |[Qll < || Pil but Q is 
not a refinment of P. 


Jhinma 11.4.1. Let f : [a,b] + R be bounded on {a,}] and P is a 
partition of {a,6] with ||P|| = 6. If PB, be a refinement of P with & 
additional points of partition, then 
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where M= sup f(r), m= inf f(z). 
w@[a,6] . € [a,b] 
Proof. Let P = (xo,m,... ,&,). First we examine the effect of adjoining 
one additional point y to P and let P; = Fo» Digna eg BRAG Y Chip ces ~ 
Let M, = sup - f(z),m, = f(x), for r= 1,2,. 


mE fay. ap E(x Lr 1,¢7]} 
The subinterval {2,_1,2%] is divided into two small subintervals 


[t.-1,y] and [y, x]. 


Let Mp = sup f(x),m,= inf f(x), 
vé(te—1,y] e€(ze-~1,y] 
Mi= sup f(zx),mf= inf f(z). 
z€ly, xx] rély,r4)} 


Then m < mz, < mi, < Mi, < My <M; 
mim,simiscMil<M.e <M. 
U(P,f)-U(Py, f) = Mi (re — te-1) — (Mi (y — te-1) + Mi (re — y)] 
= (My — Mz)(y — e-1) + (Mg — Mi) (an — y). 
SinceO< M,- ML < M-— mandO< M,~ Mi < M—mM, it follows 
that 0 < U(P, f) - U(Pi, f) < (M -— m)[y — ce-1) + (ay — y)] 
< (M —m)6, since (x_ — xR~-1) <6. 


LP, f) ~ E( Pi, f) = me (re - Te 1) = [mi (y — tei) + mien — y)] 
= (me — mi) (y — fe-1) + (me — mm x (Lk — Y)- 
Since 0 < mj, — my < M—mand0< mi —m, <M —m, it follows 
that O< L(Pi, f) — L(P,f) < (M —m)[(y — xe-1) + (ze — y)] 
< (M.— m)6, since (x_ — ze_1) <6. 
By introducing k additional points one by one in the partition P we 
obtain the partition P, and it follows from above that 
O<U(P, f) — U(Pe, f) < (M — m)ké, 
O < L( Pe, f) — L(P, f) < (M — m)ké. 


Peds pre the Jemma. 


__Proof. et S= PUQ. Then the’ Sartitlon S is a refinement of P as 
well as a refinement. of Q. 
By Lemmas 11.2.1 and 11.3.1, 
L(P, f) S L(S, f) < U(S, f) < U(P, f) 
and L(Q, f) < L(S, f) < U(S, f) < U(Q, f). 
Therefore L(P, f) < L(S, f) < U(S, f) < U(Q, f) 
and L(Q, f) < L(S, f) < U(S, f) < U(P, f). 


| Wasorem ADDT4.3. 
‘ b. 
Th 
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Note. The Lemma states that for any two partitions in P[a,b], the 
lower sum corresponding to one does not exceed the upper sum corre- 
sponding to the other. 


Let a function f : [a,b] — R be bounded on fa, d]. 


Proof.’Let P, Q be any two partitions of (a,b). Then L(P, f) < U(Q, f). 

Keeping @ fixed, this inequality holds for every partition P € Pla, 6]. 
Therefore U(Q, f) is an upper bound of the set {L(P,f) : P € 

Pla, b]}. But the least upper bound of the set {L(P, f): P € P[a, b]} is 


ie f. Therefore U(Q, f) > i f. 
This holds for every partition Q € Pla, 6]. Therefore in Ff is a lower 
bound of the set {U(Q,f): Qe Pla, b]}. But the greatest ‘lower bound 


of the set {U(Q, f): ¢ € Pla, b}} is fe: 
Therefore i f< ye Se 


Note. It. follows from, Note sof, 12" peat 2 


Worked Example. 

Prove that the function f defined on [a, 5] by f(a) = z,2 € [a,d) is 
integrable on [a,b] by showing that. ie f= i f. Evaluate C f. 

f is bounded on [a, d]. 

Let us take the partition P, = (a,a+h,a+ 2h,...,a+nh) where 
nh = b-—a. Then P, divides the interval [a,b] into n subintervals of equal 


f(x) ,for r= 


= : x Le i f i 
Let M, sup ee : Se a enraeny 


pa oe _ 
ie Serer 7 ae 
Since f is an ee funetion: on fas 6). M, =at+rh,m, =a+(r- 
Ih, for r = 1,2,. 
U(Pa,f). = hee hs +(a+2h)+(a+nh)] 
= pine Re ao + n)) = nha + mabrh) 
= (b-ajat Z(b— oy (1+ 2). 
LiPn.f) = hlat(ath)+---+(at+n-—Th)) 
= Addo ae oe = nha + 
(6—a)a+ 3(b—a)?(1 — 4). 
sup{L(P,, f)): 2 EN} = (b- aut ee a on bP a? 
and inf{U(Py, f)): ae oe faa, 


nh(nh—h) 
2 


i 


Analysis-27 
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Since the set {P,, : » € N} is a subset of the set of all partitions of 
[a, dj, 
sup{L(P,, f):n € N} < sup{L(P, f): P € Pla, b]} 
and inf{U(P,, f):n € N} > inf{U(P, f) : P € Pia, b}}. 


Consequently, 2 nae < ie f and ae f<%e =e 


By Theorem 11.4.3, waa! < ie < ie: < p? Beat 
It follows that ff = fif= © 
on [a, 5] and fa J ee aii aar): 


=o" This proves that f is integrable 


sl : ae 
Proof. Let f € Ria, b]. Then Lr a ee 
Let us choose e>Q0. 
Since L f is the least upper bound of the set {L(P, f): P € Pla, bl}, 
there exists a partititon P’ of (a, 6] such that 
LP-9< LPNS Ls 
Since t. f is the greatest lower bound of the set {U(P,f) : Peé 
Pa, 6]}, there exists a partititon P’ of [a,b] such that 
Te faUur’. Pee ieee 
Let P= P’UP”. Then P is a refinement of both P’ sd Pt, 
Therefore L(P’, f) < L(P, f) and U(P, f)'< U(P", f). 


Also we have L(P, f) < U(P, f). 
Combining, we have 


Lr-§< LPF AP\sltPAN supp sue" pet | ia we 

Therefore U(P, f) — L(P, f) < (fort a Gey — §) 

or, U(P, f) — L(P, f) < 6 since J7f = f?f. 

To prove the converse, we first observe that for any partition P of 
[a,b], MPAs [if < Ff SUP | 

Hence [, f= Fe ff SUP, Sf) - EP, f). 


Let us choose ¢ > 0. By the condition there exists a partition P, of 
{a, 6] such that UP, f)- LP f) <e. 


‘Bheereny 


“ 
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i 
We have Jif — [Of <U(P.f) —L(Pe f) <«. 
Also we have Ty > if by Theorem 11.4.3. 


Therefore 0 < ier ~ fs <e. This holds for every positive e. 


It follows that fof = Lor and hence f is integrable on Ja, bd]. 
This proves the theorem. 


‘ Marbou BU A ay 

Let [a,b] be a closed and bounded interval and a function f[a,b] — R 
be bounded on ja, 6]. Then 

me be } each Pie eepigned positive « there corresponds a positive 6 such 
that U(P, fi)< t. f +e for all partitions P of [a,b] satisfying ||P|| < 6; 
and 

Ai #8 each prerpesigtied positive « there corresponds a positive 6 such 


that L(P, f) > L f —e for all partitions P of a, b] satisfying ||P|| < 6. 


Proof. (i) Since f is bounded on |a, 6], there exists a positive real number 
B such that | f(a) |< B for all x € [a,b]. 


Since yer is thé infimum of the set {U(P, f): P € Pla,b]}, for a 

pre-assigned positive ¢ there exists a partition Q of [a, b] such that 
UO f< fe fas 

Let Q — (x0,41,2%2, ve , En) and let 6 = aBCa* 

Let P be any partition of [a,b] such that (| PI] < 6. 

Let P’ = PUQ. Then P’ is a refinement of P by adjoining nm — 1 
additional points 71,%2,...,2%n— 1 at most. 

Therefore 0 < U(P, f) -U(P’, f) S$ 2(n — 1) B6, by Lemma 11.4.1. 

or, OCP, f) = OUP af) a: 

Since P’ is also refinement of Q, U(P’, f) < U(Q, f). 

It follows that U(P, f) <U(Q, f)+£ <JSofte. 

(ii) Since f is bounded on [a, b] there exists a positive real number B 
such that | F@) |< B for all x € [a, b]. 

Since Nei is the supremum of the set {L(P, f) : P € P{a, dj}, for a 
pre-assigned positive « there exists a partition Q of [a,b] such that 


LQ, f) > [if -4. 


Let Q = (29, 1,22,..-,2n) and let 6 = TBD: 
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t 


Let P be any partition of [a,b] such that ||P] < 6. 

Let P’ = PUQ. Then P’ is a refinement of P by adjoining n — 1 
additional points 2),29,...,2%,—1 at most. 

Therefore 0 < L(P", f) — L(P, f) < 2(n — 1) B6, by Lemma 11.4.1. 

or, L(P; f) 2 LPS F) _ $. 

Since P’ is also refinement of Q, L(P’, f) > L(Q, f). 

It follows that L(P, f) > L(Q,f)-§ > f° fre. 


This completes the proof. 


Proof, (i) Let us eGieoue e>0. Since f is bounded on ie: b], by Darboux 


theorem there exists a positive d such that iy <U(P,f) < (ee + € for 
all partitions P satisfying | P|] < 6. 

Since lim ||P, || = 0, there exists a natural number & such that ||P,|] < 
6 foralln >k. 


Therefore fF <U(Pr,f) < Rr +eforalln>k. 
Hence the inequality | U(F,, f) — Le |< € holds for all n > k. 
This implies lim U(Pa,f) = Rie. 


(ii) Similar proof. 


Worked. Examples. 


dis ee function f is defined by f(x) = z*,x & [a,b], where a > 0. Find 
os cis f and fe f. Deduce that / is integrable on [a, 5]. 


f is bounded on [a,b]. Let P, = (a,a+h,a+ 2h,...,a+ nh) where - 


h = ®=2, Then P, is a partition of [a,b] dividing [a,6] into subintervals 
of equal length. ||P,|| = 25*. 
Let No is sup (2), mp = inf xz), for 
; ~ aelaterntimieteal ) Lee een ) 
rte i, 2,: 
ia fi is an Tae ie function on n [a, b], 
= (a+rh)?, = (a+r —th)?, specs .57 
$ BiG <) = h{(a + 1? +(a+2h)? +---+(a+nh)?] 
é = h{na? + Qah. mat 4 h?., nue }onet) 
$ 


tI : 


(b — aja? + a(b — 
L(Pa, rT) = hla? + (a + h)? + 
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mha* +anh(nh +h) + AA GnhtD 
a)? (l+4)+¢ (b-a)§ aa+i \(2+ 4 1), 
-+(atn— ih?| 


= hina? + 2ah. Mad + 2 mia- Grn) ] 


nh(nh—h)(2nh~h) 


= nha? +a.nh(nh — h) + 


= (b—a)a?+a(b—a)?(1—4)4+ Li —a)(1— 


Let us consider the sequence of partitions {P,} of [a, b]. 


Here lim ||P,|] = lim 22 = 0. 
TE mt OD 
Then f= lim U(Pasf), [?f = lim L(Pas f). 


Therefore {. f= 
3 
and Lf = (b-—a)a* + a(b— a)? + ray 


b—a)? 3 _ ag 
(b — a)a? +.a(b — a)? + Ge == ba 


3 


a 8-23 
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As iv i. ‘ie f, f is integrable on [a,b] and f? f = &=2". 


oe «<< function f is defined on fa, 6] by f(z) = e” 
“a Deduce that f is integrable on [a, 6]. 


f is bounded on fa, 6). 


Let P, = (a+ h,a+ 2h,... 


,a@+nh) where nh = 


Find ff and f° f. 


b—a. Then P, 


is a partition of [a,b] dividing [a, 5] into n subintervals of equal length. 


Pr ll = a 
Let M, = 
1,2,...,7 


su 


Pp 
réEla+(r—l)h,atrh] 


Then M, = e?t7, 


U(Pn,f) = hlett® + e042" +... 
=h. earth. 


L(Ppr, f) =hlet + ett? +--- 


= —h. e*(>} 


f(z), m= 


inf 
c€fat(r—1)h,a+rh] 


~1A = 
Me = ett “DA for p= 1,2,...,7. 


Hie 


~-1 


+ ertnh) 


b-a 
+ =h. earth, € L 


= = Ae. (e? =e): 


sal) 


= sty (e’ — e*). 
Let us consider the sequence of partitions {P,} of [a,b]. Here 
lim ||P, || = lim 2=2 = 0. 


Then ff = lim U(Pa,f) and f° f = kim L(Pa,f). 


So ie =r gine 


he” 
ef me ae re e*) a 


b 


+ ett(n-Dhy 


6% 


f(z), for r= 
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and ee lim 


bo gay Pe oh 
im, a fe e*) =e e°, 


As lef = lien f is integrable on [a,b] and Ais =e? — ef, 


3.,..M function / is defined on [0,1] by f(x) =2,x € [0,1] N@ 
ae = 0,2 € [0,1] —-Q. 
Find it and Sof: Deduce that f is not integrable on (0, 1]. 


f is bounded on [0,1]. Let us take the partition P,, of [0,1] defined 


by F, = (0,2,2,..., 2). 
Let Mp = sup f(#),m,= inf f(x), forr=1,2,...,n. 
effet zy] 2e€(7 5 


Then M, = £,m, = 0, for r = 1,2,...,0. 
U( Pas f) = Mi(g — 0) + Mo(2 — 4) +---+ My(® — =) 


7h mm 


nm nr 2n ? 


and L(Pa,f) = mi(L—0)+mg(2 —2) +--+. 4:ma(® — Bet) 
== 0, since each m, = 0.. 
Let us consider the sequence of partitions {P,,} of [0,1]. ||Pall = 4 


and lim ||P,|} = 0. 
Th? OD 
: : _F . : pl 
Then lim U(Paif) = fof and lim L(Pa,f) = fof. 


Therefore [jf = lim tl =} and f'f =0. 
ir J 


Since Sit # dab f is not integrable on [0,1]. . 


A. eth function f is defined on [0,1] by 
. f(c) = wif x be rational 
= gg? if x be irrational . 
Find f'f and fj. Deduce that f is not integrable on (0, 1]. 


f is bounded on [0,1]. For all x € (0,1),2 > x?. 
Let J = [0,1]. f/(1 1 Q) is monotone increasing on INQ. 
f/(Z — Q) is monotone increasing on I ~ Q. 


Let P, be the partition of [0,1] defined by P, = (x9,21;...,£n) where 
ro = 0,2, = L,r = 1,2,...,n. 
Let M, = sup f(z),m, = inf f(x), for r = 1,2,...,n. 
2G@ (rp, er] ; rE[B,...,%7] 
Since f/(J MQ) is monotone increasing on [z,~1,2,] MQ, 
sup ge) = f(tr)= F- 


eé[a,—2,¢,]N 
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Since f/(I — Q) is monotone increasing on [tr—1 tr] — Q and zg; is 
rational, “sup f(x) = lim f(un), where {un} is a sequence of 
tE[eyri1,2r]— bd ane : 
irrational points in [z,~1,#,| converging to x, 
Qo Ff END 
= 2, = (4) : 
Since £ > (Z)2, sup f(z)= £. Hence M, = £, for r = 
nT 2€ler—1.te 


1,2,...,7. 


' Since f/(J 1 Q) is monotone increasing on (zr—1, a7] OQ, 
inf fF) = f(tr-1) = . 


ae f/(Z — Q) is monotone increasing on [tr—1, 07] — @ and oe 
is rational, inf f(x) = lim f(vn), where {vn} is a sequence o 
x€(zr—1,27]-Q nm oo 
irrational points in [z,-1, zr] converging to ty—1 
= 2F = (=S+)?. 


-1)2 
p r—-1 r—-1\2 inf a) = (=): Hence Mp = (t=4) : 
Since 4 = (>) ela ) 4 
for r= 1,2,...,7. 
U(Pn,f) = Mila — 0) + Ma(xe oat) + ++++ Mn(tn — En-1) 
> RAS E Stal = ah. 
ae. tho ™M (an - En-1) 
L(Pa,f) = mai(ay — to) + Me(v2 v1) + atte san 
= Moe Be te + Oa = Saye, 
| ae 
Let us consider the sequence of partitions {Pn} of (0, 1]. ||Pall = = 
and jim || Pn || = 0. 


, 1 : 
Then Jf = lim U(Pa, f) and [of = lim, L(Pa, f)- 
Tt : —1)(Q2n-1) _ 4 
So fof = lim "Ht = $ and fi f = lim S-3er-2 = 5. 
noo 


an 2 


Since tof é Nae: is not integrable on [0, 1]. 


14:7siansthér condition for integrability. 


. 


et a function f : [a,b] — R be bounded on [a, dB]. Then f is integrable 

on [a,b] if and only if for each « > 0 there exists a positive 6 such that 
UPA) - LP A) <6 

for every partition P of {a, b] satisfying | Pil <6. 


b ~b 
-Proof. Let f € Ria, 6]. Then Se = [oF 
Let us choose € > 0. . 
Sincé f is bounded on [a, 6], by Darboux theorem, there corresponds 
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s 


a positive by such that U(P, f <epPpas rms 
satisfying || P|] < 6). a ° Saf Ter ee Paratioue Or [a,b] 


Also there corresponds a ositi 

a: positive d2 such that L(P oT fee 

all partitions P of [a, 6] satisfying P| < do. a Lf as 
Let 6 = min{d,, do}. 


Then U(P, f) < ve. + § and L(P. ia ae 
: a ; if) > § iti P 
of [a, d] satisfying | 2 il <6. ° ) Lf 2 for all partitions 


So U(P, f) ~ L(P, f) < « for all partitions P of la, 6] satisfying || PI] < 


To prove the converse we first 
ze t observe that for any iti 
re partition P of 
[ao LIPS) < f? < fer sue, f). : 
. pb b 
That is, ff — ‘ees < U(P, f) — L(P, f) for any partiton P of {a, dl. 
Let us choose e > 0. B iti i 
. By the condition, there exists iti 

that for all partitions P of istying| aay ore 
ee of [a, 6) satisfying ||P|| < 6, U(P, f)-L(P, f) <é 


Therefore exists a partition, sa 
, y P. of ; b x 
OF esd) — IAP, f) <€. ‘ le such that Pell <o and 


=.8 6 . . 
Also we have tar > Lee by Theorem 11.4.3. ° 
ab 
Therefore 0 < f/f — Lor = UCP. f) = LAP f) <6. 


This holds for each positive ¢. It foll Pr? 8 
; ows that = 
f is integrable on [a, }}. fe Lene 
This completes the proof. 


ome Riemann integrable functions. 
Pheoren' 1 
Thensf. isvi 


tionfis[@ OP SR be mesidtoeeton. (ay). 


ae Let : be monotone increasing on (a, 6]. Clearly, f is bounded on 
[a, 6], f(a) being a lower bound and f(b) being an upper bound of f on 


Let us choose € > 0. 
- Tess P be a partition of [2,6] with ||P] < «/{f(b) — f(a) + 1}. Let 
Pekar es where a = %9 < 2) < 29 <::- <2, = 6. 
et MM, = sup f(x), mm, = a inf )f), for r = 1,2,...,n. 


cE (te—1 zr] Lr 1 see 


Then M, = f(x,) and m, = f(@-~1), for r =1,2,...,n. 
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We have U(P, f) ~ L(P,f) = ¥ (My — mr)(te ~ tr—2) 
= 2 tf er) = Sf (@r-1)} (er = Dp—1) 
= PIE {f(er) — f(@r-1)} 
IPI S(O) — Fla)} <€. 
Therefore for a chosen positive ¢, there exists a partition P of [a,b] 
such that U(P, f) — L(P,f) <e. 
This being a.sufsietentseondition for integrability, f.is integrable on 
fa, 6]. 
Proceeding in a similar manner it can be proved that if f be monotone 
decreasing on {a,b}, then f is integrable on [a, 6]. 
This completes the proof. 


ll 


Proof. Since f is continuous on [a, bl, f is bounded on [a,b]. Since f is 
continuous on [a,b], f is uniformly continuous on [a, 6]. 

Therefore for a chosen € > 0, there exists a positive 6 such that 

| f(z’) — f(x”) |< sq for any two ponts z’,x" in [a,b] satisfying 
fat et | RO ee (i) 

“Let P be a partition of [a,b] with ||P] < 6. Let P = 

(zo, %1,22,-++s2n); where a= 2p < 21 < 22 < 61° < an =. 
f(x), for r = 1,2,...,7. 


Let M, = sup 
x€(cr—1,2r] os 
Since f is continuous on (x,—1, 27] there exist points £r, Mr in [tr~1, fr] 
such that FE) = Mey L(t) = ™r- : 
From (i) | 4, — mr |< sq: for r= 1,2,...,7. 


We have U(P, f) — L{P, f/f) = (Ms —m,)(tr — U1) 


f(x), Mp = inf 
eG lopiistr 


< gS E (zr — Lp—1) = €- 

Therefore for a chosen positive « there exists a partition P of [a, }] 
such that U(P, f) — L(P, f) <«. 

This being.a suficient-wonditionfor integrability, f integrable on [a, d). 

This completes the proof. ° 

2eGS¥S1S «The class of all functions continuous on [a,b] is denoted by. 

Cla, 6]. It follows from the theorem that f € Cla,b] => f € Ria, 4]. 
Note}:2ue, We shall see that C[a,] is a proper subset of Fla, b]. There 
are some discontinuous functions which belong to Ria, bd]. 
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Proof Since fi is bounded on [a, 6], there exists a positive real number 
k such that | f(z) |< & for all x € [a,b]. Let f be discontinuous at m 


points 71,72,...,%m in [a,b] such that 271 < 22 <---< ap. 
Case l. Leta<a2,; <2g<+-+ <a, <b. 

Let «€ > 0. Let us enclose m ome %1,02,...,0%m in ym non- 
overlapping subintervals[z, — & ey + 4}, 00, (2m — 2. tm t+ $m) of [a, b] 
such that a < 2, —~ 4, b> tm + & and 6; + dg +::-+6m < aes 

Let MO) = sup f(x), mM = inf f(x), for 


z€{e,— 2h, tr+ Se] re (a. — SF rt SE] 


rps 1,2,...,m. 
Then M® ~ m©™ < 2k, for r = 1,2,...,m. 


J is continuous on the remaining 7.+ 1 subintervals (a, 1) — S11, [ary + 


: : 2 
aig — B),---, [am + SB, b). 

Then there exist partitions P, of [a,2, — 2}, Pz of [cy + 2m o 
$2), 20, Praga OF [tem + oe b} such that 


U(Pr, f) — L(Pes f) < aaiqy: for k= 1,2,...,m41. 


The partitions P,, Po,..., Pm+1 are disjoint. 

Let P= P/UP2U---UPmii. Then P is a partition of [a, b]. 

UP, f) — DPF) = (UP) — £CP A) + (UV (Pe, f) — £CP2. P+ 

+ [U( Praga, f) — L( Prats f)] + (APM — m)5, + (AT) — mi2)) 50+ 
vee (MOM — mM), < apy (mm + 1) + 2k(dr + d2--+ +5) <e, 
since 6; +dg+:+++6m < aye 

Thus for a chosen positive « there exists a partition P of [a,b] such 
that U(P, f) — L(P, f) <e. 

This being a sufficient condition for integrability, f is integrable on 
[a, b]. 

Case 2. Either a = x21, or ty, = 6, or both. 

If a = x, the subinterval enclosing the point 2, can be chosen as 
[a,a+6,]. If x, = b, the last subinterval can be chosen as [b — 6,,, 6]. In 
any case, proceeding with similar arguments it can be proved that f is 
integrable on |a, 5}. 

This completes the proof. 


i nye If f : [a,b] — R be piecewise continuous on [a,b] then f is 
integrable on [a, d]. 
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ed on ae db) -andilet.f be: 
ib 


Proof. a f is So siaded on 18: b], there exists a Baaitive number k. 
such that | f(x) |< & for all z € [a,d]. Let S’ (the derived set of S) = 


{z1,29,..-,2m} such that 2] < 2g < +++ < fm. 
Case l. Leta<a4, <22<-:'<am <b. 

Let us choose « > 0. Let the pons way, ZQ,.++,2m be enclosed by m 
non-overlapping subintervals {1 — 4,21 + 9], [we —- 2 2 + 8),+-+[2m— 


$e tm + $n] of [a,b] such that a S xy— ae > ee fn and iy + dg+ 
-+dm < &- 
Let MO = sup f(z), m™ = inf 
} 


Sp & 
x€ [xy — 26 eet €[rp— SE tr+ SF] 


f(x), for 


ra=1,2;...,m. 
Then MO) —m ") < 2k, for r = 1,2,. 
On each of the remaining m+1 See [a, v1 —- 4), [zi + SB, - 
&),... -, (tm + *, 4], f is continuous except for a finite number of polite, 
So f is integrable on each of these intervals, by Theorem 11.5.3. 


Therefore there exist partitions P; of [a,z1 — 4), Po of [a1 + 4, x9 = 
8)... , Pri of [2m + 2,6] such that 
U (Pr, f) — LPs f) < sfay for = 1,2,...,.m +1. 


The partitions P,, P2,-+-, Pm+1 are disjoint. 
Let P= P, UP2U-:-U Pris. Then P is a partition of [a, 5}. 


U(P, f) — L(P, f) = (U(Pi f) — (Pf) + (UCR Sf) - L( Po, f)|+ 
+ [U (Pitts f) — L( Pmeis f+ (MO — mM), + (ME — m))do+ 
sts (mM™) = mM) 5m, < Ces.) (m+ 1) + 2k(61 + dz ++++6m) <€. 


Thus for a chosen positive e there exists a partition P of [a, 6] such 
that U(P, f) - L(P,f) <. 

This being a sufficient condition for integrability, f is integrable on 
[a, Bb}. 

Case 2. Either a = x1, or fm = 6, or both. 

If a = 21, the subinterval enclosing the point x, can be chosen as 
[a,a+6,]. If 2m = 6, the last subinterval can be chosen as [b ~ bm, 6]. In 
any case, proceeding with similar arguments it can be proved that f is 
integrable on [a, d]. 

This tompletes the proof. 
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7 Let f(x) = sgn x, « € [2,2]. 
ae Then f(z) = -1, -2<2<0. 
= 0,2=0 
= 1lda<2x<2. 
f is bounded on [—2, 2], since |f(x)| <1 for all x € [-2,2]. f is con- 
tinuous on [—2,2] except at only one point, 0. Therefore f is integrable 
on [—2, 2]. 


2. Let f(x) = [x], 2 € [0,2]. 
f(z) =0,0<52<1 | 
a i ar 1 eA 
= 2,2 = 2. 


f is bounded on (0, 2], since | f()| < 2 for all x € [0,2]. f is continuous 
on aC 2] except for the points 1, 2. So f is integrable on (0, 2}. 


ae Let f be defined on [0,1] by 
f(0) = 0 and 
fle) = pds &k <a S gdh, forn =1,2,3,... 
f is monotone increasing and bounded on [0,1]. Therefore f is inte- 
grable on [0, 1}. 


eae Let f be defined on [0,1] by 
f(0) =0 and 
f(z) =(-1)"7}, ay A Se fotp Se Ly 235s, 


f is continuous on [0,1] except at the points 0, 4 i 3 i, --+ The set of 
points of discontinuity of f has only one limit point. Also f is bounded 
on [0,1]. Therefore f is integrable on [0, 1). 


8% A function f is defined on [0,1] by f(0) = 0 and 
" f(x) = O, if x be irrational 
2s a if « = ® where p,q are positive integers prime 
to each other. 
Show that f is integrable on [0,1] and f, f = 0. 


f is bounded on [0,1]. Let us choose a positive ¢ such that 0 <« < 
2. Then there exists a natural number & such that &k < 2 <kA+1, 
by Archimedean property of R. Let the rational numbers in (0,1) be 


arranged as 
poe 


i k-1 
pio S23 


‘ - a : i é 
PRES Bae a 


ks aa? 
a 
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There are only a finite number of rational numbers of the form : in 
[0,1] with denominator < k. At every such point f(z) > t > §&; and at 
all other rational points.in [0,1], f(#) < § 

Let the finite number of rational points for which f(a) > § be 
L1,L9,°++, 2m where z, < ro < +++ << Lm. 

: ’ Let us enclose the points by subintervals (x, ~ % ,ay+ $1], — & 72g+ 
3),¢°:, [2m — $m ten + Sm] such that 6, + 62 +---+dm < § 

Since each of these subintervals contain rational as well aa irrational 
points, the mae of f in each of these subintervals is less than 1. 


Let P = (0,a1— %,2,4+ 9,20 -%,-++,2m+4m, 1). Then P is a par- 
tition of [0, 1] ae [0, 1] into 2m +1 subintervals, m of which enclose 
the points 21,22,...,2m. In each of the remaining m+ 1 subintervals, 
the oscillation of f is less than § and the sum of these m+ 1 subintervals 
is less than 1. 

So OP, fy — Lyf) <.1.$ 4 Sl = & 


Therefore there exists a partition P of [0,1] such that U(P, f) — 
L(P, f) < . 

This being a sufficient. condition for integrability, f is integrable on 
(0, 1). 

Let P = (Zo,21,... 
arbitrary partition of [0,1]. Let m, = inf 


eElrp_1,u7] 


,fn), where 0 = a <4, < ++: < 2p = 1 bean 
f(E)y PH dy 2 age 


Since every subinterval [x,_1,z,] contains irrational points, m, = 0 
for r = 1,2,...,m. Therefore L(P, f) = 0. 

Consequently, ff =: sup{L(P, f): P € Pla, 6|} = 0. 

Since f € R[0, 1, fof = te f and therefore ARs f=0. 


Note. This function f is continuous at 0 and at every irrational point 
in [0,1] and discontinuous at every every non-zero rational point in [0, 1]. 
This example shows that a function bounded and continuous on a closed 
and bounded interval fa, 5] except for an infinite set of points S C [a, 5] 
having infinite number of limit points, is also - integrable on fa, 6]. 


\Mhemarks. 
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The reader may think that (iii) describes the most general type of 
bounded discontinuous functions f that are integrable on [a,b]. That 
this is not true, is established by the worked out Example 5 of 11.5. 

In this respect there is a theorem of Lebesgue that a necesary and 
sufficient condition for a function bounded on [a, 6] to be Riemann inte- 
grable on [a,b] is that the set of points of discontinuity of f is a set of 
measure zero. 


e/Deinition. A set S CR is said to be a set of measure zero if for each 


€ > 0 there exists a countable collection of open intervals {J,} such that 
oO 
Sc U Inand ¥ |Inl<e. 
n=1 nal 
Some examples of a set of measure zero. 
1. A finite set S C R is a set of measure zero. 
Let S = {21,22,...,2m} CR. 
Let « > 0. Let x, be enclosed by the open interval J, = (a, — 
ce] 
BOREI) > fr + aera) for r= 1,2,...,m. Then Sc we, I, and (y|+ 
fof +--+ + ml = Za <e. 
Therefore S is covered by a finite collection of open intervals such 


that the sum of the length of the intervals is less than e, proving that $ 
is a set of measure zero. 


2. An enumerable subset of R is a set of measure zero. 


Let S be an enumerable subset of R. The elements of S can be 
described as 21, 22,23,..- 
Let « > 0. For each 7, let x, be enclosed d by the open interval 


I, = (27 — ape, 0r + ox). Then SC o bee 


Now |i; [+|Je|/+ll/a|+--- = 4 
= (l+3h+ 
= g2= $< 

Therefore S is covered by a countable number o 

such that the sum of their lengths is less than e¢. 


This proves that S is a set of measure zero. 


ie open intervals 7, 


Corollary. Since Q is an ennumerable set, the set Q is a set of measure 
Zero. : 


3. Let S be a bounded infinite subset of R having a finite number of 
limit points. Then S is a set of measure zero. 


Let the limit points of S be x1,22,...,2m. 
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Let the poe H1,02,.. 
(2, — dat 4), (a> 2,29 + %2),-- 
by +69 +-°- +bm < S 

Outside these open intervals there lie at most a finite sonaber of points 
of S and those can be covered by a finite number of open intervals, the 
sum of whose lengths is less than 5. 

Considering the two finite families of open intervals, S$ is covered by 
a countable collection of open intervals, the sum of whose lengths is less 
than e. 

Therefore S' is a set of measure zero. 


) 2m be enclosed by 7 disjoint open intervals 
‘(tm — Byam + ¥) such that 


11.6. Properties of Riemann integrable functions. 


, f and’¢ are “both bounded 
n [a,b]. Therefore there exist Hosltive. real numbers k;,k2 such that 
| f(z) |< ky and | g(x) |< ke for all x € fa, d]. 

| f(x) + g(x) |<!) f(z) | + | g(x) |< Ai + ke for all x € [a, 8}. 

This shows that f + g is bounded on [a, 6]. 


Let us choose ¢€ > 0. 

Since f € Ria, d], there exists a partition PF, of [a,b] such that 
U(Pi,f) — L( Pi, f) < §- 

Since g € Ria, bl, there exists a partition FP, of {a,b} such that 
U(P2, 9) = L(P2,9) < $ 

Let Py = P, U Pz. Then Pp is a refinement of P; as well as of P2 

and L(Py, f) < L(Po, f) < U(Po, f) < UP. SF); 

L(P2,9) < L(Po,9) <= U(Po, 9) <= U(Pa,9). 


8001), J) — Ll Po f) S Us f) — 2. fF) < 8 
and U(Po, 9) eS L(Po,9) s U(P2,9) <3 L(P2,9) < 5 


Let Po = (%0,%1,--+,%n), wherea = 29 <1 < +++ < an =d, 
Let M,= sup (f+g)(z),m-= inf (f+4g)(z) 
2G [ty—1 or BE(vr—1,2r] 
M,= sup f(z),m,= inf f(x) 
v€ltr_1,%r] LE [eri Tp 
Mi = sup g(x), mf = _ inf g(x), for r= 1,2,...,n. 
ré[zr—1,tr) TE[Tray er 


Then M, < Ml + M7, m, > m, +m, for r = 1,2,. 
U(Po, f +9) = Mi(@1 — 20) +-- ee 
< (Mj(a1.— 20) + +--+ Mi(tn — In-1)] 
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+[ My (21 — Xo) +--+ MY (an — 2n-1)] 
ca U(Po, f) oe U(Po, 9): 
Similarly, L(Po, f +g) 2 L(Po, f) + L(Po, 9). 
Hence U(Po, f+9)— L(Po, f+) < [U(Po, f) -L(Po, f)i+ 
L(Po,9)| < § +§ =. 
"Therefore for a chosen « > 0 there exists a partition Po of {a, 6] such 
that U( Po, f +9) -—L(Po,f+9)<e. 


This being a sufficient condition for integrability, f + g is integrable 
n {a, Od}. 

Second part. 

Let « > 0. Since f € Ria, b], there exists a partition P, of [a,b] such 
that U(P,, f) < [? f +4. 

Since g € Rla,b], there exists a partition P. of [a,b] such that 

b a 

U(P2,9) < ts gt 3° 

Let Pp = Sage Then Po is a refinement. of fe and Py and U(Po, f) < 
U(Pi,f) < fo f+ §; U(Po.9) S$ U(P2,9) < fg +f. 

Therefore U( Fo, f +g) < U(Po, f) + U(Po,g) < an f+ flgre 

Since f + g is integrable on [a, dj, CCF +9) <U(P,,f +49). 


gg 2 


b : 
Hence f’(f +9) < J Ppepgte. ay - wat) 
Considering the lower sums, by similar arguments we have 
b b b ‘is 
LG Rael Fe lega es ke 2G) 


From (i) and (ii) we have | fPFt+ g)— {2 = ne I<e. 
This holds for every positive «. Therefore Po +9) = iF + { Go. 


Note. For a finite number of functions fi, fe,.--, fm each integrable on 
a,b], fi + fo +::++ fn is integrable on [a,b] and 

b 

I eu Se als 


Pree ‘Since ae € tay fis bound 
n [a, 5}. 
Case 1. c=0. 
ef (x) = 0 for all x € [a,b). cf is integrable on [a,b] and f ef =O and 
therefore fe cf = cf? f. 


Case 2. c>0. 
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Fe = the supremum of the set {L(P,f):P€ Pia, bj}. 


f° f = the infimum of the set {U(P, f) : P € Pla, b]}. 
ep = the supremum of the set {L(P,cf): P € Pla, 6]} 


= the supremum of the set {cL(P, f) : P € Pla, }}} 
= c, the supremum of the set {L(P, f) : P € Pa, b}} 


= eff. 

{cf = the infimum of the sect {U(P,cf):P € Pla, dj} 
= the infimum of the set {cU(P, f) : P € Pla, bj} 
= c. the infimum of the set {U(P, f) : P € Pla, bl} 


= c.f ef. 
Since f € Ria, d| id ows ee 
Hence f” cf = Prcfacf? : s 
This shows that cf is integrable on [a,b] and fi cf = cf? f. 
Case 3. 
Similar proof. 


Note. The two theorems 11.6.1 and 11.6.2 together establish that Rie- 
mann integrals satisfy pineal property. 


cx 0. 


fab} me R. be: integrable, ‘on -(a,; bl. 


Proof. Since f € Rla,b}, f is bounded on [a, b]. Therefore there exists 
a positive real number & such that |f(x)| < & for all x € [a, bj. 

Now | | f](x) |= [fl(z) = |f(e)| < & for all x € [a, 6]. This shows that 
|f| is bounded on [a, }]. 


Let us choose ¢€ > 0. 
Since f is integrable on [a, 6], there exists a partition P of [a,b] such 


that U(P, f) - L(P, f) <«. 
Let P = (40,91,...,n), Where a = a9 < 41 < QS 05+ Stn = b. 
Let M, = ee is f(z), mrp = st tag OR 
Mi= sup |fi(x), m= inf Fite), fOr PS 12 de oh 


x€ (trier € (tr —1.0+] 
For any two points a, @ in [z--1, 27], we have 


| LFl(o) — FMB) 11 IFC@)1 — LF CDI I< F(a) - (B® 


Analysis-28 
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We use here an important property of a bounded subset of R. 


If S be a non-empty bounded subset of R with sup S = M and inf 
S =m, then the supremum of the set {Jz —y|:a€ S,yé€ S}is M—m™. 
[worked Ex.5, page 33] 


Since f is bounded on [z,-1,2,] with sup f(x) = M, and 
cé[zpir 


ey inf fF) = m,, the supremum of the set {| F(a) -f(B)|: ae 
TE [Lp por . 
[tr—1, Zr], 8 € [eesaseelt is M, -—m,. 
Since | f| is bounded on [7:,_1,£;] with sup 
z€[ep_1,Gr 


inf | f | (2) = m!, the supremum of the set {| [fi(a@) — [f/(8) |: 


ce lep2,cr 
o & [x--1, 2,7], 8 € [z-~-1,2r]} is Mi — mi. 

From the inequality (i) it follows that M, —m, is an upper bound of 
the set {| |f|(a) — [f|(8) |: @ € [zr-1, 27], 8 € [zr-1, 27]}- 

Therefore Mi — mi < M, —m,. This holds for r = 1,2,...,n. 

So U(P, |f|) — LP IF) 

= (Mj — m})(1 — Zo) + +++ + (MA -— m,)(@n — En-1) 

< (My — m1)(@1 — 20) + +++ + (Man — Mn) (Zn: — Fy-1) 

= U(P,f)—-L(P, f) <«. 

This being a sufficient condition for integrability, | f | is integrable 
on {a,b}. This completes the proof. 


| f | (ec) = MS and 


Note. The converse of the theorem is not true. For example, 
let f : [a,b] — R be defined by f(z) = 1,2 € [a,b)NQ 
= ~—l,ré [a,b}-Q. 


Then / is not integrable on [a, bj. 
But |f|(z) = 1 for all x € [a,b] and | 


is,integrabté on 


Proof. Since f € Rla,b], f is bounded on [a,b]. Therefore there exists 
a positive real number & such that | f(z) |< & for all x € [a,b]. So 
| f2(x) |< k? for all x € [a,b]. This shows that f? is bounded on [a, 8]. 
Let us choose € > 0. 


Since f is integrable orf [a,b], there exists a partition P of [a,6] such 
that U(P, f) — L(P, f) < &.- 


Let P = (x0,21,%2,.--,2n), wherea = 2p <2, <-+++ < on = '. 
Let Mp= sup f(z),m,= inf f(z), 
cE [e-—1,2r] wéle,_1,2,] 
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bey £2 (nr), mo = inf Qe) for r= 1,2,...,7. 
Mi= sup f(x), ™, ia eae (x), 


w€[xr—1,0¢r] 
For ae two points a, @ in th ae 

4(a) — £7(6 | {f(a)}° — 
aoe — | F(a) + £(B) Il F(a) - F(A) | 
2k | fla)—f(B) |. + @ 


Since f is bounded on [ap-1, 27] with a 
zz Lp w 


1.Zr] 
inf f(x) = mr, the supremum of the set {| f(a) — f(B) |: w € 


Ele, zy| 
eae. € [z--1, Zr]} is Mr — mr. {worked Ex.5, page 33] 
f?(x) = Mj) and 


Since f? is bounded on [#,-1,%r] with sup 
e€(er—1,0r 


inf _ f2(x) = m1, the supremum of the set {| *3(a) ~ f2(B) |: ae 
sen € tects) = M/ —m,. [worked Ex. 5, page 32] 

It follows from the inequality (i) that 2k(M, ~m,) is an upper bound 
of the set {| f?(a) — f7(8) |: & BE [7-—1,2r]}- 

Therefore M/ — mi, < 2k(M, — m,). This holds for r = 15.2)... 05%. 


i 


IA fl 


f(z) = M, and 


U(P, f?) — L(P, f?) 


I 


S (Mi — mi) (ar ~ 2r-1) 
r=1 


I IA 
wm oN 
= 
Si 
a0, Se 
28 
14 
tb 3 
ae | 
pee eee 
2 
sn 
Ag 
ma 4 
> Sl 

a 


This being a sufficient condition for integrability, f® is integrable on 
b]. This completes the pro f 


; 196.5) "Let the’ func Fife if % 2 
a grable-on:{a,6],, Dhenyfig ts integrable on 


Proof. Since f € R{a, 4], f is bounded on [a,b]. Since g € Ria, 4], g is 
bounded on [a,6]. Therefore fg is bounded on {a, B}. 
; Lf2_ 1,2 
Now fg =3(f +9) —3f? — a9°- 
Since f € “Ria, b] and g € Ria,bl,3(f + g)*,4f? and 4g? are all 
integrable on [a,b] by Theorems 11.6.1, 11.6.2 and 11.6.4. 
Hence fg is integrable on {a,b}. This completes the proof. 


ia 


{a,6 


f 
Proof. |}(x)| = lstay| S 1 for all x € [a,]. This shows that ; is 
bounded on {a, 9}. 

, Let us choose € > 0. ; 
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* 


: a Note,2 


for. lig vee la, 
“ftcyork fora 
In this case, 4+ is integrable on ta. b], by the theorem. 


Since f is integrable on [u,-b] there exists a partition P of [a,b] such 
that U(P, f) - L(P,f) < ke. 


Let P = (%9,21,...,2n), wherea =x < 21 < 2g < ++: <a, = b. f 
Let M, = one oh Mp = ~ inf F(); Theo 4£O65% 
CSL 1, er TEiTp— 1,0 r cag 
Mi= sup 4(2),mi= inf 2 = tegralalesitke 
Pe nice +( ) Fae +(x), for r = 1,2,...,n. gC 


Proof. Since f € Ria, ‘bh, f is spowaded < on ee b). "arp erefore ‘ies exists a 
positive real number B such that ! fe), |< B for all x € [a, )]. 
Since g(x) > k for all x € {a, 6], aay < } for all x € [a, 6). 


For any two points a, @ in’[z;_1, 2,], we have 


17(@) — 318) = Ipey — Fil = reat f(@) - 
< glf(e)—f(B)}.. . @ 


Since f is bounded on [#,~1,2,] with sup a) = M, and 
: ee[ry— Lye rl] 
inf f(z) = my,, the supremum of the set {/f(~) —f(P)| : ae 


r@[c-_.,¢r] 


[tr—1,2r],8 € [x--1, zy]} is Mp — mp. [worked Ex.5, page 33] 


gla 


Therefore | £(z) \=| oe |< 2 for all x € [a,b]. This shows that f/g 


is bounded on ie b). 
Since g € ip b] and g(x) > k > 0 for alla € [a, ) Ears & Ria; bl. 


Since f and 4 3 are both integrable on [a, }], £ is sateerable on [a, b] by 
Theorem 11.6.5. : 


Since ; is bounded on [z,~1,2,] with sup ee = Mi. and 


‘ 2E(er_1,0r]} 
pean ts 7) = m,, the supremum of the set {| 7(@) — 7(8) |: a € 
[t--1, 2,5, 6 € [tr-1,2r)} = Mi — mi. 

It follows from i inequality (i) that 4.(M, —m,) is an upper bound FS hat 
of the set {| #(a) — $(6) |: a,6 € [z-- ie 
Therefore Mi — mi. < ge (M, — mr). This holds for r= 1,2,...,n 


r 


of. Since ¢ is continuous on [c,d], ¢ is bounded on le, d| and therefore 
e exists a positive real number & such that | #(t) |< & for allt € [c, d]. 
Let us choose € > 0. Since ¢ is continuous on [c,d], ¢ is uniformly 
continuous on [c,d] and therefore there exists & positive 6 such that for 


all s,t € (ce, d],|s—t}< 6 >| 0(s) — $(t) |< a@iayp oe (i) 


U(P,4)-L(P,4) = Zz, Si —m!.) (a, — t,~1) 
a Since ie is integrable on [a,b], there exists a partition P=(a= 
= aM, — Mr)(er ~ @y~1) 2.21, +++, = b) of [a,b] such that U(P, f) - L(P,f) < &5 ~ (ii) 
= TIP, f)-L(P,f)] <e. Let M, hoe 1), Mp = aoe f(z); 
Therefore for a chosen e€ > 0 there exists a partition P of [a,b] such , coat : ee ee 
that U(P, +) = L(P, $) ee. ] Mi = — sup pof{n), m= weet oe po f(x), for PS 1233 


we(zp—1,0r] 

Let us consider two subsets A and B of the set S = a 2,...,7} (the 
ea of fae points of partition P), where A = {r : M, —m, < 5}, 

=({r: — mr > 5}. 

Let r é - Then for z,y € [tr— 1 Pr], | f(z) — f(y) |< 6 and by (i) 
this implies | (f(x)) — 6(f(y)) I< me=a) 

Therefore ifr € A, M,—m, S a¢g5a)> 
of the set {@(f(z)) — (F(y)) +t. € [2r-1, 27] }- 

to en! = Bh 

Consequently, Ee mi)(@r —Zr-1) S 3(b a) (b— a) 


This being a sufficient condition for integrability, ; is integrable on 
eee This completes the progk: 


since M/ — mi, is the supremum 


Then f is enaiieds on [0,1], f is continuous on (0, 1] except at only 
one point, 0. So f is integrable on [0,1]. Also f(x) > 0 for all x € (0, 1]. 


; is unbounded on [0,1] and therefore 4 is not integrable on (0, 1]. 


428 REAL ANALYSIS 


| ie., < £.... (iii) 
Let r é B. Then = (M,. — M),)(@r — Zr—1) S 2k(ay — xp~1) 
ré. ; ‘ 
< 2k.(z, — ty 1) Meome) 
< BU(P, f) - LIP, Ff) 
< 2k £2, using (i) 
ie, < < bo: BE (iv) 


Therefore U(P, dof) — L(P, of) = E (M; —m!)(e, —2r—-1) 


<e, using (iii) and (iv). 
This proves that ¢o/ is integrable on [a, 6). 


Note. If f: 7 — BR be integrable on J and @: J — R be integrable on 
J, then ¢of may not be integrable on J. For example, let ¢: [0,1] —~ R 
be denned byedla) = 1 ife7~O0 - 
= 0,ifx#=0. 
Then ¢ is integrable on [0, 1]. 
Let f : [0,1] — R be defined by f(x) = 0, if x be irrational 
= i, ifs = @ where m,n are 
positive integers and gcd(m,n) = 1. 
Then f is integrable on [0, 1). 
gof : [0,1] — R is defined by dof (x) = 0, if x be irrational 
= 1, if x be rational. 
gof is not integrable on [0,1]. 


Proof. Since f € R[a,b], f is bounded on [a,b]. Therefore f is bounded 
on [a,c] as well as on [c, d]. 

Let. us choose « > 0. Since f is integrable on [a,b], there exists a 
partition P of [a,b] such that U(P, f) — L(P, f) < «. 


Ifc ¢ P, let P, be the refinement of P by adjoining the point c to P, 
e, Po = Pu {e}. 

Then L(P,f) Ss L( Po, f) S U( Po, f) S U(P. FI. 

If however, c€ P, then P, = P. 

In any case, U(P:, f) ~— L(P., f) < U(P, f) — L(P,f) <e. 

Let P. = Py U Po where P, = [a,c] N Po, Pe = [c,d] NP. 

Then P, is a partition of [a,c] and P2 is a partition of [c,b] and 
UPaf\ = UWI + Ua), LO, fy) = LOPS) + b@a, f). 


x 


x 
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Therefore [U(P;, f) — L(Py, f)] + [U(P2, f) — L( Pa, f)) < « 


Since U(P;, f) — L(Pi, f) = 0 and U(Pa2, f) — L(Pa2, f) = 9, it follows 
that U(Fi,f) ~ L{P;,f) <€ and U(Pa, f) = L(P2, f) <€. 


By the condition for integrability, f is integrable on [a,c] and also 
integrable on [e, 6]. 


Second part. 
For any partition P of [a, }}, 


U(P, f) > U(P., f), where P, = PU {c} 
= U(P,, f)+U(P2,f), where P; = [a,c] OP, and P2 = [c,b) NF 


> fore Sis 

This shows that fe f+ i f is a lower bound of the set {U(P, f) : F 
Pla, b]}. Since the infimum of the set is ii f, it follows that 

TG PE aoe (i) 

For any partition P of [a, 6], 


L(P, f) < L(P., f), where P, = PU {c} 
= L(P,,f) + L(P2,f), where Py = [a,c] P, and P2 = [e, b] NP 


< [or + ee 

This shows that i ft f is an upper bound of the set {L(P, f) 
PéPf{a,b\}. Since the supremum of the set is is Jf, it follows that 

i f+L f2 E f se o8 (ii) 

But Pf=TefaKh f= Tira hh Pps hiae rT 

From (i) and (ii) we have [© fase f< A be f+ f° f. 

Consequently, f . f= P_irt > f. This completes the proof. 

aR be: intesrabl eel and aS eS d.< by 


Proof. fe Rla,b] => fe Rlc,b], sincea<c<b 

. ee q}, pike ee =e 
tia; Rand.¢ € (a,b). If fis integrable 
tegrable' ‘on [a,b] ahd 


“on Te, 6] then J f is 4 
ao ee ae 

Proof. Since f € Rla,c],f is bounded on [a,c]. Since f € Ric, bl, g is 

bounded, on {c, |. Therefore f is bounded on lab. 


* 


— 
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Let us choose € > 0. Since f is integrable on [a,c], there exists a 
partition P, of [a,c] such that U(P,, f) — L(Pi, f) < §. 

Since f is integrable on [c, 6], there exists a partition P2 of [c, b] such 
that U(P2, f) — L(Pe,f) < § 

Let P= Pi UP... Then Pisa partition of [a, b] and 

U(P,f) =U(Pi,f) + U(P2, f), DUP, f) = L(Pi, f) + £( Pa, f). 

So U(P, f) -L(P, f) = (U( Pi, f) -— DOP A+ [U (Pe, f) — L(Pas fl < 
$ + § 5 =e. 

Therefore for a chosen € > 0 there exists a partition P of fa, 6) such 
that U(P, f) - L(P, ff) <e. 
This being a sufficient condition for integrability, f is integrable on 


[a, 6]. 
eS Q-revious) 


Second part. 

For any partition P of [a, 6], 

U(P, f) > U(Pe, f), where P, = PU {ce} 

= U(P,,f)+U (Po, f), where P, = [a,c] NP. and P2 = [c, b] NP, 

> Sir + Sis. 

This shows that fore oy is a lower bound of the set {U(P, f): Pe 
Pla, b]}. Since the infimum of the set is FF, it follows that 

L fel aif @ 

For any partition P of fa, 5], 


L(P, f) < L(P.,f), where P, = Pu {c} 
= L(P,,f) + L(P2, f), where P; = [a,c] OP, and FP. = [c, 5] 1 P. 


< fif+ fie. 


This shows that ee: + fs is an upper bound of the set {L(P, f) 


P € Pla,b]}. Since the supremum of the set is en it follows that 
ee ae ie aren ae eee (ii) 
But f’f=Jur, fof =Joh Lor = Sef 
From (i) and (ii) we have fo f+ foes ff < fort fF. 


Consequently, sh f= fi ft rh f. 
This completes one Sees 


“Theorem faces 1a. 
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ntegrable*on 4 la, 5). then As also:, integrable‘on ‘{a, 


Proof. Since ¢ is bounded on [a,b], there exists a positive number B 
such that |¢(x)! < B for all x € [a,b]. Let f(x) = }(x) except at p points 
Z1,2%2,...,2p such that 71 < 22g < ++: < 2p. 


Case l. Leta<a,<a9<:-::- <a, <b, 


Let «€ > 0. Let the points 21,72,...,2, be enclosed by p non- 


overlapping subintervals [21 — Six + BI, [z2 - $2 ,fa+ fa), -t+, [zp — 
® ry + 2] such that 6, + d2+-+-:+4p < 3%. 
Let MO) = sup d(z), m™ = inf b(z),r = 
w€ [ar — SE ,0,+ 5] wé(cp~ SE a, + SF] 
eee 


p., 
Then M — m™ < 2B, forr=1,2,...,p 
On each as the remaining p+1 subintervals [a,z1 — 4], [z1 + 4, zo - 


$2). -, [p+ & ,5], f = é and since f is integrable on these subintervals, 
there exist Sartitions P, of [a, x21 — 4, P2 of [ary +4 ,t2 — B)+, Poa 


of [zp — Sp, b] such that 
U( Px, ¢) — LCP. ¢) < BGT? for k= 1,2,...,p +1. 
The partitions P,, P2,..., Pp4i are disjoint. 
Let P= Py UP2U---UP,41. Then Pisa ene of [a, d]. 


ane + [U(Poaas AG L(P.i.9)] + (Mo) = mD)5y + + + (MI) — 
mi) 55, 

Therefore there exists a patition P of [a,b] such that U(P,¢) — 
L(P,¢) < ¢. Hence ¢ is integrable on fa, 5]. 


Case 2. Either a = 21, or x, = b, or both. 


If @ = 21, the subinterval enclosing the point 7; can be chosen as 
[a,a+ 64]. 

If x,» = 6, the subinterval enclosing the point zp, can be chosen as 
[b — dp, 5}. 


In any case, proceeding with similar arguments it can be proved that 
@ is integrable on {a, d]. 
Second part. 


Let g(a) = f(x) — $(@), @ € [2,0]. 
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Then g is bounded on [a,}] and g(x) = 0 on [a,b] except at p points. 
Hence g is integrable on [a,b], by Theorem 11.5.3. 


; Let G+ (x) = max{g(2), O}, g-(z) a min{g(zx), O}, i.e., 9+(2) = 
g(x) + |g(x)|] and g(x) = 3[9(z) — |g(x)]]- 

Then g, and g. are both integrable on |a,d]. 
—g—(x) > 0 for ail x € [a, d]. 

Let P = (a = %,%1,22,... 

Let m, = z inf awe il ay ee ¢? 

we l[opi1, oy ¢ 

As gi(z) = Oin [z,_1,2,] for all x except at p points at mast, m, = 0. 
This holds for r=1,2,...,n 

Therefore L(P, g,.) = 0 and this holds for every partition P € Pia, }]. 


Therefore f ° 9+ = 0, 


g+(z) > 0 and 


,Zn-1,0n = 6) be a partition of [a, dj. 


Since gy is integrable on [a, 4], E 9. = £294 == 0. 


By similar arguments, S?9- == 0 and hence {. g-=0. 
As 9(x) = 9+(x)+g9-(x) for all x & [a, d], it follows that fg = 0. 


, ff —-fPo= Seg =0. 


Since f and ¢ are both integrable on [a, 
Therefore af fo f d. 
This completes the proof. 


Note. If f and ¢ be both bounded on [a, }], f(z) = (x) except for an 
enumerable number of points on [a,b] and f is integrable on [a,b], then 
¢ may not be integrable on [a,b]. For example, : 
let f(z) =1, x € J0O,lj and d(7) = O, ze (0, ng 
= 1, «eé (0,1)-Q@. 
Then f and ¢ are both bounded on [0,1]. f = ¢ on [0,1] except for 
an enumerable number of points. f is integrable on [0,1] but ¢ is not 
integrable on [0, 1). 


Definition. 


Piece) -A function f : [a,b] —» R is said 
to be a' ‘pieceivise continuous function on [a, 6] if there exists a partition 
P = (%0,%1,...,2n) Of [a,b] where a = zp < a1 < +++ < ty = b, such 
that f is continuous on the open interval (z,_1,2,%) for 1 <k <n and 
each of f(a+0), f(b—0), f(x, +0), f(z, — 0) is finite for l1< ko n—-1. 

Clearly, a piecewise continuous function on [a, b] is continuous on {a, 4] 
except for a finite number. of. points. : of. j jump, discontinuity... 
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As a direct application of the Theorem 11.6.10, the evaluation of the 
definite integral if f becomes very simple when f is a step function or a 
piecewise continuous function on |[a, b). 

Let f : [a,b] + R be a step function on [a, b] and P = (z0,21,...,2n) 
be a partition of [a,b] where a = rp < 41 <---: < xy = 5, such that 
F(x) = ce on (ap-1, 2%) for 1 <k <nand f(z.) = ue forO<k <n. 

Then f is bounded on (a, b] and is continuous on [a, 6] except for the | 
points %0,2%1,...,2%n at most. 

Let us define n functions ¢1, ¢2,...,¢n on [a, 21], (v1, 29],-°-, 
respectively by ¢.(z) = ce, 1 <k <n. 

Then EF = [Pr dit fT bot: + fe Ons 
by Eine 11.6.9 and 11.6.11 
= e1(%1 — a) + eo(a2— ai) +-- + en(b — Ln~1) 


Sex Lk ~ Zk-1). 


Let f : [a,b] > R be a piecewise continuous function on [a, d] and 
P = (£9,21,...,2n) be a partition of [u,b] where a = a < 41 <-:+' < 
tp = 6, such that f is continuous on (%,~-1,2%) for 1 < k < n and each 
of f(a+0), f(b — 0), f(x, — 9), f(z_, + 0) (for 1 < k <n — 1) is finite. 

f is continuous on [a,b] except for the points <9, 271,...,%n, at most. 

Let us define 7 functions $1, ¢2,..-,¢n 0n [a, #1}, (v1, 9], ---, [en—1, 5] 
respectively by 
gi(a) = f(a+0); di(z) = f(x), 2 € (a, 21); b1(21) = f(xi — 0) 
ga(ti) = f(a =o); balm) = Fle), @ € (x1, £2); $2(z2) = f(w2 — 0) 


¢n(Zn—1) = oe +0): Baie 


[tn—1, 5] 


I 


f(z), 2 € (an~1, 8); on (b) = f(b = 0). 
_, Gn, by Theorems 11.6.9 and 


| Then rae Orit sor date t fo, 
/ 116.11. 


Wy irked Bxainples.” 
enery 0S. (ayb)a5- 


Let MZ be the supremum and m be the infimum of f on [a, 8}. 
Let us consider a sequence of points {c,,} in (a, b) such that lim cy, = a. 
Let « > 0. Then there exists a natural number & such that | c, —a |< 
UM om) for alln > k. 

Then | ck — @ |< a¢q7sjay- 

Since f is integrable on [c,b] for every c € (a,b), f is integrable on 
(ck, b]. Therefore. there exists a partition Q of [c,, b] such that U(Q, f) — 


HOS) <§ 
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Let P be a partition of [a,b] defined by P = {a}UQ 


Then U(P, f) 


Otome bet f : 


on.fa,b)." 


Proof. Taking d= *¢°, f is integrable on [e, 


Therefore f is itearabile on [a, 


iAP, f= ae —m)(cx — a) + [U(Q, f) 
< & + §, le, <€. 
This proves that f is intesreble on fe, b]. 


ath). 


- L(Q, f)] 


: [a,b] + R be bounded on [a, 6] and ae oy @ € BS 6), 
“Tien” FAS “‘ntéprable: on ao 


S Les, b. >, BR, be, bounded..on. {a,b}. and: for every: c; d 
satisfying a. < c. Je d ae De is is, integrable. on. [c, d].. ‘Then, Ff. is, Antegrable 


att) for every c & (a, ate), 


Taking c = *£°, f is integrable on [s#2, dj for every d € (2#2,0). 
Therefore f is saterable on [S¢°, d]. 
Consequently, f is integrable on [a, b], by Theorem 11.6.10. 


ZoeERt f(x) = 
“ate fof. 

f(z) =0,0<2¢<1 
=1l<2<2 
=2,2<2<3 
=3,2=3. 


f is bounded on {0,3}. f is continuous on (0, 3] except for the points 


1, 2, 3. So f is integrable on (0, 3}. 


Let us define functions 41, ¢2,¢3 on (0, 1], [1, 2], [2,3] respectively by. 


[2], x € [0,3]. Prove that f is integrable on [0, 3). Evalu- 


dx (@) = 0,2 € [0,1] daz) = 12 € [1,2]; bax) = 2,7 € (2,3). 
Then fo F a Jo i+ i? ti i f, by Theorem 11.6.9 
= So, or+ is ge + ns P31 by Theorem 11.6.11 


om 5 Oda + fr ldx + fe Qdx 
= 0+ (2-1) +2.(3 — 2) =3. 


Ss f@)=2,cqn<28 A(n = 1,2,3,- 
oe 


1 
Prove that f is integrable on [0,1]. Evaluate fo f 


=OQO,2 = 0. 

= lie<rsl 
f(z) = V4 a 

ae ieee 

= ga <tSg 

= O,2=0 


di(z) =1,4 <2<1; ae 


Proof. Let. P= 


Similarly, U ( 


Since f is Niteerable on ins ‘bl, LP, fy< sig f<U(, A for all parti- 
tions P of [a,b]. _ 


Proof. 
attains every real number yp satisfying m < u-< M at least at a point 
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f is bounded on [0,1] and is continuous on (0, 1] except at 4 


The set of points of discontnuity of 


Let us denne functions dj, or or 


Now tet 
= lim faa -$)+ 


= dim (Ge + ae + ge tot ae) ~ 
a 1 1 1 hte 1 
ee a ag Page 
= 7, — 1, since ptt gt: 


rahe as ffs Me 


(a= Lo; 21,22). f 


= m[(z1 — Zo) fe + = 


(+ My(En — Lyn- 1) 


2 3 oe a 
f on (0,1) is an infinite set having 


only one limit point. Therefore f is pie on [0, 1]. 


on fy 1, (3, 3],-++ respectively by 


ZS s;- 


a aS Cea 

(Geta tat: sees e hy 
Gers 9) ; 
.= © and lim(1— 74) =1. 


? 


al 
Ep, = 6) be a partition of -[a, 5]. 

Let M, be the supremum of f and m, be the infimum of f on 
ltp—1,0r], for r = 1,2,...,n. Then 
12,4. ,n : 


L(Po, f) = ™mi(21 — £0) +> 


m <m,, M > M,, for r = 
‘ 


«~ 


— 2n—1)| = m(b— a). 


Since f is coritinuous on [a,b], f is intepeable on aig b] and f 
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in [a,b]. Therefore there exists a point c € [a,b] such that f(c) = us and 
- : 

Ja f = fle)(b— a). 

Theorem 11.7.2 


Proof. Since f is integrable on [a,b], f is bounded on [a, d]. 
Let P = (%0,21,%2,...,2n) be a partition of [a, b]. 
Let m, be the infimum of f on [z,~1,2,], for r= 1,2,...,n 
Then m, > 0, for r = 1,2,...,7 
L(P, f) = mi(x1 — 20) + M2(x2 — 21) +--+ + Mn(tn — In-1) 2 0. 
Therefore Ppa sup{L(P, f): P € Pla, b]} > 0. 


Since f is integrable on (a, 5], i f= Lor and therefore [oF >0 


f(z) = g(x), z € (a, 6). 


Proof. Let ¢: [a,b] + R be defined by ¢(x) = 
Since f and g are both integrable on [a, 5], ¢ is integrable on [a, 6] and 
Soo= So f- Se 9- 


But ihe ¢ > 0 by the previous theorem. Therefore ti f> is g. 


Proof Let d(x) = M and yr) = m,x € la, b]. Then ¢ and # are both 
integrable on [a,b] and f @= M(b- a) ie aw = m(b ~ a) [ Ex.1, 11.2.) 


ee Sees a, b] Jo < Ia fst. p. 


Leta<cc< b. 


Proof. Case 1. 
Let ¢ = 4f(e) > 0. Since f is continuous at c, there exists a positive 
6 such that f(e) —e < f(x) < f(c) + for all  € [ce — 6,c + 6] C fa, 8). 


Lisi fat ee. 

Since f(x) > 0 for all x € [a,c — 6,077 f2>o. 
Since f(x) > 0 for all x € [c+ 4, bl fost > 0. 

Since f(x) > $f(c) for all x € [c—d,c +], sss ies 


5 f(c).26 > 0. 


The em: Al. Ts 6. Let, a function a ie 8 % 
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Consequently, Ah f>o. 


Case 2. Letc=da. 


Let «€ = 5 f(a) > 0. As f is continuous at a, there exists a positive 6 
such that f(a) —« < f(z) < f(a) +e for all x € [a,a +4] c [a,b]. 


Las Fe Lak 

Since f(x) > 0 for all x € [a+ 4,6), hae f>o. 

Since f(x) > 5 f(a) for all x € [a,a +6], ae 3 > 3f(a).6 >0. 
Consequently, ra f>o. 


Case 3. Let c= b. 


Proceeding as in case 2, fe f >0. This completes the proof. 


Note 1. 
nets 2% 


If f is continuous on {q, 6] and f(x) > 0 on [a,b] then Ri f>o. 
If f is integrable on [a,b] and f(r) > 0 on [a,b] then also 


f f > 0, because there exists at least a point of continuity c € [a,b] of 
f. spate: after eee 5 11. 5. ao 


ole. ‘oy RS 
Let: ‘there 


Proof. Let ¢: [a, b} a R be defined by ¢(x) = f(x) — g(x), x € fa, b}. 
Then ¢(= f — g) is integrable on fa,b] and g(x) > 0 for all x € [a, }}. 
Also ¢ is continuous at c and ¢(c) > 0. 
Therefore by the previous theorem, { g@> 0. 


But f° d= f'(f-—g) =f r- foo. Therefore PFS Ff o. 


This completes the proof. 


RB ‘be ‘int¥grable on fa, b}. 


Then 
as i eam fh. 
‘Proof. IfaeR, then —~|al<a<la|... ... (i) 
Ifa,b ER, then |a|S ba —-headb...... (ii) 


For all x € a, 8], — | f(z) |S f(x) S| f(x) |, by (i) 
That is, — | f | (v) < f(#) <| f | (s), for all x € [a, 8]. 


f € Ria, b] =| f le Ria, b]. Therefore -f. | fis ae ni | f |. 


This imiplies | im fix {: | f |, by (ii). This completes the proof. 
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Worked Examples. 


n/2 a 
n/6 sing 


oa we 2 
dv""Prove that 4 < dx < ae 


1< st < 2 forallze [z,%]. Therefore 2 < 3%; < 22 for all 
az € [%, #]. 

Let f(x) = gem d(x) = x, v(x) = 2z,2 © [F, §]. 

f and ¢ are both bounded and integrable on [%, $] and f(x) > ¢(z) 
for all x € [2,2]. Also f and ¢ are both continuous at $ and fay > 


$(3)- 
Hence (ne f(x)dz > fae ¢(x)dx = a iis ada = - 


f and wy are both bounded and integrable on [%, 3] and f(x) < (2) 
for all x € [2,2]. Also f and w are both continuous at 3 and 72) < 


612 
v@). 
Hence ice ne < ie wla)da = 2 fn/6 


n/2 x 
n/6 sing 


n/2 2 
1? nde = 2E. 


2 
Comseauenile Ss: < ——dzr < 2x0 : 


wer : Tha function f is continuous on [a,b], f(z) 2 Oon [a, 5] db] and (8 f =0, 
prove that f = 0 on [a, 6] identically. 


If f is not identically zero on (a, | then there exists a point c € [a,6] 
such'that f(c) > 0. 
Since f is continuous on [a,b], f is integrable on |a, 6]. 


Since f(x) > 0 on [a,b] and f is integrable on [a, 5] ere f20. 
Since f is continuous at c € [a,b] and f(c) > 0, Te f>o. 


But by hypothesis, i: f = 0. Therefore there exists no point c in 
la, a such that f(c) > 0. So f is identically zero on [a, 6}. 


3° A function g is continuous on [a, 5] and g(x) = J g(t)dt. Prove that 
g(x) = 0 for all x € [a, d}. 


Since g is continuous on [a,6],g is bounded‘on [a, 6]. Therefore there 


exists a positive real number B such that | g(x) |< B for all 2 € [a,b] - 


eG). 
i g(x) l=l fF ode ls fr lg@)|dt ti) 
Since | g(t) |< B for all t € [a,6}, it follows from (ii) that | g(x) |< 
B(x — a) for all x € fay} 2... Gi) a 
Using (ii) and (iii), lg(x)l< pec for alla € [a,b] ... ...(iv) 


by F(x) = 
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Using (ii) and (iv), | g(x) |< Biase for all a € [a, 6]. 


Continuing thus we have | g{z) |< piesa for all x € [a,b] and for 
alln EN. Since g(a) = 0,| g(x) |> 0 for all x € [a,b]. 


Therefore 0 <] g(x) |< Bea for all x & [a,b] and for alln EN. 
Since jim Sr" =: QO, it follows that g(x) = 0 for all x € [a, 8]. 


Proof. Let 21,22 bes nny two Solots in ales b). 
_F(xg) — F(ai) = 2" F(Qdt — £2 f)dt = ay f(t)dt. 
Therefore | F(r2) — F(x1) [=| fo? f()dt | . 
Since f is integrable on [a,d], f is bounded on [a,b]. Therefore there 
exists a real number & > 0 such that | f(x) |< & for all x € [a, 5]. 


If rq > ar, | f2? f(t)dt |< f2? | f(t) | dt < (we — m1)k. 


If 2, > re, | te fat \=| pe Sf (t)dt I< } a | f(t) | dt < (21 -_ 2g)k. 

Consequently, | F(a2) — F(x1) [<| v2 — 21 | k. 
- Let us choose « > 0. Then | F{xr2) 
satisfying | rz — 2, |< ¢ 

Let 6 = ¢/k. Then | Gas F(21) |< € for all x, %2 in fa, }] satisfying 
| To— Vy \< é. 

This proves that F is uniformly continuous on fa, 6] and therefore F 
is continuous on [a, 4). 


— F(z1) |< ¢ for all x1, x2 in [a, b] 


Worked Example. 
phetf (x) 0, -l<2<0 
a LoOo<«#<l. 


Prove that f is integrable on, [—1, 1]. Show that the function F defined 
f2, f(t)dt is continuous on f—1, 1]. 


Hl 


f is bounded on [~1, 1] and is continous on [—1,1] except at only 
one point, 0. Therefore f is integrable on [—1, 1]. 
For -1 <2 <0, F(x) = f*, f(t)dt =0. 


Analysis-29 
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ForO<a2<1, F(z) = f%, f(t)dt= f°, f(t)dt +f F(t)dt. 
= O+ fy 1dt = 2, 
We have F(x) = 0,-l<2x<0 
= £,0<x2<1. 


Clearly, F is continuous on [~1, 1]. 


Note. 2 Albena op ‘isnot: continuous, oh | 


wid be ae ae, 


We ees that he function F is continuous on [a, b) when f is 
integrable on [a, d]. 

if, however, f be continuous on [a,b] then F will be differentiable on 
la, “al as we shall see in the next theorem. 


‘Theorem 11.8.2: If a-fur 
then: ‘phe. function Fdetii Sy (2) : 
tiablé at-any point c é la, b] at which f ‘is continuous 2 


Proof. Let c é& [a,b). Let « > 0. Since f is continuous at c there exists 
a positive 6 such that | f(x) — f{c) |< for all x & [e,c + 6). 

Let us choose hk satisfying 0 < hk <6. Then f(c)—« < f(z) < fle)+e 
for all x & [c,e+ A]. 

Therefore 7 ae flc)-—ex< | ie f< for fle) +e 

or,[f(c) — <€].h < F(e+h)— Fe) s [f(c) + €].A 


| fer) Fle) _ #(e)| < €, This holds for all h satisfying 0<h <6. 
F(et+h)—- Fle 
Fe+N= Fl) _ yi. 

That is, RF’(c) = f(c) ... ... (i) 

Let c € (a,b]. Let € > 0. Since f is continuous atc there exists a 
positive 7 such that | f(z) ~ f(c) |< ¢ for all w € (¢—7,¢]. 

Let us choose A satisfying 0 <h <4, Then f(c)—« < f(a) < f(e)+e 
for all x € [ce — A, ce]. 

Therefore f° , f(c)-e< fi, fs fE,flOote 

or,[f(e) — «€].h < F(c)'— F(e—h) S [F(e) +€].h 

or,| Aie-Da Fe) _ f(c)| < «. This holds for all A satisfying 0 <A <4. 
Fi(ceth F(e 
FTM= FO «yy 

That is, LF’(c) = f(c) ... ... (ii) 

From (i) and (ii) it follows that f is differentiable at any point c € [a, 6] 
at which f is continuous and F’(c) = f(c). 


or, 


This implies lim 
Rm Oe 


This implies lim 
b+ O~ 


pie em 11,8.3.. If.a, function: f': fa, es ‘Robe’ continuous on [a, by 
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then the -function: FE ‘defined | ‘by F(z) = 
tiable: ‘oni fa, Bb) 


Jo f(t)dte € [asd] -is ‘diffeten-. 
(2). for all: 2. & [a 2). 


Proof. . Case 1. bet e € (a,b). 
Let us choose h such that ¢ +h € [a,b]. Then 
F(e+h) — F(c) = for" f(t)dt. 
Let kh > 0. Since f is gna = [c,e+h], f is bounded on [c, c+A]. 


Let M= sup f(t), ame f(t). 
téfle,cth} ae 


Then m < f(t) <M for all . : ied h]. 
Therefore mh < fot" f(t)dt < Mh 
or, | a f(@adt = ph where m < ps <M. 
_ Since f is continuous on [c,c +h], = f(c+ 6h) for some @ satisfying 
O0<@<1. Then HAt¥-F) — Fe + on). 
Since f is continuous at c, jlim f(e+@h) = f(c). 
Therefore we have lim Fev a) Fe) =f(e) --- (i) 
Let h < 0. Considering the interval [c + h,c], we have 
—mh < fo, f(t)dt <—-MhwhereM= sup f(t),m=_ inf f(t) 
te 


tefeth,c] je+h,e] 
or, Ath FO) — 1, where'm <p < M. 


Since f i ie continuous on [ec +h, c], 4 = f(e+ 6h) for some 6 satisfying 
0<@<1. 

Taking limit as h — O— and noting that jim f(c+ 6h) = f(c), we 
have lim ee =f(c) + (ii) 

From (i) and (ii) we have F’(c) = f(c). 

Case 2. Let c= a. 

Let us choose # such that a +h < b. Then 

F(at+h)— F(a) = 2°" f(t)dt. 

Considering the interval [a,a +h], we have 


mh < f2*" f(t)\dt < Mh where M= sup f(t),m= inf f(t) 
té[a,a+h] tE[a,a+h]} 


or, Fath Fta) = yu, wherem< p< M. 
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‘Since f is continuous on [a, a+h], = f(a+ 6h) for some @ satisfying 
O< e <1. 


Taking limit as h — 0+ and noting that jim F(a+@hk) = f(a), we 
F(a+h)—F(a 
( ) = ( ) ry f(a). 


have im, 
olay a 


Case 3. Let c= b. Similar proof. 


as: eee the preoh: 


It is worthwhile to note that continuity of f is not a necessary condi- 
tion for the existence of an antiderivative of f. 
For example, let f : [~1,1] — R be defined by 
f(x) = 2xsin+ —cosi,r £0 
= OQ, x=. aS 
f is not continuous on [—1, 1], 0 being the point of discontinuity. 
Let ¢: [-1, a + F be defined by 
o(z) = x? sin 4, a2 0 
=. 0; A eg OF 
Then ¢'(r) = f(x) for all x € [-1, 1]. 
Thus ¢ is an antiderivative of f on [—1, 1] although / is not continuous 
n [—1, 1]. 
Worked Example (continued). 


ae PL cet ee 1; O<2e<1 
aa =az,l<2z< 2. 
Verify that the function F defined by F(x) = fy f(é)dt,a € [0,2] is 
differentiable on [0,2] and F’(x) = f(x), x € [0, 2). 


f is continuous on [0,2] and therclors f is integrable on [0, 2].Hence 
Ig f(@)dt exists for all 2 € [0,2]. 


For 0 <2 <1,F(x)= ff, f(t)dt = fy dt =a. 


Proof. Let P = (r0,%1,... 
partition of [a, b]. 


Let M, = sup 


z6[ry—1,24] - PE[Zp 1. Tr 


Since ¢/(2) = f(x) for all x € [a,b], ¢ satisfies all conditions of La- 


RIEMANN INTEGRAL 443 


For 1 <2 < 2, F(x) = fo f(t)dt 


E Fat + Sr ft)at 
1+ ff tdt = 4(a? + 1). 


i 


We have F(x) = 2£,0<a2<1 
3(2?+1),1<2<2. 


lim FQtH FO) — 1, lim, FO+W=Fa) = 1. Therefore F’(1) = 1. 


hs O— 


I 


So we have F’(z) =1,0<2<1 
Hx, ,1l<2x< 2. 
Therefore I) = ie) for allze = [0, 2}. 


“be “continuous “or . {as oh ‘and “b: 
on [a;b]; then ~ 


Proof. Sine Fi is continuous: on ta, a), f is integrable on [a, 5]. 

Let F(x) = f* f(t)dt,x € [a, 0). 

Since f is continuous on [a, b], F is differentiable on [a, 6] and F’ (x) 
f(x) for all x € [a,b]. So F is an antiderivative of f on fa, 6]. 

Since ¢ is an antiderivative of f on [a,b], for all x € [a, 6], d(x) 
F(a) +c, where c is a constant. 

So ¢(a) = F(a)+c=c, since F(a) = 0. 

Therefore d(x} = F(x) + (a), for all x € [a, 5}. 

Consequently, f. f = F(’) = 6(d) — (a). 
Note. the theorem states that if f be continuous on [a,b] then the 
pakeatr Ae f can be evaluated in terms of an anyieerivetive of f on [a, d]. 


I 


Atepenr’ *ealeutns) 


,%n) wherea=2%o <2) <-:+<@,=bbea 


f(z), m, = ‘ inf f(x), forr=1,2,...,n 


grange’s Mean value theorem on [7:-_,,2,], for r= 1,2,...,n. 
Therefore for r= 1,2,...,n, 
O(tr) -— P(@r-1) =O" (Er) (Br — 2r—1) for some €, in (2-1, rr) 


I 


fer ie ae) 


‘er 2) Let f: 
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The summation gives Ps F (Er) (fp — Cpe a == @(b) — 
But m, S f(ér) = M, orp Qi 
Therefore = m,(xp — Lr_1) < A(b) 


(a). 


- ae 2 By M,(ar — Lp—1). 


Therefore L(P, f) < o(b) — (a) < U(P, f). 
This holds for all partitions P of [a, 6]. 
So @(b) — ¢(a) is an upper bound of the set {L(P, f) : P € Pla, b]}. 


As the supremum of the set is lee it follows that 


LF < $(b) ~ Ga) oD 
(a) is a lower bound of the set {U(P, f) : P € Pla, b]}. 


Also #(b) — 

As the infimum of the’set is Rr, it follows that 
Pef 2 60) - $a). G) 

From (i) and (ii) f? f < (6) - d(a) < fF. 

Since f is integrable on [a, ], Taf = ie = hee 

Consequently, te ae Be o( 


The evaluation of the integral {e f in terms of the antiderivative 


Note. 
of f is possible if f satisfies the conditions of the theorem. That these 
conditions are independent of each other can be seen from the following 
two examples. 


{-1,1] — R be defined by f(z) 


— i i 
lo 
i=) 
IA 
8 
A 
be 


f is bounded on [—1, 1] and continuous on 
point, 0. Therefore f is integrable on [—1, 1]. 
If possible, let g be an antiderivative of f on [—1, 1). 
Then g(x) = 0, -l1<2<0 
= 1,0<2<1. 


g is differentiable on [—1,1] and g’(—1) # g'(1). By Darboux’s theo- 
rem, g’ must assume every real number lying between g’(—1) and g’(1), 
i.e., between 0 and 1. But it does not do so. 

It follows that g does not exist. That is, f has no antiderivative on 
[—1, 1]. 

Therefore f has no antiderivaitive on [— 
n [—1, 1]. 


—1,1] except at only one 


1,1] although / is integrable 


Feggeolif) Let f : 


oa ' A function f be defined on [0,3] by f(z) = 


RIEMANN INTEGRAL 445 


[-1,1] - R be defined by 
f(z) = 2xsin + — 2.cos+,2 #0 
= O,z = 0; 
J is unbounded on every neighbourhood of 0. Hence f is not inte- 
grable on [~1, 1]. 


Let @: [-1,1] — R be defined by A(z) = z*sin,2 40 
= O,27=0. 
Then ¢'(x) = f(x) on [—1, 1]. So ¢ is an antiderivative of f on [—1, 1]. 


Therefore f has an antiderivative on [—1,1] although f is not inte- 


grable on [—1, 1]. 
_ Worked Examples (continued). 


3. Let f be defined on [—2,2] by f(z) = 32%cos4%+2rsin 3,2 40 
= 0, wz == QO. 


Show that f is integrable on [—2, 2]. Evaluate ties f. 


f is bounded on [—2, 2]. f is continuous on [—2, 2] except at 0. Since 

f is continuous on [~-2,2] except at only one point, f is integrable on 
[-2, 2] ‘ . 
Let ¢ : [-2, 2] — R be defined by d(x) = ax*cos3, 20. 

= Q, z= 0. 


Then ¢'(x) = 3x? cos 3 + 2rsin 4, for all x(# 0) € [—2, 2]. 
sim $2) = 9(0) 


z—0 z—-QO 
Hence ¢ is an antiderivative of f on [—2, 2). 


= lim x? cos ~ = Q. Therefore 4’(0) = 0. 
comer x 


By the fundamental theorem, 
ig f(a)dx = (2) -— ¢(-2) 
= 8cos% + 8cos% = 8V2. 
[x], x € [0,3]. 


Show that f is integrable on {0,3] but i f can not be evaluated by 
the fundamental theorem. 


f is bounded on [0,3] and is continuous on [0,3], except at the points 
1, 2, 3. f has jump discontinuity at 1, 2, 3. 

Therefore f is integrable on [0, 3]. te f(x)dz = 3 [by worked Example 
2, page 434] 

Let g be an antiderivative of f on [0,3]. Then g’ = f on [0.3] and g’ 
must have jump discontinuity at 1, 2, 3. Since a derived function cannot 
have a jump discontinuity in its domain, g does not exist. 


* 


“ 
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Since f has no antiderivative on [0,3], the fundamental theorem can- 
not be utilised to evaluate ie fd: 


ee ‘A function f is defined on [0,1] by 


f(x) = V1l—2*,2 € (0,1NQ. 
= l-gz,2 € [0,1] -Q. 
Show that f is not integrable on [O, 1). 


f is bounded on (0,1). For all xz € (0,1),Vl—z? >1—2, 
Let J = [0,1]. f/(7NQ) is monotone decreasing on JN Q, f/1 —Q is 
monotone decreasing on J — Q. 

Let us take a partition P, of [0,1] defined by P, = (CopMriaatuta) 
where z, = £, 
Let M, = sup 
; r€ler—1,27] 
Since f/(I MQ) is monotone decreasing on [Zp-1, 27} AQ, 


sup of) = f(tr-1) = /I a, ya 


© w€(ep_1,",JN 


I(z), m, = inf jf), for r = 1,2,...5n 


2 [tr—1,2, 


Since f/(I — Q) is monotone decreasing on [2--1,2,] — Q and z,_, 


is rational, sup f(x) = lim f(un) where {un} is a sequence of 
vé[zp~1,2,]—-Q Pee ‘ 


irrational points in [z,~1,2,] converging to 2,1 =1—2;_; =1-— 2=!. 


Since 1 — rot <4/1— (t1)2, sup f(z) = V 1- (SS): 
wéle,—1,2,] : 
That is, Mp = ,/1— (+)2, 


Since f/(1 MQ) is monotone decreasing on Eee eee 
inf f(a) = fer) = 1 — (EE 


eé(z,_1,2,-]NQ@ 


Since f/(Z — Q) is monotone decreasing on [z,-_1,z-] — @ and Ly 
. rational, eee ee = jim fun) where {v,,} is a sequence of 
irrational points in [z,~,,2,] converging to z, =1—2,=1— i 


Since 1~ £ < \/1—(£)?, ean fontae 
e€ [epi 1, ty 
That is, mp = 1— x, ; 


U(P,, f) = M(x — 20) + Mo(x2 —2%1) +--+ Malan ~~ %p24) 
= AL Y1- (2) + ft - A+ eft (). 
L(Ph, ff) = mi(z1 — £0) + meo(roq—- 21) +++: + malrn Saag 
= 4{(1-4)4+(1-2)+---+(- 3)} 
= o(L+2+---+(n—-1)] = 321. 


Show 6. 
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Let us consider the sequence of partitions {/,,} of [0, 1]. 
Here ||P, || = + and lim || Pn | = 0. 
n— 


Sof = lim U(P,,f) = lim 15" La (2 

0 TL OO i noo 7 r=0 n 

= i. V1 — z?dz, since /1 ~— z? is integarble on (0, 1] 
[$V1 —x? + dsin7! 2]§ [by the fundamental theorem] 


n, 


and iis a jim, L(P,, fy = Jim *} =i. 


Since Le # Te, f is not integrable on (0, 1). 


a" 1 1 dx: 
Prove that. 3 < Jé 7 pee ars < ne 
InOd<a#<1,4—-a° +99 =4—- (2? —«9) <4; 
4-27 +23 = (4-27) +23 >4~—2?, 
Therefore 5 < AS < Fst inOQ<a<l. 


Let f(%) = 3,” € (0,1); 9() = ppd « € 0, 1]. 

f and g are both continuous on [0, 1] and therefore they are integrable 
on [0,1]. We have f(x) < g{zx) on [0, 1). 

Therefore fo f(x)dx < f) g(x)dx. Also f(4) < g(4). 


Therefore ris f(xjdz < APs g(zx)dz, by Theorem 11.7.5 
1 L - 
or, fo gd@ < fo Zante: 


1 : * 
or, 4 << fe eee ree st (i) 


Let h(x) = Sy per Ed é [0,1]. 
Then & is continuous on [0,1] and therefore A is integrable on [0,1]. 


We have g(x) < h(x) on [0,1]. 
Therefore f} g(x)dx < f) A(x)dx. Also g(}) < A(4). 
Therefore fo g(a)da: < ie h(x)dx, by Theorem 11.7.5. 
or, fo gare < So yx 
= [sin~’ 2], by the fundamental theorem 
=Z.... (i) 
From (i) and (ii) 3 < lo ares < F- 


en, Let J = [a,b] C R and let f : J — R be continuous on J. Let 
J = [c,d] Cc R and let u: J - R be differentiable on J and u(J) c J; 
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:J—+Rb . 
oad pe seenor on J and u(J) Cc I. If g:.J — R be defined | Since f is continuous on [0,v] for all v € (1,00), H’(v) = fv) for all 
by (x) = f° F(t)dt 

9g u(e) J(t)dt for x € J, then prove that ; | ye [1,00). 

g'(x) = (fov)(x).u’(x)-— (fou)(x).u'(x) for all x € J. eae is continuous on (0, u} for all u € [1,00), G’(u) = f(w) for all 

Let u(x) = w,v(z) =z fora eé J. Then wel,zeT a aes ’ Hyde — Q! 2x 

Let H(z) = ff f(t)dt,z € u(J), G(w) = fo" f(t)dt,w € u(J). | For all x € [1,00), #'() = H'(v)% — C'(u) ae = ase ~ Wee 

Then g(x) = H(z) —-G(w) for x € J. e. 2? cee 

| 0. Evaluate lim 20. 


Since f is continuous on J, f is continuous on fa, z] for all z € w(J) x 


and f is continuous on [a, w] for all VI+ 
[a, w] for all w € u(J). Let y= Jo Fade: 


Therefore H’(z) = f(z) for all z € u(J), G’(w) = f(w) for allweu(J). | us a?; F(x) = Jy eV *tdt; f(t) =eV¥1tt, te R. 
Since u is differentiable on J, u’(z), i.e., 2 exi ne 
i isd ; ,ie., S# exists for all z € J. = : = : 
Since v is differentiable on J, v’(zx), i.e., ie exists for all x € J. ; a! oe ne ve ie oe 1 
For all x € J, g’ — d& d Since f is continuous on (0, x}, F(z) = f(z) = evite, 
J, g(x) = g H(z) —- £G(w) So a = Q2reVit#? 
=H'(z)# = G! (w) se OG Ste ‘ 
=f(u(x)).v'(z) — f(u(x)).u’ (x) 2 VIF dt QreV ite" Veer 
(Fou)(a).w'(). ae) fo 6 (form §) = lim, = = lim oF = 


: =(fov)(x).v'(x) — 


Risiaahncan| A function f is continuous on Rand f”, f(é)dt = 2fy f(t)de for 
“alla eR. Prove that f is an even function on R. 


a f(t)dt = fo, f()dt = ee f(t)dt + fo F(t)dt 


s ee Find ¢’ where ¢ is defined on [0, 1] by) = fe m dt, x € [0,1] or, fo f(t)dt = rie f(tjdt =— fo" f(tdt. 6. ae G) . 
a3 Yipee y4je 
Let u = 23,7 € (0,1); v= x? aa Let F(x) = fo f(t)dt,z ER. 
Wily eee Oia Lee wiret ER. Since f is continuous on R, F’(x) = f(x) for all c € R.... (ii) 


Then o(x) = fo f(t)dt — fo fede. 


Let H(v) = fi” f(t)dt, v € [0,1]. As x € [0,1], v € (0, 1]. From (i) F(z) = — Jo * f(t)dt 


= — fa f(t)dt, where u= —z 


Let G(u) = fo’ f(ddt, u € [0,1]. As x € [0,1], u € (0, 1]. a PCa). 
. pos z = U ~ — 
i f is continuous on [0,v] for all v € [0,1], H’(v) = f(v) for all Therefore F’(x)-= —F’(—2).(—1) = F'(-2). 
Sor f is continuous on [0,u] for all u € {0,1],G"(u) = f(u) for all From (ii) f(z) = f(—2) for allz € R, ie., f is an even function on R. 
noe all x € [0,1], #'(#) = H’(v)# — CG" (uu) 4 did ox 3x2 As an extension of the fundamenlal theorem we come to the following 
ae Vitat ~ Vrrcs* | theorems with stricter conditions. 


2 9 (x) = EA aaiiys dt, x € [1,00). Find ¢'(z). axb)varidn 
Let u= 27,2 € (1,00); v=x3,x € [1,00); f(t)= uses t E ae isreontinuous. 
phen Cla) = 5 Hla fo 10a. | oye d(a)e 
Let H(v) = fj f(t)dt,v € (1,00). As x € [1, 00), v € [1, 00). Proof. oe oe re ee sp, where ws ay ea ee ey be 


Let G(u) = Jo f(t)dt, u € [l, 00). Asx € [1,00), u € [1, oo). aipartition of iil 
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Let M, = sup 


f(z), mp = _ inf 
w€{zp—1,2,] 


| ©S (ep, a, 


7); for r = Lug gn 
@ satisfies all conditions of Lagrange’s Me: ‘ 
Be eee a grange’s Mean value theorem on 
P(r) —O(tr-1) = P(E) (2p — XLpr—1) for some €, in (x,_1,2,) 
= F (Er) (xr oo Lp—1). 
ry 
Therefore Xf (§)(tr — r-1) = 6(6) — ofa). 
But m, < f(&-) < M, forr= Lp 2h ns 


Therefore 2 Mr(Lp ~ Lr.1) < o(b) — d(a) < S M7 (ip — Lp—1). 


This gives L(P, f) < #(6) — (a) < U(P, f). 
This holds for all partitions P of [a, 6). 


Proceeding with the same arguments as in the fundamental theorem 
(Theorem 11.8.5), we have f? f = $(b) ~ (a). 


Worked Example (continued). 
oh A funevion f is defined on [—2,1] by f(x) = sgn x and P(x) =| x |, 
Show that f, f(x)dx = ¢(1) — 6(—2) although ¢/(x) # f(z) on [—2,1] 
@ is continuous on [0,1] and ¢’(z) = sgn x on (0,1). 
Therefore cA f(x)da = $(1) — 6(0), by the theorem 
= @(1), since £(0) = 0. 
@ is continuous on [—2, 0] and ¢/(x) = sgn x on (—2,0). 
Therefore fase f(x)da = 6(0) — (—2), by the theorem 
= —(—2), since ¢(0) = 0. 


Si isi m 1 _ 
Prat ea on [—2,1], Jl, f(x)dz = tes f(a)de + {2 f(x)de 


ctiona@y: say ‘Ys ‘continudisoa- 
(x) = f(x) forall 2-€.(a,] 7 £,,where’F is‘a finite set" [a;] - 


Proof. Let ¢’(x) A f(x) at the points 21,22,...,2m.- 
Case 1. Leta<2, <ag<---<am, <b. 
(x) = f(x) on the open intervals (a, 21), (1, 22),...,(@m, 0). 
‘ Proceeding as in the proof of the previous theorem, we have 
ae f = O(x,)—-(#,-1) forr = 1,2,.. 


: m+, where a = 20,6 = mii. 
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Since f is integrable on [a, 6], ah f= fi f+ ae foot ide f 
= $(6) ~ ¢(a). 
Case 2. If a = x1 then we consider the open intervals excluding (a, 71) 
and if b = x, then we consider the open intervals excluding (%m,6) and 
proceed along similar lines to obtain the result. : 


Worked Example (continued). 
13,.8t f be defined on [0,3] by f(z) = 2, ifl<2<3 


ee Sn, fae <2 


and ¢ be defined on [0,3] by ¢(z) = % | 2? — 1 |. Show that a f= 
$(3) — (0). 

f is integrable on [0,3]. ¢ is continuous on [0,3] and d(x) = f(x) for 
all x € [0,3] — {1}. 

Therefore ies f(x)dx = $(3) — ¢(0), by the theorem. 


14:9:--Another:. definition. ofintegrability.. 


Let f : [a,0) — R and let P = (29,21, %2,-.+,2n), where a = qo < 
a < f2 <-+': < 2, = b be a partition of [a,b] and &1,€2,-..,€n are 
arbitrarily chosen points such that 2p.1 < & < er, for r= 1,2,...,7. 
Then the sum 
f (Ex) (a1 — £0) + f (2) (22 — 21) +--+ F(En) (Gn — Fn-1) 
is called a Riemann sum for f corresponding to the partition P and 
the chosen intermediate points €-. This is denoted by S(P, f,€), or by 


S(P, f). 


ee a . 
“Ab, _ peti nition. 


A function f : [a,b] —> R is said to be Riemann integrable on [a, 6] 
if there exists a real number B such that for each € > 0 there exists a 
positive 5(e) satisfying | S(P, f)—B |< ¢ for all partitions P of [a,b] with 
|Pl| < 6, where S(P, f) is a Riemann sum for f corresponding to the 
partition P and to any choice of intermediate points. 

In this case B = ie i. 

This condition is expressed by the symbol Net S(P,f) = B.- 


‘Note. Since S(P, f) is not a function of || Pll, this limit is not of the type 
that we usually define. 


Using this symbolic notation, the definition of integrability of a func- 
tion f can be restated as the following: 


A function f : [a,6] — R is said to be integrable on [a, 6] if there 
/ 
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exists a real number B such that on F S(P,f) = B, 


where S(P, f) is a Riemann sum for f corresponding to the partition P 
of [a,b] and to an arbitrary choice of intermediate points. In this case, 


B= ff. 


. {fRemark. A partition P = (20,%1,..-,2%n) of [a,b] divides the the 
"interval [a,b] into subintervals [z9, 21], [z1,22],..-, (@n—1,%n]. If a point 
€, be selected at random in the subinterval [r,~,,2,] for r = 1,2,...,7, 
then the chosen points £1, &2,...,€ are called tags of the corresponding 
subintervals. 

The ordered set of ordered pairs ( ([so,21],€1),([@1,22],62), .-4 
([zn—1,2n],€n) ), where each ordered pair contains a subinterval as the 
first element and the corresponding tag as the second element, is said 
to be a tagged partition of [a,b] and it is denoted by P [P being the 
underlying partition of [a, d]. 

Since each tag can be chosen in infinitely many ways, we can have 
infinitely many tagged partitions corresponding to a single partition P. 

Evidently, the norm of a partition P is same as the norm of each 
tagged partition P, since each of them have the same set of subintervals. 

The definition of Riemann integrability of a function f can be 
rephrased in terms of tagged partitions. 


A function f : [a,b] — R is said to be Riemann integrable on [a,}] 
if there exists a real number B such that for each « > 0 there exists a 
positive d(€) satisfying | S(P, f) — B |< ¢ for all tagged partitions P of 
(a, 6] with || Pi] < 6.]] 


Let us choose ¢ > 0. 
Since Fe 9 OLP: f) = Bi, there exists a positive 6; such that if P be 


a tagged partition of [a, b] with ||P|| < d1 then |S(P, f) — Bil < §. 
Since Rie ‘ S(P, f) = Be, there exists a positive dg such that if P-be 
a tagged partition of fa, ] with ||P] < d2 then |S(P, f) — Bal < §. 
Let 6 = min{d1,d2}. Then 


|S(P, f) - B,| < § and |S(P, f) — Bo| < § for all tagged partitions P of 
(a, 6] with |[Pl} <6 
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|B, — Bo| < 1Bi — S(P, f)| + 1S(P. A) — Bal < $+ pote. < ¢ for all 
tagged partitions J? of [a, 6] with ||P|| <4. 
Since ¢ is arbitrary, it follows that By = By and therefore B is unique. 


RBesher that itt oS (ef ponte S; 


_figortesponding to-thé-partition-P 


pounded on'[a7 8}. 
Proof, Let Jim | S(P, f) = B. Let us choose ¢ = 
Pi] 0 


Then there exists a positive 6 such that | S(P,f) - B i< 1 for all 
partitions P of [a, b] satisfying ||P|| < 6. . 

Let f be not bounded on [a,b]. Then there exists at least one subin- 
terval. say [u,v] of [a,b] such that |v — ul <6 and f is not bounded on 
[u,v]. 

Let Po = (%0,%1,22,--- ,tn), Where a = &p < 41 <%2< 05° Son = b 
be a partition of [a,b] such that || Pol] < 5 and u = £,-1,v = Zr for some 
r=1,2,...,7. a 

| S(Po, f) — B |< 1 for any choice of intermediate points €, satisfying 
Lpny < Er < Lr. ' 

Therefore | f(€1) (a1 —Zo)+°: +S (Er )(v—u) + s+ f(En) (on -En-1) ~ 
B| <1 for any intermediate points €, satisfying z--1 <€- <r. 

[f(E-)(v — u)! — |B — [Ff (€1)(e1 — 20) +2 + FE Gest — tree + 
f(Erai)(Gr41 — Br) toe + (En Man — rn—1)| 

< |f(Ex)(@1 —20) +2 FF (Er)(V—U) +o + FEn)(@n Bn—1) — Bl <1, 
since |b| — |a] < |b — a] for alla,beER. 

Therefore |f(€-)(v — u)| < 1+ I[f(é1) (1 — uo) +--+ + f(€r-1) (4-1 — 
og ei eer = te) eet fl€a)(en — tn-1) — 4l- 

Let us keep £1, £2,---1€r—1)€rtii +++ 8n fixed. Then 

\f(€-)(v — u)| is bounded for every €, € [u,v] and we have a contra- 
diction. 


_ Therefore f is bounded on {a, 6]. This completes the proof. 


Note. The theorem says that a necessary condition for Riemann inte- 
; grability of a function f on [a, 6] in the new approach is that f is bounded 


on [a,b]. Therefore in developing the theory of integrability we shall be 
confined to the functions in B[a, }] only. 


Let f : [a,b] — R be bounded on [a,b] and let P = (xo, 21,22, gb) 
be a partition of [a,b] and €1,€2,---»&n are arbitrarily chosen points such 
that trjy1 < &- < 2r, forr = 1,2,...,7. 


* 
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4 
Let M, = sup f(z), m,= inf fF), co ees ee a 


cE [ty 1,27) 2@ (p12, 


Then m, < f(€&-) < M,, for r = 1,2,... ,m. Therefore 

E, mr(ap ~ tra) < Ef ar — tr-1) < 3B, Me(ae - ty-1) 

or, L(P, f) < S(P,f) s U(P, f). 

Thus for a bounded function f, any Riemann sum corresponding toa 


partition P lies between the lower Darboux sum and the upper Darboux 
sum of f corresponding to P, no matter how we select the intermediate 
points. 

If m, and M, be attained by f at some points in [z,_,,2,] then for 
a particular choice of the intermediate points €,, 5(P, f) = L(P, f) and 
for some other choice of the intermediate points é-,9(P, f) = U(P, f). 


However, in general, the upper Darboux sum and the lower Darboux 
sum are not Riemann sums. But by proper choice of the intermediate 


points €,, S(P, f,€) can be made arbitrarily close to the upper and the . 


lower Darboux sums. e 


; The equivalence of two definitions of integrability of a function J, one 
in terms of exact bounds of the lower and the upper Darboux sums and 


the other in terms of limits of Riemann sums, can be established by the 
following theorems. 


Proof. Since f is integrable on [a,b] and € > 0, there exists a positive 
6 such that U(P, f) — L(P, f) < for all partitions P of [a,b] satisfying 
Pl <6. 

For every partition P of fa, bl, L(P, f) < os f <U(P,f). 

For every partition P of [a,b], L(P,f) < S(P,f) < U(P,f) where 
S(P, f) isa Riemann sum for f corresponding to P and to any choice of 
intermediate points. Therefore for every partition P of [a, bl, 

| S(P, f) - f'r ls U(P, f) — L(P, f), where S(P, f) is any Riemann 
sum for f corresponding to P and to any choice of intermediate points. 


Hence | S(P, f) — ha |< e€ for all partitions P of [a, 6] satisfying 
||P|| < 6, where S(P, f) is a Riemann sum for f corresponding to P and 
to any choice of intermediate points. 


Pent oh 
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a LS mers BA teas ib eis cated: 
sum for f corresponding to the partition P of [a, b\ and to any ‘choice 
of intermediate points. Then f is integrable on [a,b] in the sense of 
definition 11.2 and 3 f=bB. 

Proof. Let «> 0. There exists a 6 > 0 such that 
B~£< S(P,f) < B+§ for all partitions P of [a, b] such that ||P || < 6 
where S(P, f) is any Riemann sum for f corresponding to P and to any 
choice of intermediate points. 
Since lim S(P, f) exists, f is bounded on [a, }}. Let us take a par- 
Pio 


tition Py of [a, 6] such that || Poll < 6. 


Let Po = (%0,71,2,-+-,0n) where a = 49 <1 <0 Stn = b. 
= x), Mp = inf f(x), for r=1,2,...,7. 
Let M,; ce f(z), mr cetent wnt , for 


There exist points a,, 6, in [%,~1,",] such that , 
M, ~ 306-2) < f(ar) < M,, m, < f(Gr) <M, + aay" ; 


Selecting the points a1,@2,...,Q@n as intermediate points 
U(Po, f) _ ; < S(Po, f,o) < U(Po, f)- 


Selecting the points G1, G2,.--, On as intermediate points 
L(Po, f) < S(Po, f, 8) < L(Po, f) + § 


Since B- § < S(Po, f) < B+ § where S(Po, f) is a Riemann sum 
for f corresponding to any choice of intermediate points, we have 
U(Po, f)-£< B+ § and B-§ <L(Pf)+3- 
Hence B—e€ < L{Po, f) < U(Po. f) < Brew. (i) 
Therefore U(Po, f) — L( Po, f) < 2e. | i 
This proves that f is integrable on [a, b] in the sense of definition 11.2. 


As L(P,f) < ye f < UC, f) for every partition P of [a,b], it follows 
from (i) that 7 

B-e< LIPS) s ae < U(P,f) < B+e for all partitions P 
satisfying || P| < 6. 


tote Sah 
Therefore | {i f —B\<e. Since « is arbitrary, f, f = B. 


a 


Theorem 11.9.5. Let f : [a,6] — R be bounded on [a,6] and let 
{P,,} be a sequence of partitions of {a, 6] such that the sequence {||_Pall} 
converges to 0. If there exists a real number B such that corresponding to 
each € > 0 there exists a natural number k satisfying | S(P,,./) — B i<e 
for all n > k, where S(P,,f) is a Riemann sum for f corresponding to 
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P, and to any choice of intermediate points, then f is integrable on [a, 5] 
and f? f = B. 


Proof. Let ¢ > 0. By the ever condition there exists a natural number 
k, such that | S(P,, f) — B |< § for alln > ky. 

Let || Px, || = 6. Since lim IP, || = 0, there exists a natural number ko 
such that ||P, jj < 6 for all n > ke. 

Let k = max{k;,k2}. Then | S(P,, f) — B |< § and ||P,|| < 6 for all 
nok, 

It follows that | S(P,,f) — B |< § for all partitions P, satisfying 
Prll < 6. 

Let Po be a partition of [a,b] such that ||Po|| < 6. 

Then |.5(f0,f)-— 8 |< € 


Let Po = (#0,2),...,%n) where a = % <4, <-++ Say = dD. 
Let M, = sup f(z), m= inf f(x), for r=1,2,...,n 
e€ [ari te), vé[cp1,2,] 


There exist points a,, G, in [z--1, 2,7] such that 
Mr ~ 36 ay < flay) <M,, Mr < f(G,) < Mr + 355° 


Selecting a1,@2,...,Q@n as intermediate points, we have 
U(Po, f) — § < S(Po, f,a) < UP, f). 
Selecting (1, Go,...,8n as intermediate points, we have 


E(Po,f) < S(Po, f,8) < L(Po, f) + § 

Since B— § < S(Po,f) < B+ § where S(Po, f) is a Riemann sum 
for f corresponding to any.choice of intermediate points, we have 

U(Po,f)-§ <B+5 and B-—§< L(P,f)+§. 

Hence B—e < L(Py, f) <U(Pf) < Brew... (i) 

Therefore U(Po, f) — L( Po, f) < 2e. 

This proves that f is integrable on [a, J. 

Since for every partition P of [a,b] L(P,f) < r f< 
(i) it follows that 

B-e<L(Pof)< fi f<U(Pof)< Bre. 

So we have | f? f— Bl<e. 

This holds for each e > 0. Hence ta f=B. 


Note. The theorem says that if f be bounded on [a,b] and {F,} bea 
sequence of partitions of [a,b] such that the sequence {jj P,,||} converges 
to 0, then if jim, S(Pr,f) = B where S(P,, f) is a Riemann sum for f 
corresponding to. P,, and any choice of intermediate points, then f is 
integrable on [a, b] and te f=B. 


U(P, f), from 
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In particular, if Ph = (%0,%1,-.-.,%) where a = % < 4% < 
< ty, = b and z1 — 2 = Z2 Zp tt = In — Ln—1 then 


{Pall = bua and lim ||P, || = 0; and if for every choice of intermediate 


points £,,€2,.-.,én, lim %% 3 f(€-) = B then ie f exists and equals 
n+00 r= 
B. 


Theorem 11.9.6. Let f : [a,b] — R be integrable on [a, 5] and {P,} be 
a sequence of partitions of [a,b] such that the sequence {|| P,, ||} converges 
to 0. Then if € > 0 be given, there exists a natural number & such that 

| S(Pa,f) - nes f |< € for all m > k where S(P, f) is a Riemann sum. 
of f corresponding to P and any choice of intermediate points. 


Proof. Since f is integrable on [a,b] and « > 0 there exists a positive 6 
such that for all partitions P satisfying ||P|| < 6 
U(P, f) - L(P, f) <«. 
Since lim ||Pp|| = 0, there exists a natural number & such that 
|Pall <6 for alln >k. 

Therefore U(P,, f) — L(Pas f) <eforalln>k. 

Since f is integrable on [a,b], L(Pn,f) < fe f < U(Py,f) for all 
neN. 

Also for each P,, L{ Pn, f) < S(Pa, f) < U(Pa, f) where S(Pr,f)isa 
Riemann sum for f corresponding to P, and to any choice of intermediate: 
points. 

Therefore | Sn(Pni f) — f° f |S U(Pa f) —L( Pa f) < € for alln 2 k. 


Note. The theorem says that if f be integrable on [a,b] and {P,} bea 
sequence of partitions of (a, b] such that lim || P,|| = 0, then im, S(Pa, f) 


= f° f where S(Pn,f) is a Riemann sum for f eee at to the 
partitions P, and to any choice of intermediate points. 


In particular, if Ph = (%0,21,--.,%n) where @ = Zo < %1) << 
tn = band a — 29 = 42-41 = ++) = Ay — Lp-1 then ||P] = << and 
lim ||P, || = 0. Then for an integrable function f, se f= Jim | a & f(Er) 
for any particular choice of points £1, €2,....&n- 


Worked Examples. 


ea A function f is defined on [0,1] b 
f(z) 1, if x is rational 
0, if x is irrational. 


Show ithat f is not integrable on (0, 1). 


Hl 
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fis Sousded on (0, 1]. : 


Let P, be the partition of [0, 1] defined by Pr = (©0,21,72,...,Zn) 
where z,=4,0<r<n. 


Let us choose a, in [z-_1,%,] by a, = ar, for r= 1,2,...,n. 

Then S(Ph, f,a) = 2[f(a1) + f(a2) + +++ + f(an)] = 1. 

Let us choose 4, in [2,~1,2,] by Gp = x, — Tan for r= 1,2,...,n. 
Then S(Pa, f, 2) = 2(f(G1) + f(G2) +--+ f(Bn)] = 0. 

Let us consider the sequence of partitions {P,}.  ||Prall = 4, 


lim lpn || = 0. 
im S( Pr, fo) =1, lim S(Pa, f, 8) = 0. 


Since for two different choices of intermediate points €,, the Riemann 
sums S(P,,f,€) converge to two different limits, f is not integrable on 
[O, 1]. 

2. A function f is defined on (0, 1] by 
a f(r) = a, if a is rational 
= 1-~da, if z is irrational. 
Show that f is not integrable on (0, 1). 


f is bounded on [0,1]. Let FP, be the partition of [0,1] defined by 
P, = (x0, %1,£2,-...,22n) where a, = 3,0 <7 < 2n. 
Let us choose a, in [z,-1,2,-] by a, = 2z,, forr = 1,2,...,n 
and a, = 2, —- Sn forr=n+1,...,2n. 
Tm 


Then S(P,,f,a) = A [(a1 +22 +---+2n)+ (1 - tn41 + Ze) 
+++ + (1 — tan + Z5)) 
= pf [eee tn + J, 


(R41) +e +20 ] 


an 
a ale + wa 
Let us choose G, in [a,--1,2,] by @, = x, — Ten forr=1,.;.,7 
and @, = 2,7, forr=n+1,...,2n. 


Then S(Pr,f,8) = Bell — 21+ hg tot 2m + A) 
+H(2ng1 + +++ + Zan)] 

si[n am it2p—tn ae 4 ae ae “tony 

1 

Da ter 


+ 4, 
Let us consider the sequence of partitions {P,}. ||Pall = 3. 
lim |[pp |] = 0. im S(Pa, fe) = 4, jim, S(Pa, f, 8) = 3. 
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Since for two different choices of intermediate points €,, the Riemann 
sums S(Pp, f,€) converge to two different limits, f is not integrable on 
[0, 1}. 


3.° Let f : [0,1] > R be integrable on [0,1]. Show that 
Le jim dt & f(t) = lim 2" f(2). 
Jo f = Jim. YG) = oe m F(R): 


Let P, = (0, mn? 2,--.,3=1,1). 

Then ||P, |} = + and {Py s) is a sequence of partition of [0,1] such that 
lim || Ppl] = 0. 

Since f is integrable on (0, 1], lim. S(Pr,f) = ih f where S(P,,, f) is 
the Riemann sum +{ f(€1)+ f(2)+:+-++f(€n)} for any particular choice 


of intermediate points £1, £2,...,&, where "=" <€ <2, r=1,2,....n 


Let & = £. Then fo f = lim 2[f(2) + £(2) +--+ + FCB) 
= lim + 3 (2). 


m 


Let € = tt. Then fj) f = lim, alf(0) + FG +e + f(2E2)] 
= lim ne = “F(E ). 


Note. If f be integrable on [0,1], then the cvelugnion of the limits of 

the form jim ae = f(z ) or of the form Jim nt > ic; } can be effectively 
=1 

done by thie eenult established in this ecrale: 


Evaluate the Limit 


i ee ae eee! EE as an inte ral, 
ole: ae "nen . 
—) 


at + ae 2 sade 2 ar 


1 


“oy 
—-— i 1 
= im? mee 


20 fant bs rE), where f(x) = ti 
NOOO pol 


As f is continuous on [0,1], f hg integrable on (0, 1). 
Therefore lim es = af CR) = Je Y gigs. 


= [log(1 + 2: ere ee tha fundamental theorem 
= log 2. 
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ae Evaluate = limit ' 
im n {(1 +2 Wd +2 BY ene ne )}in as an integral. 


Let P= {(1 + md +2) (14+ Bp, 
Then log P = + % log(1 + Lay 
T= 


ca) 


‘ . n 
jim, log P = lim % 3 log(1 + 57) 


= Jim ¥ Bf) where f(x) = log(1 + x”) 
= i log(1 + 2*)dz, since f is integrable on (0, 1]. 
Hence lim P = ale log(1+2?)da 
noo 
6.° Evaluate the limit 
lim [ahr + aha + +++ + aaa] as an integral. 
Let S = jim a leer + abe + +++ + sel 
Then S— lim Cees eee 


= lim + 3 be = Jim 2 s(2), wh = 
Prac pt E eas , where f(z) = Th: 


n—-00 7 ply 
Let P, = (0,4,2,---, 34) be a partition of (0,3] dividing [0,3] into 
3n. subintervals of es length. lim ||P,|| = lim + = 0. Let us choose 


7m 


& = 5, dea ,3n. 


Then 4 z F(=) is the Riemann sum for f on the interval [0,3] 


corresponding to the partition P, and the chosen intermediate points 


é1, €2, ane 1En: 


: _ As f is continuous on [0,3], f is integrable on [0,3]. 


on " 
"Therefore im, cee f(5) = f f(a)dxw and S = ay f(x)dx = 


fo veede = [log(1 + 2)]§ = log2. 


: 7 Evaluate i ee wda. 


Let f(z) = x?,x € [a,b]. Then f is continuous on [a,b] and therefore 
f is integrable on [a, d]. 

Let P, = (a,a+th,...,a+mh), where h = baa, Then ||P,,|| = A. 
{P,} is a sequence of partitions of [a,b] such that lim ||P, || = 0. 
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Since f is integrable on fa, dl, 
fe f= jim, h z, f(&-) for any particular choice of intermediate 
points 1, f2,...,€n, wherea+r-Ihsé Sat rh. 


Let €, =a+rh. Then as a*daz 
= lim Alf(a+h) + flat 2h) +--+ f(a+nh)) 


-+ (a+ nh)”} 


I 


lim h[(a + bh)? + (a + 2h)? + 


9 n(n + 1)(2n+4 1) 
a 


lim [a?(b —a)+a.(b—a)(b—ath)+ (bra) b—oth)Qb—Fe+h)) 


jim h[na? + ahn(n +1) +h’. 


li 


= = 6-ia)|a? + alba) + 


a’ 


= C79 (b? + ab+a?) = Ee 


aca * mvaluate “6s oda where 0 <a <b. 


Let f(x) = 29°, x € [a,b]. Then f is continuous on |a, 6] and therefore 
f is integrable on [a, }}. 
Let P, = (a,ah,ah? ar ah 1b) where h” = b/a. Then Fall a 
ah®—(h—1) =a.(2)**"((2)* — 1). 
{ P,,} is a sequence of partitions of {a, 6] such that lim ||P, || = 0- 
Since f is integrable on [a, 5], 
bs p= jim a [a (h—1)f (1) +ah(h —-1)f (2) +-+- + ahem lih-1)f(En)] 
for any patticular choice of intermediate points £1,€2,...,&, where 
ah’! < &, < ah’. 
Let £, = ah™—}, 


Then Ws r°°'dr = jim a) (ph — 1)[1 + RIO 4 2-100 +... + ia aed 
fpi00n _ 1 

yim 100 ; 

as 

= lim io me By100 _ 77.100 


—— 


pee Too: H (hate ae @09), 


». Evaluate f Ldxz,0 <a <b. 


Let f(z) = 1,2 € (c., B]- Then f is continuous on [a,b]. Therefore f 
is integrable on ia, 5}. 
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Let P, = (a, ah, ah?, ah”—1,b) where h™ = ee be a partition of 
[a,b]. Then || Pall = ah"—"(h — 1) = a.(8)852((2)4 

{P,} is a sequence of partitions of la, b] such that re \|Prl| = 0. 

Since f is integrable on [a, }], 


Ja f= lim [a(h ~1)F(E1) + ah(h~ 1) f(a) +--+ +ah?"(h— 1) FG) + 


‘+ah"~*(h—1)f(En)] for any particular choice of intermediate points 
£1,€2,...,€n, where ah”! < & < ah". 


Let €, = ah™—1!. Then fa )dx 
= jim {ach —1).¢+ah(h—-1)44+- 


-+ ah"™—1l(h — 1). 


a ane=T| 


I 


jim n(h— 1) = limn{(2)* — 1} 
Liog & 

: en a —] 

= jim, = = 10s 8. 

m™ 


11.10. Integration by substitution. 
Pheorem:1T.10.1. 


Uli) fog anid ore ititégrable on Ja’ A} and ¢’(¢) 40:for-al 


fe, B}. 
“Then Py (eae =P pee e wae. 
Since ¢’(t) # 0 on [a, GJ, it follows from Darboux’s theorem that 


either $'(t) > O for all t € [a, G] or $’(t) < 0 for all t € [a, G], i.e., either 
¢ is strictly increasing on [a, @] or ¢ is strictly decreasing on [a, ]. 


Accordingly, the theorem can be stated in two parts. 
First part. 
Let (i) f : [a,b] > R be integrable on [a,b], 
(ii) ¢ : [e, 8] — R be differentiable and strictly increasing on [a, (] 
such that ¢(a) = a, ¢é(8) = b, and 
(iii) fod and ¢’ are integrable on [a, G]. 
Then f2 f(x)de = [2 f(#(t))#! (t)dt. 
Proof. Since ¢ is differentiable on [a, @],¢ is continuous on [a, (]. 


Since ¢ is continuous and strictly increasing on [a,@] and ¢(a) = 
a, $(G@) = b, @~' is continuous and strictly i increasing on [a, 5]. 
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Let P = (Z0,%1,--.,%n) be any partition of [a,b] and Q = 
{yo, Y1,+--,Yn} where y, = ¢ 1(a;) be the corresponding partition of 
[a, B]. 


By Lagrange’s Mean value theorem for the function ¢ on [yr—1, yr], 

Pur) — O(Yr-1) = (Yr — Yr-1)P' (tir) for some Tir E (Yr—15 Yr). 

That is, c- — 2-1 = (Yr — Yr—-1) O' (Mr), 1H 1,2,-.-,M oe ee (i) 

Let $(mr) = 6s T= 1,2). | 

Now S(P, f,€) = Fe De +5 (En) tte te 1) 

= f(o(m))¢'(m)(y1 — yo) +++ + FOC) O(n) (Yn — Yn-1) 

= 5(Q, (fog).$',n). 

Since f is integrable on |[a, 6], eee S(P, 72) = = ibe f. 

Since ¢’ is integrable on [a,b], ¢’ is bounded on [a, }]. It follows from 
(i) that |{Q|] — 0 as ||P|| > 0. 


Therefore {£ f(z)dz = mate (Qs (fod).¢’, . 


= f2(fod).¢' (t)at, since fod and ¢’ are both integrable on [a, 4] 


= 2 FOO) O (Hat. 


Second part 
Let (i) f : [a,b] — R be integrable on [a, }], 


(ii) @ : [G, a] > R be differentiable and strictly decreasing on [B, a] 
such that ¢(a@) = a, ¢(G) = 5, and 
(iii) fod and ¢’ are integrable on [G, a]. 
Then fy f(x)dx = JP f(#(t))#' (tat. 
Similar proof. 
Note 1. The theorem is called, substitution theorem because under the 


stated conditions, the integral {. f(x)dz can be evaluated by the substi- 
tution z = (t). 


Note 2. If ¢/(t) = 0 at a finite number of points in [a, @] and all the 
other conditions remain same, the theorem still holds. 


Another version of the theorem with wider conditions is given below. 


Theorem 11.10.2. Let I = [a,] be a closed and bounded interval 
and a function ¢: I — R be such that ¢’ is continuous and # 0 on J. 
Let ¢(a) = a, $(8) = b and a function f be continuous on ¢({[a, @)) 
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Then f? f(G(t))¢' (t)dt = fP f(x)dzx 
Proof. Since ¢’ is continuous on J, ¢ is continuous on J. 

Since ¢’ # 0 on J, it follows from Darboux’s theorem that either 
¢'(t) > O for all t € [a, G], or ¢’(t) < 0 for all t € [a, @], ie., either ¢ is 
strictly increasing on J, or strictly decreasing on J. Therefore ¢fa, @] = 
[a,b] or[b, a] according as 

¢’(t) > Oon J, or d’(t) <Oon ds. 
Case l. Leta <b. 

Let F(z) = [" f(u)dura < x < b. 
[a,b], F’(x) = f(x) for all x € [a, b]. 

Since ¢ is continuous on [a, @] and f is continuous on [¢(a).6(9)], fod 
is continuous on [a, £]. 


Let G(x) = JZ f(G(t))o’(t)dt, x € [a, 4). 


Since both f,¢ and ¢’ are continuous on [a.6], G’(x) = f(¢(x)).¢’(2). 
for all a & fa, 4). 


Since f is continuous on 


Since @ is differentiable on [a,G] and F is differentiable on 
[d(&), 6(B)], 
[F(d(x))|' = F’(b(x))¢'(z) 
= f(P(«))¢' (x) for ali « € fa, @). 
Therefore F'(¢(x)) — G(x) is a constant for all x & [a, A]. 
But F(¢(a)) = G(a) = 0. Therefore F(¢(x)) = G(z) for all x € [a, @]. 


In particular, F[¢()] = G(f), ie, f° f = f° f(o(t))¢! (de. 
Case II. a> b. 
Similar proof. 


Examples. 
1. Evaluate fos Tazz by the substitution « = tant. 
Let A(t) = tant,t € [-2, 4], 


—2,8 
¢ is differentiable and strictly increasing on [~%, 7]. @/(t) is integrable 
on [~7, ¥]. 6(-F) = -1, ¢(F) = 1. 


Let f(z) = pz. @ € [-1,1]. 
J is continuous and therefore integrable on [—1. 1]. 


Then f', f(a)dx = f7/4, f(o(t))# at 


— 7/4 1 ane 
= Jun/a Uhtant7: sec tat 


n/a 


= ja dt = 5. 
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tdt 


3 
2. Evaluate fo Taz: 
= is differentiable 3}, ¢’ is continuous 
Let #(t) = 14+17,¢ € [0,3]. dis differentiable on (0, 3], au 
and therefore integrable on [0, 3], ¢’(£) > 0 on [0,3]. ¢(0) = 1, o(3) = 10. 
Let f(x) = Faw € [1,10]. Then f is integrable on [1, 10}. 


Then te f(d(t))d’ (at = i fl(ajdx 


3 1 10 1 
or, fo pra 2tdt =f, year 
Re ah = [2,/z}}°, by the fundamental theorem 11.8.5. 


== 2(\/10 — 1). 
So fo seeeadt = (V10 - 1). 


tan=! t 
3. Evaluate ee dt. 
Let ¢(t) = tan7! t, t € [-1, 1]. . 
gis ee on [—1, 1], ¢’ is continuous and therefore integrable 
on [—1,1]. ¢/(t) > 0 on [—1,1]. @(-1) = —%, (1) = §- 


Let f(x) = e?*,2 € [-4, 4]. f is integrable on [—4, $1. 


Then f°, f(o(é))o/(t)dt = 74 f(a)de 


ere | . 
1 e2 tan t < n/4 e272 dr 
or, fy 1+é dt = Jaa 


es =a by the fundamental theorem 


ain 
= sinh %. 


11.11. Integration by parts. 
Theorem 11.11.1. Let f: {a,6] > R, g: [a,b] > R be both differen- 
tiable on [a,b] and f’,g’ are both integrable on {a, 6]. Then 

f° Flag’ (x)da = f(b)9(b) — f(a)g(a) — Ja F(x) 9 (ade. . 
Proof. Since f and g are both differentiable on fa, b!, fg is differentiable 
on fa, 5]. 

Since f and g are eee me any are continuous on 
Bee Fy. ned ees on [a, bj, i-e., (fg)’ is integrable on 
{a, B]. 

So by the fundamental theorem, fey = fle = f(b)g(b) - 
Fa)g(a). Also [°(f9)! = So(fg’ + 9) = fifo + So f'4- . 

Therefore f? f(x)g'(w)da + fy f’(a)a(z)de = F(6)9(0) ~ F(a)9(@) 

or, f° f(x) g'(x)dx = f(b)9(b) — f(a)g(@) — Sa f’(#)g(a)ae- 

‘ 


s 
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14.42. Méan vale theorems, ‘ 


Theorem 11.12.1. (First Mean value theorem) 

If (i) f: [2,6] + R and g: [a,b] > R be both integrable on [a,b], and 

(ii) g(a) has the same sign for all z € fa, b] 

then there is a number yu such that 

aa f(2)g(x)dxz = uf? g(a)dx where m <u < M and 

m= inf f(z), M= sup g(z). 
LE {a,b} 26 [a,b] 
If further, f is continuous on [a, 6] then there exists a point € in [a, ] 


such that fi f{x)g(x)dx = f(€) i g(x\dax. 
Proof. Case 1. Let g(x) >O0,x¢€ fa, B), 
Since m= inf f(z) and M = sup f(x), m < f(x) < M for all 
x€[a,6] zG@la,b ‘ 
x &€ [a,b]. Therefore mg(x) < f(z)g(z) < Mog(x) for allze fa, db). 


Since f and g are both integrable on [a,b], mg, fg and Mg are inte- 
grable on [a, bj, and 


Jo mg(x)dx < f? f(x)g(a)de < f? Mg(x)de 
or, mf? g(x)dx < bia f(x)g(x)dz < M f? g(x)dzx. 
Therefore Fi f(e)g(2)da = uf? g(z)dx, where m < p< M. 


Case II. Let g(x) < 0,2 € [a, b}. 
The proof is similar. 


> 


Second part. If f be continuous on [a, 6] there exists a point € in [a, }] 
such that f(€) = uw, where m <p < M. 


It follows that te f(x)g(a)dxz = f(€) if g(x)dz, where a < € < b. 
Corollary. If, in particular, g(x) = 1 for all x € [a,b], then 
Sf? Fla)dx = uf’ dex = w(b—a), wherem <p < M. 


If, moreover, f is continuous on {a, 6], there exists a point € in fa, d] 


such that f’ f(x)dx = f(€)(b — a). 
Since € € [a,b],é =a+ O(b— a) for some @ satisfying 0 < @ <1, 
Therefore i ie f(z)dx = (b-a)f(a+6(b—a)),0<6<1. 


Examples. 


1. If f : [2,6] — R be continuous on fa, 6] and fe f{x)dx = 0, prove 
that there exists at least a point ¢ é {a, 6] such that f(c) = 0. 


Since f is continuous on (a, b}, f is integrable on fa, b} 
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By the first Mean value theorem there exists a point ¢ in [a, 6] such 
that f? f(x)dx = f(c)(b — a). 

Since f’ f(ax)dx = 0, it follows that f(c) = 0. 
2. Use first Mean value theorem to prove that. 

— : %,— 4, kb? <1, 

6 S Jo YacsGrean 5 8 tea 

1 

Let f(x) = Fost € [0, 4]; g(x) = Frage ou 5]. Then f and 

g are integrable on (0, 5] and g(x) > 0 for all x € [0,5]. 


Since f is continuous on [0, 4], by the first Mean value theorem there 


exists a point € in (0, 4] such that 


fo’? Fla)g(x)da = F(é) {O/? g(x) dz. 
1/2 1 aie a 1 


1/2 1 pS LS 
or Jo Jat ace sf 1—k2E2 Jo v1—22 6° fi-—kte? 
: 1. i 
Since 0 < € < i, 1 < Vinkte2 < 1-k2/4 


Fe 1/2 1 eee are 
Therefore % < Bt Jauebaneen S 8° S1-k2/4 


Lemma 11.12.2. Abel’s Inequality. 


If (i) @1,@2,...,a, be n positive real numbers such that a; > a2 > 
ne > ans 
(ii) 41, ¥2,-.-.Un € R and 


(ili) there exist h, H € R such that h <1, + ¥g +-!- + up < A for 
li<psn, 
then ah < ayy tagve +--+ +anln < aA. 


Proof. Let sp =ujy+ugt---+u%,1opsn. 
Then a1 + dglvg +++ + Gnlm 
= G18; + G2(Sg — 83) #- ++ + On(Sn — Sn-1) ‘ 
= (a1 — @2)81 + (a2 ~ a3)$2 +++ + (Qn—1 — Gn)Sn—1 + GnSn- 
Since a, — @r.1: > O for r = 2,3,...,n and h < s, < H forr = 
1,2,...,7, we have ayy, + @qve +--+ +4nln 
< H[(a; — a2) + (a2 — a3) +++ + (Q@n—1 — Qn) + Gn] = a1 and 
> h[(ay — a2) + (ag — ag) +++ + (Q@n-1 — Gn) + ay] = ayh, 
Combining, we have ah < ayy + Gove +++ + Gnlm < ad. 


- This completes the proof. 
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Theorem 11.12.3. Second Mean; value theorem (Bonnet’s form) 
If (i) f : [a,b] + R and ¢: [a,b] — R be both integrable on [a, bj, and 
(ii) f is monotone decreasing and non-negative on [a, 6], 
then there exists a point € in [a, b) such that 
Sp fla)o@)dx = f(a) JF o(x)de. 


Proof. Let P = (xo,%,... 
2 <s San = dz 


,@n) be a partition of [a,b]. Then a = ao < 


Let A4, = sup O(a), Th, = inf b(u), for r= 1,2,...,7. 
r€[a,_i,a,] 2E[er—1,22} 
Let €) = a,&- be an arbitrary point in {z,;_1,2,], for r= 1,2,..., 


Then m,(2, — tp1) < c. b(x)da <M, (ar — tp—1) 
and 17-(ap ~ fp—1) < O(&-)(tr — tp-1) S Mp (ay — ty-1). 


We have ar Mr(Lr — Br-~1) S Aha d(x)dx < = M,(x2, — 2-1) 


and es Mr{Ly = Lp 1) < a b(Er) (Lp —_ x,~1) < = M, (xr = Lr): 
r= = ae 
Therefore | 5 P(Er) (tr — Br1)— fe" b(a)dax |< = (M, — ip) (ate — 
rT r= 
Zr~1) = 5 (M, = Mr) (Lr a @p—1) 


or, fe” ow)de — E (My — mr)(er ~ar-1) SE O(Er)(@r ~ Br-1) S 


ral 
fr? o(a)da + E (Mr —~ Mr)(fy ~ Lr). 
r= 
As ¢ is integrable on [a, bj, ie o(az)dx is continuous on [a,b] and there- 
fore {* @(z)dz is bounded on {a, }}. 


Let M= sup f*’ d(z)dz, m= inf f* f(x)dz. 
z€ (a,b) xré[a,b] 


Then m — z (M, - my) (tr ~ Bri) < os b(Ep) (ap — Tei) < M+ 
r=1 rs 
5 (M, — m,)(fr ~ Xp-1). This inequality holds for p = 1,2,...,n. 
r=1 
| Let vu = d(€,)(a, — £p-1), ar = f(E-). Then 
(i) a1,@2,...,@, are positive numbers and a, > ag >--: > an, . 


(ii) +4,v2,...,U¥m are m numbers such that kh <1, +igt--- +i SH 
for 1 <p <n, where 


h=m-— = (M- — My,)(Zp — Cri), T= M+ = (M, — Myp)(ar — Lp—1)- 
pes : Tm 
By Abel’s Inequality, 
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Fla)-A<S E fEr)b(Er)(@r — art) S f(a).H. 
Let ||P|| + 0. Then h +m, since | Jim [U(P, 4) ~ L(P, $)] = 0; 
H — M, since im UCP, 6) ~ ECP, 6)] = 05 


and 5 f(Er)#(Er)(er ~ tr-1) > J? f(a) b(@)dz, since fd € Ria, b). 


It follows that mf(a) < f? f(x)¢(x)dx < M f(a) 
or, { flajd(ajdx = uf(a) wherem < p< M. 


But M,m are the supremum and the infimum of the continuous func- 
tion f* d(t)dt on [a,b]. Therefore there exists a point € in [a,b] such that 


fi $(t)dt = yo. 
Consequently, {. f(x)dé(x)dz = f(a) i O(z)dz,ax<E<b. 
This completes the proof. 


Theorem 11.12.4. Second Mean value theorem (Weierstrass’ 
form) 


If (i) f : [a,b] — R and ¢: [a,b] > R be both integrable on [a, b],.and 
(ii) f is monotonic on [a, d}, 
then there exists a point € in [a,b] such that 


So f(x)b(a)dx = f(a) fF b(x)de + f(b) fe o(a)da. 


Proof. Case 1. Let f be monotone decreasing on [a,b]. 
Let y(x) = f(x) — f(b), x € [a,b]. 


Then # is monotone decreasing on [a, 6] and w(x) > 0 on fa, di. 
By Bonnet’s theorem there exists a point € in [a,b] such that 
Sp v(x) b(w)dx = W(a) fF o(2)de 
or, {21f(@) — F(e)]o(w)de = [f(a) ~ f(0)] JE o(@)dz 
or, fy f(x)b(w)dx = f(a) fF b(a)dx + ff? o(e)de ~ JF o(e)dz] 
= f(a) fe o(x)de + f(b) fe b(x)da. 
Case 2. Let f be monotone increasing on [a, bj. 


Let w(x) = f(b) — f(x), x € [a, d}. 


Then ~ is monotone decreasing on [a, b] and ~(z) > 0 on [a, d]. 


By Bonnet’s theorem there exists a point € in [a,b] such that 


SP b(ae(a)dz = pla) [* o(x)dx 


& 
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or, {i [f(b) — f(x)]b(x)dax = [f(b) — f(a)] SE o(x)dx 
or, f. f(x)b(x)dx = f(a) fS o(x)dx + f(b)? o(x)dx — f* d(x) dz) 


= f(a) ik p(x)dx + f(b) fe o(x)dz. 
This completes the proof. 


Examples (continued). 


3. Show that the second Mean value theorem (Weierstrass’ form) is 
applicable to A sinZdz where 0 <a <6 < oo. Also prove that 


| fP 2d |< 4/a. 


Let f(x) =t,ce fas Bee) = sing € [a,b]. 


Then f and ¢ are both integrable on [a, 6] and f is monotone decreas- 
ing on fa, d]. 


By the Mean value theorem (Weierstrass’ form) there exists a point 
€ in [a, 6] such that 


So f(x) b(x)dx = f(a) fF b(x)dx + f(b) fe o(d)dx 
or, i sinZ dr = (1/a) ih sin rdx + (1/6) fo sinxdx 


= 


= (1/a)[— cos € + cosa] + (1/b)[— cos b + cos €] 

Therefore | i sinZ dy |< (4) | —cos€ + cosa | +(%) | —cosb+ cosé | 
< (Z){| + cos€ | + | cosa |} + ($){] —cos6 | + | cos€ |} 
<404+1)+(¢)04+) 
< 4/a, since a < b. 


4. Show that the second Mean value theorem (Bonnet’s form) is ap- 
plicable to fo Mzde where 0 < a < b < co. Also prove that 
| fo Sb#da |< 3. 

Let f(z) = 4,2 € [a,}], d(x) = sina, x € [a, Od]. 

Then f and ¢ are both integrable on [a,b] and f is monotone decreas- 
ing on [a,b] and f(a) > 0 for all x & fa, bd). 

By the Mean value theorem (Bonnet’s form) there exists a point € in 
[a, 6] such that {. sinzdy = (1) f* sinzdx = (1){—cos€ + cosa}. 


Therefore | [? dz |< 2, 
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11.13. Logarithmic function. 
Definition. The logarithmic function LZ (or log) is defined by 
L(x) = f* 4dt, for « > 0. 
Property 1. L(1)=0. 
From definition it follows that L(1) = ih tdt =0. 


Property 2. L(x) <0ifO<x2<1 
x Qifa= 1 
>Oifa’>l. 


Proof. If0 < ax <1, the function f defined by f(t) = 1/t,t € [z,1] is 
continuous on [x,1] and f(t) > 0 for all t € [x, 1]. 


Therefore £ f{tjdt > 0. That is, L(x) < 0. 


If a > 1, the fuction f defined by f(t) = 1/t,t € [1,2] is continuous 
on [1,2] and f(t) > 0 for all t € [1, x]. 
Therefore f\" f(t)dt > 0. That is, L(x) > 0. 


Thus L(x) < OifO0<2<1 
=: Qiff=1 
> Oife>1. 


Property 3. Fora2>0,y> 0, L(ry) = L(x) + Ly). 

Proof. Since xy > 0, L(xy) = fi" 4dt = fi (4)dt + f"(4)dt 
= L(x) + f"(F)dt = L(x) + f¥ tdu [putting ¢ = xu in the second] 
= L(x) + Lty). - 


Corollary 1. In particular, if y = 4, then L(r) + L(4) = L(1) = 0. 
Therefore L(+) = —L(x),a > 0. 


Corollary 2. For x > 0,y > 0,L(%) = L(z.4) = L(x) + L(4) = 
L(x) — L(y). 
Property 4. For wz > 0,L(2") = nL(c),n being an integer. 


Proof. Casel. n=O. . 
In this case, L(x”) = L(1) = 0 and nL(x) = 0. Therefore L(x") = 
nL (x). 


Case 2. nis a positive integer. 
When n = 1, the property holds. 


Let the property hold for n = m, where m is a positive integer. 


Analysis-31 
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Hl 


Then L(z™) 
So L(z™+') 


mL(x), 
L(z™) + L(x“), by property 3 
/mL(z) + L(x) 
(m+ 1)L(2). 
This shows that the property holds for n = m+1 if it holds for n= 7m. 
Also the property holds for n = 1. 
By the principle of induction, the property holds for all positive inte- 
gers n. 


i tl 


Case 3. 7 is a negative integer. 


Let n = —m, where m is a positive integer. 
Then L(z")=L(a~™) = L{(+)™} 
= mL(+), by case 2 
= —mL(x) 
= n(x). 


Combining all cases, the proof is complete. 
Property 5. For z > 0, L(x*) = aL(zx), a being a rational number. 


Proof. Case 1. a is an integer. 
This is property 3. 


Case 2. a is a positive fraction. 
Let @ = p/q,p and q are positive integers, g > 1. 


L(x) = L(aP/?) = L{(w*)?} 
= pL(x*), by property 3. 
Also L(x) = L{(x?)%} 
= gL (x7), by property 3. 
Therefore L(z*) = EL (x) 
= aL(x). 
Case 3. a is a negative fraction. 
Let a = —@ where @ is a positive fraction. 
Then (27): -=S- 2?) 
= L{( a } 
= @L(>), by case 2 
= -AL(z) 
= alb(x). 


Combining all cases, the proof is complete. 


Corollary. If «> 0 and a be a real number, L(x*) = aL (x). 
If a be irrational, let us consider a sequence {a,,} of rational points 
converging to a, Then L(x**) = a, L(x) for alln EN. 
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Taking limit as n — oo and noting that JZ is continuous, we have 
L(a*) = aL(z). 
Property 6. The function LZ defined by L(x) = ff tdt, « >0 
is strictly increasing on (0, oo). 

Also (i) jim L(x) =o, (ii) lim L(x) = —oo. 


Proof. Let 0 <a, < 22. 

Then L(xe) — L(x1) = i 4dt > 0, since } is continuous on [x1, 22] 
and + > 0 on [z1, x9]. 

Therefore 0 < 21 < xro => L{ag) > L{x1). 

This proves that the function L is strictly increasing on (0, 00). 


(i) Let us choose G > 0, 

Since 0 ms 1/G pod L(2) > O, there exists a natural number ™ such 
that 0 < LT < 4: by Archimedean property of R. 

Therefore L(2) > G. 

Since L is strictly increasing on (0,00), L(x) > G for all x > 2™, 

“This proves that jim L(x) = 00 

(ii) Let us choose G > 0. As in case (i), we have L(2™) > G. 

or, L(g) < -G. 

Since L is strictly increasing on (0,00), L(x) < —G for alla < oe: 

This proves that lim, L(x) = —oo. 


Property 7. The function L defined by L(x) = [7 }dt,x > 0 is con- 
tinuous on (0,00). 


As L(z) is defined as an integral, if follows from the Theorem 11.8.1 
that L is continuous on (0, ie 
Property 8. 7 d_ T(x) = i a > 0. 


Proof. Let x9 > 0 and a us choose A > 0, 
Then Pitoth)=Heo) — oer idt. 


; 
Per alle Seagal, ae ae 

h +h a 
So we have sages seen S Sey tae gout 


2 1 < L@oth)— L{to) ¢ 
OF, Zork = 


By sandwich ee “ig, Hestpctien ae de aes (i) 


Let us choose h < 0 puch that zo +h > 0. 
For all t € [ro + h, zo], 2 oa ee + s SOE: 
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' 


1 
So we have ee pdt < f° ath 1at S de ah aoeRe 


—h ro a hy 
oY. SS ak tdt< S Sok 
a L oe 4 } 
Ore ee (dt S sae: 
By sandwich theorem, im EGoth)— kite) =i (i) 


From (i) and (ii) lim — ee 


This implies 4 L(a) = 4,2 > 0. 
Corollary. lim 40+) = 1. 


Property 9. The logarithmic function L defined by 
Lia) = fy $dt.2 > 0. 

is a bijective function from (0,00) to (—co, co). 
Proof. As L is a strictly increasing function on (0,00), it is one-to-one 
on (0,00). 

As L(x) > oo as x — oo and L(x) — —oco as x — 0+ and L 
is continuous and strictly increasing on (0,00), the function LZ assumes 
every real number in (—oo, oo) exactly once. 


This proves that ZL is a bijective function with domain (0,00) and 
range (—00, oo). 


Definition. The unique real number «x satisfying L(x) = 1 is denoted 
by e, ie., L(e) = 1. Therefore e is defined by 
1= fy tdt. 


Property 10. e= Jim, (1+ 4)". 
Proof. We have £L(x) = 1,2 > 0. So L’(1) =1. 
That is, in =1 
or, lim 20+) = 1; 
h-—O 
Let us consider the sequence {h,} where hy, = A. limh, = 0. 
By sequential criterion, ie | 
or, jim nL(it+2)=1 
or, ‘tim, on L{( +4)"}=1 


or, ine tim n (1 + 4)"} =1, since L is continuous. 
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Since L(e) = 1 and and L is a bijective function on (0, oo) it follows 
that im a (1 +2)" =e. 


Property 11. For 7 > —land «x #0, sp < £(1+ 2) < ca. 


Proof. Case 1. Let Zo > 0. 


Then 1+ 29 > 1. For all ¢ € [1,1+ x9] t<1, 


— < 
> l+20 — t 
_ bet f(t)=4,te (1, 1+ a Then f is continuous on [1,1 + 29] and 


5 3 
‘Therefore f)**° eerie - pt Page = ye dt 
or, 7f2- < L(1+ 29) < 70% 
As Xo > 0 is arbitrary, ;2- < L(1+ 2x0) <= for alla > 0. 
Case 2. Let —-1 < 29 <0. 
Then 0< 29 +1 < 1. 
For all ¢ € [zo +1, 1], Ii<isype- 
Let f(t) = },¢ € [zo +1,1]. Then f is continuous on [zo + 1,1] and 
1< f(t) < pig att = 2 +1. 
1 1 1 1 
Therefore fy. dt < Save #4 a ce ERO rer) 
or, ae. < LAA +49) < =e ce: 
ors L(1+ x9) < 20. 
As Zo € (—1,0) is arbitrary, -2- < L(1+ 2) < x for all x € (~1,0). 
Hence for alla > —1 and z 40, ip Se) ee 


Note. For all x € N’(0, 3) ws < 20+2) <1, But lim = eq 


Therefore by sandwich theorem, lim Ute) 142) 
a0 


Property 12. 2<e< 3. 
Proof. L(2)= fr ae 
For all ¢ € [1,2], 1 < 1. So we have f? tut < f? 1dt. 
The function + . continuous on (1,2] and also + <1 at t = 2. 
Therefore f? 1dt < f? 1dt = 1, by Theorem 11.7.5. 
‘Since L is a strictly increasing function on (0,00) and L(2) < 1 and 
L(e) = 1, it follows that 2<e... ... (A) 
Again L(3) = fp ddt = f? ddt + fp dae. 
Now fy tat = f) 3%, by the substitution t = 2—u 


3 
and f; Ldt = i s, by the substitution t = 2+ u. 
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3 1: iit Lleduo du 
Hence Sr dt = + O 2-+u =4 5 gts 4m 


InO<u<1, qogt is continuous and aos > i a 

It follows that f) 7% > fp 4 

Both the functions ; and g where f(u) = g+x,u € [0,1]; g(u) = 
$,u € [0,1] are sa acoay on [0,1] and f(4) > g(4). 

Therefore fj ar > 4, by Theorem 11.7.5. 
¢dt > 1. That is, L(3) > 1. 


Since Lisa stribtly increasing function on (0,co) and L(3) > 1 and 
L(e) = 1, it follows that e <3... ... (B) 
From (A) and (B) it follows that 2<e <3. 


~ Consequently, 


11.14. Exponential function. 


Since the logarithmic function is a bijective function on (0,00) with 
the range (—0oo,0o), it admits of an inverse function. 

The inverse function of the logarithmic function is said to be the 
exponential function and it is denoted by E(x) or e*. 

The domain of the exponential function is R and the range is (0, co). 

Since the logarithmic function is continuous and strictly increasing on 
(0,00) with its range (—00,00), the exponential function is continuous 
and strictly increasing on (—0oo, co) with its range (0,00). 

Therefore for all x > 0, roe? == ¢ and for allz € R, LE(x) = =. 


Property 1. E(0)=1. 

Since EL(x) = = for all c > 0, EL(1) = 1 and since L(1) = 0, it 
follows that #(0) = 1. 
Property 2, E(x)E(y) = E(x+y) for allz,y ER. 


Proof. Forallz,yéR,LE(e+y)=a+y = LE(x) + LE(y). 
Since E(x) > O for all real a, 
L(E(x)) + L(E(y)) = L(E(2) + Ety)), by property 3, 11.13. 
or, LE(« + y) = L(E(a) + Ey)). 
Since logarithmic function is one-to-one, it follows that 
E(x +y) = E(x). E(y). 
Corollary. In particular, if y = —2z, then E(x — x) = E(x).E(—-2z) 
or, E(z).E(—xz) = E(0) = 1. ie, E(—x) = Biz) for all real x. 
Property 3.. E(na) = {E(z)}",n being an integer. 
Proof. Case 1. n= 0. The property holds trivially. 
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Case 2. 7 is a positive integer. 
The property holds for n = 1. 
Let us assume that the property holds for n = m, a positive integer. 
Then E(mz) = {E(x)}™. 
E{(m+ zr} = E(mzt+ 2) = E(mz)E(z) 
= {E(z)™} E(x) = {E(x)}""". 
This shows that the property holds for n = m+1 if it holds for n = 1. 
By the principle of induction, E(na) = {E(a:)}” for all positive inte- 
gers n. 
Case 3. nis a negative integer, say n = —m. 
E(nz) = E(—-msz) 
= gs) = way ={E@)}-" = {E(x)}". 
Combining all case, the proof is complete 
Property 4. E(ax) = {E(x)}*,q@ being a rational number. 
Proof. Case 1. m= 0. The property holds trivially. 
Case 2. a is a positive rational number, say a = e where p and q are 
positive integers. 
E(pa) = E(q.(8)x) = [E((9)x)]", by case 1. 
Also E(px) = (E(x). i herefore [E(x)]? = [E((2)x)}*. 


Since E(x) > 0 for all z, [E(x)|* = E((2)z) 
or, E(am) = {E(a)}*. 


Case 3. a is a negative rational number. 


Let a = —G, where @ is a positive rational number. 
E(ax) = E(-£6x) = Es = TE by case 1 


{E(x)}~8 = {E(x)}*. 
Combining the cases, the proof is complete. 
—1 


Property 5. lim © =1. 
z-—-0 


Proof. Let y= e* —1. Then x = log(1 + y). 


Since the exponential function is continuous.on (—oo, 00), 2 — 0 im- 
plies e* —» e? = 1. Therefore as x — 0,y — 0. 


set —1 7: y 
Now lim “y= ia) osdru)" 


But lim leew) = ], by the corollary of property 9, 11.13. 
yo 


Hence lim S=! = 1. 
z—-0 F 
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Property 6. #(e*) = e* for allzeR. 


Proof. Let xo € R. Then 


lim 2 me"0. ip ee" e*8 exo iy, eI 
h—-0 A h—0 h 
mmr 


Hence #(e*) = e* for allz ER. 


= e*¢, by property 5. 


Worked Examples. 
1. Prove that jim, L(t) — 0 for all real a > 0. 


ee 


jim, L(x) = oo and lim «#* = oo, for all real a > 0. 


zoo 


ee us choose G such that 0 < B <a. 

Ift > 1, then #9 > 1 and O< 4t7! < t7}+8, 

ie Sd,then0< [¢7 dis [Pao teas. 

_t7! and t7!+9 are both continuous on [1,2] and 0 < t7! < t71+4 for 
l<i<og. 

Therefore ifz >1,0< fo t7ldt < fPt7} tat. 


af —y af 
or,0<L(z)< #- <8. 
Therefore ifz>1,0< 2) < Beet , since 2* > 0. 
jim, wo =: 0, since a > G@ and therefore jim n a = 0. 


Note. This result says that if a > 0 then x® tends to oo with z more 
rapidly than L(x) does. 


2. Prove that lim a = 0 for all real a.. 
z— oo 


Case 1. a> 0. 
We have lim 44) = 0 for all 8 > 0. 


oe 
Let a = ‘a . Then lim atu “= 0 for alla > 0. 


yoo 


Let L(y) = xc. Then  — oo as y — oo and lim =. =: 0.for all a > 0. 
mi—oo ™” 


Case 2.a=0. 


lim 2 = lim 2 = lime“* = lim ev = 
coo camp Ox & OO yoo 
Case 3. a <0. Let G = —a. Then @ > 0. 
‘ wee Ans l « a 2 ee 7 2 ee 
jim a jim Sigs = 0, since jim “zy = 0 and im ga = 0. 


Combining all the cases, we have the result. 


Note. This result says that E(x) tends to co with « more rapidly than 
any power of x does. 


‘ 
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Exercises 21 


1. Take the partition P, = (0,4,2,---,2) of {0,1} and show that 
sup {L(Pa, f) neN}=inf {U(Pa,f)in€ N} for the function f. 


(i) f(z) =2?,2€ (0,1, (ii) f(z) = 23,2 [0,1]. 
Deduce that f is integrable on (0, 1}. 


2, Let f : [a,b] - R be bounded and monotone increasing on [a, 6]. If P, be 


the partition of [a, b] dividing into n sub-intervals of equal length prove that 
Sets UPul) s fi f+ 2 - £@)- 
Consider the sequence of partitions {P,} and deduce that Jim U(Pa,f) = 


Lf. 


Utilise this result to evaluate 
(i) fo ade, (ii) fo o%dx, (iti) fp eda 
[ Hint. U(Pa, f)— L(Pas f) = 821 F(0)— fla), LPa f) SSP £ S$ U(Pa f)] 


3. Let f: ‘a a,b] — IR be bounded on [a,b]. Let P, be the partition of [a, | 
dividing into n sub intervals of equal length. Consider the sequence of partitions 


{Pn} and prove that lim L(Pa,f) = ies tina U(Pa,f) = Ec f. 
Evaluate Sif and pee: when 
() f(z) = 22,2 € [0,1], Gi) f(z) =cosz,r€ (0, 3, 


4. Let f : [a,b] — R be bounded on [a,b] (0 < a.< 6). Let Pe 
(a, ar, ar®,...,ar") where r™ = He: Consider the sequence of partitions {P,} 


and prove that lim L(Pa,f) = fy, Jim | U(Pna, f) = ite ff: 
Evaluate is and Lf when 
(i) f(w) = 29,2 € [1,2], (ii) f(e) = 2°, x € [1,2]. 


5. A function f is defined on [0,1] by f(z) ==”, « is rational 
= 2°, x is irrational. 


(i) Evaluate ies ieee (ii) Show that f is not integrable on [0, 1}. 


6. A function f is defined on [0,1] by f(z) = 27 + a, x is rational 
. =2+ 2%, 2 is irrational. 


(i) Evaluate ieee fof (ii) Show that f is not integrable on (0, 1}. 


ba eed 
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7. A function f is defined:on (0,1) by f(x) = sing, x is rational 
, = 2, 2 is irrational. 


(i) Evaluate i fy fe f; ii) Show that f is not integrable on (0, 4]. 
8. Let a,b € Randa < b. If f : [a,b] — R be a function of bounded 
variation on [a,b], prove that f is integrable on {a, b]. 


Give an example of a function f integrable on (0, 1], but f is not a function 
of bounded variation on [0, 1]. 


9. Let f: [a,b] — R, g: [a,b] — R be integrable on [a,b]. Prove that 
(i) max(f,g) : {a, b] + IR is integrable on [a, 8}; 
Gi) min(f,g) : [2,6] — R is integrable on [a, b}. 
[ Hint. max(f,g) = 3(f+9)+31f-g9h min(f,9) =3(F+9)-41 Fal 


10. Let f : [a,b] > R be integrable on {a, bl: Prove that 


on fa, }]. ees 
(ii) f~ : [a,b] + IR defined by f~ (x) = — inf{ f(x), 0}, x € [a, b] is inkegrable. 

on [a, d}. 

[ Hint. ft =30 Ff 1 +f); fo =30 FI ~-S).] 

11. Let f(z) = x[z}], x € [0,3]. Show that f is integrable on [0,3]. Evaluate 


Jo f: 
12. Let f(x) = x—[z], 2 € [0, 3). Show that f is integrable on [0,3]. Evaluate 
Jo f. 


13. A function f is defined on J = [0,10] by f(z) =O whenz EINZ. 


=lwhenzel—Z. 
Prove that f is integrable on J. Evaluate ie f. 


14, A function f is defined on [0,1] by f(0) = 1, 

f(z) = (-1)"7! when war <2 (n=1,2,3,...). 

Prove that (i) f is integrable on [0,1], (ii) Hee f = log(4/e). 
15. A function f is defined on (0,1] by f(0) = 0, 

Prove that (i) f is integrable on [0,1], (ii) f) f = 2. 
16. A function f is defined on [0,1] by f(0) =0, 


nooo (itsin g)P+-1? 


(i) f* : [a,b] + R defined by f*(x) = sup{ f(x), 0},2 € [a, }] is integrable | 


RIEMANN INTEGRAL 481 


Prove that (i) f is integrable on (0, lj. 

(Hint. ao <ln< 5 <2 O<i1+sin Seat ae 
bead joe Esdras i<itsn zE<2=> f(x) 

17. Show that 


ri 1 3 Sx 1 
Ge leat es 


7" 1 ® L 
(ii) ww < So Frege <q 
3 2 2 : L < 1 dm ee & 
(iii) a < a aa cose (iv) 3 i Tpe+s2 4 


3 

3 wf at < or 
a . 
(v) 35 < Jon. Sesame < 2 


a 
dz < ty 


b — 
18. (i) if a function f is continuous on a closed interval [a, a a ea 
for every continuous function g on {a, b], prove that f(v) = 0 fora ; 
{ Hint. Take, in particular, g = fd 7 
= t 

(ii) A function f is integrable on [a,b] and ih f?(x)dz = 0. Prove tha 
f(z) =0 at every point of continuity in {a, bj. 
19. A function f is continuous for all x > O and f(x) #0 i all « > 0. 

If {f(z)}? = 2 fy f(t)dt prove that f(x) = x for all x > 0. 


| ; ’s mean value 
_ | Hint, (0) = 0 and f'(x) = 1 for all c > 0. Use Lagrange’s 


theorem to f on (0, z].] 


20. The functions f : [a,b] > Rand g: [a,b] — IR are both continuous on 


. = hat f =g. 
a —g{=0. Prove t 
- ee J at of functions f and g both integrable on [a, b} such that 


{Pl f—gl=0, but f Ag. 
21. A function f is defined on [0,2] by f(x) 


HI 
2S 


Ul 
Ne 


Let F(x) = f> f(t)dt,x € [0,2]. Find F. Show that F is continuaus on 
oO bo] 


(0, 2]. 
22. A function f is defined on (0, 3) by f(z) 


yoy 


Show that f is integrable on [0,3]. 
Let F(z) = pe f(t)dt,x € [0,3]. Find F. Show that F’(r) = f(a),2 € 
0 
(0, 3}. 


482 REAL ANALYSIS 


Let F(z) = ” f (t)dt O<2<3. Fi : ‘ ; , : 
F is eee oS ing Find (2) at-al points where 


24. For x > 0, let d(x) = Jim. 212; and f(x) = So e(e)at. 
Show that f is continuous at 1 but not differentiable at 1, 
25. Find F’ where F is defined on [1, 00) by 
() F@) = fP Vi+ eat, (ii) F(x) = 2" sin Ved, 


26. Prove that 


TaVl+t? 2 
(i) lim Ja : ee = ev? (ii) li Jo sin Vtde 2 
moe z—2 : eed oxa = 3? 


(iii) lim Je,f(at_ _ f(0) 


zo [7 FE Dat fC)’ where f is continuous on R. 
0 


27. A function f is continuous on R and f* £C 
= tidt = 0 for alla e RP 
that f is an odd function on R. 7 saa 


28. A function f is defined on [3,3] by f(x) = Q¢sin = ~acos Zz #0. 
: =0, «2=0. . 
Show that (i) f is not continuous on i-3,3]; (ii) f is integrable on [-3, 3]; 
(iii) f has an antiderivative ¢ on [~3,3]; (iv) bes f = $(3) — 6(-3) 
29. Let f(a) = sgn x, zx € [—1,3]. 
(i) Show that f is integrable on [~1,3]. (ii) Evaluate fo of 
rn 


(iii) Show that the evaluation of [3 f cannot b 
:: e done by th 
theorem of Integral calculus. J : eee ts 


30. Let f(x) = a[z], x € [0, 3}. 
(i) Show that f is integrable on [O, 3]. (ii) Evaluate Ie f. 


(ili) Show that the evaluation of [? f cannot b 
e done b 
theorem of Integral calculus. Je Retreats) 


31. Let f(z) = [z],2 € [1,3]; ¢(c)=2,r¢€ {1, 2] 
== 20 ~ 2, @ € (2, 3]. 


(i) Show that f is integrable on (1,3). Gi) Evaluate rie f. 


Gil) Without evaluating the integral show that Abs f = 6(3) ~ @(1). 
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32. A function f is defined on [0,1] by f(x) = 2x, x is rational 


=: 1 ~— a, x is irrational. 
Take the partition P, = (0,4,2,-:-,2) of [0,1]. Choose intermediate 


points a,, 6 in {zr1,2,] to show that lim S(Pn, f,a«) 4 lim S(Pn, f, @). 
Deduce that f is not integrable on [0, 1). 


33. Evaluate the limits 

: . 1 af 1 

() bm lord tqaee tT Aeon! 
Gy hen lela Sasi a eee 

Ty CRD nr my nm 
erie 
n2 + 4n? 


oes A mr nr : 

te eee mae 
‘ : 1 2 Thy dh 
(iv) jim [CG of mele. a aed +4 =] 
(v) lim [(1+ 4) + 33)? +--+ 35)". 

34. Let f : [a,b] > R, g : [2,8] > R be both continuous on [a,b] and 


ne) = Meee Prove that there exists a point c in [a, 6) such that f(c) = g(e)- 


35. A function 7 : [0,1] - R is continuous on (0, 1] and cs jdt = ce f()dt 
for all x € (0,1). Prove that f(x) = 0 for all x & (0,1). . 
36. (a) Discuss the applicability of the second Mean value theorem to the 
integral Nisa a*cosz dx. 

(b) Verify second Mean value théorem (Weierstrass form) for the function 


f on the indicated intervals. 


(i) f(z) = xsina,x2 € [-1/2,7/2], 
(iii) f(a) = xsin xz,x € [x, Qz]. 


(i) f(x) = we*,x € [—1,]], 


37. Use Bonnet’s forrm of second Mean value theorem to prove that 
| f? sin x*dx| <4 ifO0<a<b< oo, 

(Hint. Take f(x) = 4, x € [a,b], o(x) = 2xsin x”, x & [a,}] in the theorem 
11.12.3.] 

38. If fo is continuous on [0, 00) and for alln EN, fa(z) = ibe fn~-i(t)dt, 2 > 
0. Prove that fn(a) = Gei de fo(t)(a — t)"—" dt. 

[Hint. f, is continuous on [0, 00) for alln EN. On integration by parts, 


fa(x) = 2fn—1(w) — fF tfn—a(t)dt = fy (x — t) fr—a(t)dt. 


Integrate by parts successively.] 
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39. A function f is continuous on [0, 00) and ¢{x) = 2 Jo kt —t)* f(t)dt, «> 
0. Show that ¢*"(x) = f(x) for all a > 0. : 


40. Justifying each step evaluate the integrals by substitution 
(i) fo tvIF Pat, ii) PP? PVT F Bat, 


beh B22 42 : Be. 
(iii) fp te’ dt, (iv) Jf,? sin’ t cos tdt. 


41. If f : [2,6] — R be integrable on {a,b} and g(x) = de f(t)at for all: | 


x € [a,b], prove that g is a function of bounded variation on fa, b]. 
[Hint. Using Theorem 11.8.1, lg(2) ~ g(a1)| < kla2 — 21] for any two points 
21,2 in [a, b].] 
42. Ifne Nand n > 2, prove that Z4+$4---+2 <logn < T+p+eetoh, 
[Hint. IfkeNandk>2,3< f* tat< hh. ] 
43. lf f ‘le, b) — R be bounded and integrable on [a,b], prove that, 
(i) jim J, f(z) sinnz dz =0 (ii) lim de f(z) cosnz dx = 0. 
[Riemann-Lebesgue theorem] 

[ Hint.(i) Let « > 0. Since f is integrable on [a,b], there exists a partition 
P= (a= %0,21,...,2p-1, 0p = 6) of [a,b] such that U(P, f) — L(P, f) < &. 

Let M-,m, be the supremum and the infimum of f on {z,--1,2,], r = 
e2 se Di 

5 : z 
J. f(z) sin naz dz = SS? f(z) sin nx de +.++ + i _ f(x) sinnax dex 
Tye % 

= (Sf? f(z) ~ f(xi)|sinna dx +--+. + So, {f() ~ f()Jsinnz da} + 
{fP? fei) sinne da +++. + yee f(b) sinnz dz} = s; + 82, say. 

Isls JO" fle) ~ f(ei)ide + + [2 1f(@) - f(b) de < (My = mi (ar - 
a) +++++ (My — mp)(b ~ tp-1) < g. 

< 71 gj iss . i 
Iso] < [f(01)| [ sinne dx + +--+ Flee) fr, sinnz dx < 2||f(x1)| + 


‘+++ [f(ap)]], since ee sinna da| < |S7#s=1—ceener) © 2 


— one 


» « i eit . . 
Since jim = = 0, there exists a natural number k such that ise] < ~ for 
alln > k. 


Therefore | [” f(x) sin na da| < }s1| + |so] <€ for alln > kJ 


12. IMPROPER INTEGRALS 


12.1. Introduction. In the preceding chapter on Riemann Integral the 
theory of integration was developed under two assumptions — 


(i) the interval of integration was required to be a closed and bounded 
interval, and 


(ii) the integrand was required to be bounded on the interval. 


The scope of the theory of integration may be widened by relaxing 
these restrictions. If these restrictions are relaxed we have the following 
two types of integrals, called improper integrals or infinite integrals — 


(a) improper integrals on a finite interval where the integrand is un- 
bounded, 


(b) improper integrals on an unbounded interval. 
_ We define convergence of improper integrals and discuss the properties 


of each type separately. 


A. Improper integrals on a closed and bounded interval, 
the integrand having infinite discontinuities. 


12.2. Definitions. 


I. Convergence of the improper integral Sf? fla)de when a is the only 
point of infinite discontinuity of f in fa, d]. 


Let the left end point a of the closed and bounded interval [a,b] be 
the only point of infinite discontinuity of a function f which is bounded 
and integrable on [a + €, 5] for every € satisfying O<¢€<b—a. 


Let d(6) = ies f(z)dz,0<e<b-a. 

If oun, o({e) exists (finitely) then the improper integral fe F(x)dex is 
said to be convergent. If the limit be 1, we write iy f(x)dz =. 

If jim, d(e) does not exist (finitely) then the improper integral 


i f(z)dzx is said to be divergent. 


+ 
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Note: If a be the only point of infinite discontinuity of a fuhction Ff which 
is pounded and integrable on [a +, b] for every e satisfying 0 <e«< b-—a 


and e f(z)dx is convergent, then ie f(x)dz is also convergent for all 
ce (a, b). 
Examples. 
1. The integral ih tdz is improper, since 0 is a point of infinite discon- 
tinuity of the integrand. 

The integrand is bounded and integrable on [O+e, 1} for all € satisfying 
O<e<l. 


i 
Jim Sox. x 


Therefore the improper integral foi +dz is divergent. 


dx= im, [- log €] = co 


2. The integral So +z ~z d= is improper, since 03 is a point of infinite discon- 
tinuity of the inteoracd 


The integrand is bounded and integrable on [0+e, 1] for all € satisfying 
O<e<l. 


lim fee yrdt= Ji lim (2 — 2,fe] = 2. 


E04 
Therefore the improper integral fe Sq dex is convergent and 
ie pede = 2. 


Il. Convergence of the improper integral f. f(x)dz when 6 is the only 
point of infinite discontinuity of f in [a, 5}. 


Let the right end point 6 of the closed and bounded interval [a, b) be 
the only point of infinite discontinuity of a function f which is bounded 
and integrable on [a,b — ¢] for every ¢ satisfying 0 << « <b—a. 


Let d(e) = f° f(z)dz,0 <e <b—a. 

If im, d(€) exists (finitely) then the improper integral f is f(x)dz is 
said to be convergent. If the limit be /, we write na f(x)dax = 1. 

If Jim, @{e) dees not exist (finitely) then the improper integral 
Be f(x)da is said to be divergent. 


Note. If} be the only point of infinite discontinuity of a function f which 
is pounded and integrable on [a,6— a; for every € satisfying 0 << «<< b—a 


and he f(x)dx is convergent, then os f(xz)dz is also convergent for all 
ce € (a,b). 
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Examples eer 


3. The integral f. ii yi, is improper, since 1 is a point of infinite dis- 
continuity of the integrand. 

The integrand is bounded and integrable on [0, 1—e] for all € satisfying 
O<e<l. 


. J-e« ee a _ _ 
im, fo i =de= im [ log €] = 00. 


Therefore the improper integral fo z¢dz is divergent. 


5 + a | «8 . : : ‘i < 
4. The integral f, Frage te is improper, since 1 is a point of infinite 
discontinuity of the integrand. 
The integrand is bounded and integrable on (0, 1—€] for all € satisfying 
O<e<l. 
_ 4. ee = — 2 
lim ta * Gps de= jim, [sin (1 —e)] =. 


emt OE 
Therefore the improper integral t Frog dx is convergent and 


1 
So Gregedt = 5. 


III. Convergence of the improper integral f Be f(x)dz when a and 56 are 
the only points of infinite discontinuity of f in [a,b]. 

Let the end points a, of the closed and bounded interval [a,b] be 
the only points of infinite discontinuity of a function f which is bounded 
and integrable on [a + €,b — e’| for every ¢,¢’ satisfying 0 < € < b—a, 
O<e' <b—a. 

Let ¢ € (a, 8). 

If the improper integrals [* * f(x)dx and a E f(x)dx be both conver- 
gent according to the definitions given above, then the improper integral 
Be f(«)dz is said to he convergent and we write 


Se f(a)dx = fi flx)da + f? f(x)dz. 


Note. If the end points a and 6 of the closed and bounded interval 
[a,b] be the only pes of infinite discontinuity of a function f and the 


improper integral Ja f(z)dx be convergent, then for any point dé (a, b) 
hs f(z)dx = ye f(x)da + f? f(x)dz. 
Examples (continued). 
+ tes 2 } 
5. The integral {5 Shae 


infinite discontinuity of the integrand. 


Analysis-32 


dz is improper, since 0 and 2 are points of — 
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The integrand is bounded and integrable on [0 + €,2 — ’] for all ¢,¢ 


satisfying O<«6«<2,0<«' <2, r 
Q~e 


Let us examine if Jim Je Waa” and im i Jaana exist.. 
im Sox. Wea = lim [sin~* (x — 1[é= §, 

wim fp © mas = jim, [sin~* (x —1)?-" = z. 

Therefore Fi a7 Cars be is convergent and k& meshed 


IV. Convergence of the improper integral a f(x)dz when an interior 
point c is the only point of infinite discontinuity.of f in {a, b). 


If the improper integrals Pe f(x)dx and i. f(x)dzx be both conver- 
gent according to the definitions given above, then the improper integral 
ae f(x)dz is said to be convergent and we write 


f f(a)dz = f° f(x)de+ f? f(x)dzx. 
é eee + —e€ ; * b 
oe if both the limits Jim fo f(x)dz and Aim, fore f(xjdx 
i : c~e ‘ b ; 
exist then f’ f(x)dx = Jim fe f (x)dz+ fim, Jove f(x)dzx. 


If the improper integral {” ° f(z)dz is convergent, its value is also equal 
to the symmetric limit [ Jim, SES f(z) da+ im ie sngt Ce)aay. 


It may happen that the unpiepet integral qe f(x)dz is divergent 
but the limit Jim, Ufo * f(z)dzt+ ie f(z)dz]} exists, then this symmet- 


ric limit is galled the Cauchy principal value of the improper integral 
Ei f(x)dz and it is denoted by Ps f(a)dz. 


For sembly let us consider the i improper integral fe i (x)dz, where 
f(z) =4, 240 
— =I, 2=0. 


. O—¢ . i 
Here dim, Joy f(x)da + Am, Sore S(x)dx 
_ A * i é 
= ip lone + lim, (—loge! 
and this limit does not exist if ¢ — 0+, «’ — 0+ independently. 
a O-—€ i ‘ 
But im Wot f(x)dz+ fy,. f(a)dz)= iim, (loge — loge) = 0. 


Therefore the integral ie f(x)dzx is divergent but P fee f(x)dx = 0. 
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V. Convergence of the improper integral ris f(z)dx when a finite number 
of points ¢1,¢2,...,Cm are the only points of infinite discontinuity of f 
in [a, 6]. 


Case 1. Let a <a, < cg <-+- Som <b. 


If the improper integrals [" f(a)da:, i f(2)dz,- ies. f(x)dx be all 
ponverge nt according to the definitions given Len nae the improper 
integral rm f(x)dx is said to be convergent and we write 

ai f(ajdx = fP f(x)da + fo? f(a)de +--+ So f(z)dx. 

Case 2. Either a = c, or 6 = Cm or both. ' 

Ifa = c,, then Ais Fada sf f(z)dat fe f(x)dat+-- me F(xjda, 
provided each integral in the right hand side is convergent according to 
the definitions given. 


If b = cm, then fY f(a)dze = f™ f(x)de + f@ f(x)dx + - 
(es es (a)dw, provided each integral in the right hand side is convergent 
according to the definitions given. 


12.3. Tests for convergence, positive integrand. 


Theorem 12.3.1. Let a be the only point of infinite discontinuity of a 
function f which is integrable on [a+ e, }] for all « satisfying 0 < — < b—a 
and f(a) > O for all w € (a, b]. 

A necessary and sufficient condition for the convergence of the im- 


proper integral i f(x)dx is that there exists a positive real number k 
such that 


ee i (2)dz < k for all ¢ satisfying 0 <« <b—a. 


Proof. Let ¢(e) = poe f(z)dz,0<e<b—a. 

Let 0 < €: < €2 < b-—a. Then d(e1) — d(e2) = fi,. f(x)de — 
ae f(aj)da = | ies f(ajdz > 0, since f(x) > 0 on fa + €1,0+ €9]. 

O < «6; < €2 = d{€,) > d(eg). This shows that ¢ is a monotone 


decreasing function on (0,6—a). Therefore (ce) will tend to a finite limit 
as € — 0+ if and only if ¢ is bounded above. 


In other words, the improper integral i f(x)dx is convergent if and 
only if there exists a positive real number & such that 
fe f(z)dx < k for all € satisfying 0 <«<b—a. 


Note. If ¢ be not bounded above, then ¢(e) tends to oo as « — 0+ and 
the imprbper integral fp f(x)dx diverges to oo. 
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Theorem 12.3.2. Let b be the only point of infinite discontinuity of a 
function f which is integrable on [a, b—«] for all € satisfying 0 < « < b-a 
and f(x) > 0 for all x & [a, 8). 
A necessary and sufficient condition for the convergence of the im- 


proper integral < f(x)dx is that there exists a positive real number k 
such that 


f?* f(w)dz < k for all € satisfying 0 <« < b—a. 


Similar proof. 


Theorem 12.3.3. Comparison test. 
Let a be the only point of infinite discontinuity of the functions f and 
_g which are both integrable on [a + ¢, 6] for all « satisfying 0 << « <b—a 
and 0 < f(x) < kg(x) for all x & (a,b], where k > 0. Then 


(i) fe g(z)dz is convergent => re f(x)dz is convergent; 

(ii) ee f(z)dz is divergent => fe g(x)dzx is divergent. 
Proof. Since f and g are both imicerable on late, bland 0 < f(a) < kg(z) 
for all x € [a + ,b], we have Yi ave J (uae S k Sr. g(x)dz. 

This holds for all € satisfying 0 < « < b—a. 
@ i f Oe be convergent then there exists a positive real number kf 
such that fo .g(z)dxz < k’ for all € satisfying 0<¢«<b-a. 

Then te f(x)dz < kk’ for all € satisfying 0 < « < b~a and this 
proves that f ” #(x)dax is convergent. 
(ii) Let d(e) = ae fle)dz, o(e) = fon: g(zjdz for 0 <e<b6~—a. Then 
ole) < mS) for all « € (0,b — a). 


If 5 f(z)dx be divergent, then ¢ is not bounded above on (0,6 — a) 
and therefore ~ is not bounded above on (0,6 — a). 


This proves that if g(x)dzx is divergent. 
This completes the proof. 


Theorem 12.3.4. Comparison test (limit form). 


Let a be the only point of infinite discontinuity of the functions f and 
g which are both integrable on [a + ¢, | for all € satisfying 0 << «<b—a 
and f(2:) > 0, g(a) > 0 for all a € (a, 8). 


If zim, £3 = 1, where | is a non-zero finite number, then the two 


improper integrals ahs f(x)dz and sh g(x)dx converge or diverge together. 


Proof. Since fe) > O for all x € (a, 6], 1 > 0. Since / is non-zero, | > 0. 
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Let us choose:a positive 6 such that 1 — 6 > 0. Since jim 3G = wv 


there exists a point c in (a,b) such that 1-6 < es) < i+ 6 for all 
x € (a,c} 
or, (1 ~ d)g(a) < f(x) < (1+ d)g(2) for all x € (a, e]. 


(i) Let f? f(x)da be convergent. Then {* f(x)dz is convergent. 


Since (J — 5)g(x) < f(x) for all x € (a,c] andi—6 > 0, f° 9(x)dz is 
convergent by comparison test and therefore fe g(z)dx is convergent. 
(ii) Let ih g(x)dx be convergent. Then E g({x)dz is convergent. 

Since f(x) < (1+ 6)g(x) for all z € (a,c] andl +65>0, f° f(x)dz is 
convergent by comparison test and therefore f f(xjdx is convergent 
(iii) Let fe f(x)dx be divergent. Then N 3 f(x)dzx is divergent. . 

Since (1 + 5)g(x) > f(x) for all x € (a,c] and/+6> 0, f° g(x)dz is 
divergent by comparison test and therefore pe g(x)dx is divergent. 

(iv) Let fp g(x)dx be divergent. Then [© 9(x)dzx is divergent. . 

Since f(x) > (1 — 5)g(x) for all x € (a,c] and! —6 >0, f° f(x)dz is 

divergent by comparison test and therefore {2 J (x)dx is divergent. 


Thus the improper integrals ie f(z)dz and - g(x)dx converge or di- 
verge together. 
Note 1. If lim 53 == 0 then for a pre-assigned positive ¢, there exists 
i a 2 Z 
a positive 6 < 6 — a such that f(x) < eg(a) for all 2 satisfying a <a < 
a+6é< 6. Then Sf? g(x)dex converges => vi f(x)dx converges. 


2. 1f lim fe} = oo, then for a pre-assigned positive G, there exists a 
Dm " 


positive 6 < b—a such that f(x) > Gg(x) for all x satisfying a < 7 < 
a+6é <b. Then te g(a)dx diverges => fe f(x)dx diverges. 


12.3.5. A useful comparison integral. 


The integral i #2. is convergent if and only if uz < 1. 


(e—a)}¥ 


Proof. The integral f. weer is proper if uw <0. 
Let uw > 0. Let f(x) = GE Gear ,a <x <b. a is the only point of 


infinite discontinuity of f. f is integrable on {a+ .¢,b] forO<e<b—a 
and f(x) > 0 for allze€ ta, b). 
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Let o(€) = fri. gir, 0<e<b-a. 

Ifu él, O(c) =f’, (a—a) de = 
1 

l—p (b-ajt} 


[th _, — 1 
l—-pl(b—a)ent srct|- 


If 0" : aes F 
FO< uw <1, im, ole) = and if uw > 1, im é(e) = 


Ifuw=1, d(e) = ied a 25 = log |b — a| — log |e] and lima, @(€) = 0© 
é 
Since in, (e) exists finitely when 0 < ys < 1 and ima b(e) = 


when uw >1 i i eee i i 
oe eS ee , the improper integral [ is Goa is convergent if and only if 


: : b i 
Since the integral Ap Gar is proper if uw < 0 and the improper 


: b d ae : 

integral fo oar is convergent if and only if 0 < w < 1, it follows that 
: b : 

the integral [7 Coy is convergent if and only if uw < 1. 


12.3.6. 4. test. (A practical test) 


4 Let a be the only point of infinite discontinuity of a function f which 
is integrable on [a + €,b] forO <« <b—aand f(x) > 0 for all x € (a, 8). 


If jim, f(z)(«—a)" = l where | is a non-zero finite number, then the 
: b , 
integral f” f(x)dz is convergent if and only if u <1. 
Proof. Since f(x)(x — a)!* > 0 for all x € (a, d], i>0. 
Let us choose a positive 6 such that 1-6 > 0. 
Since lim, i (x)(x — a)* =1, there exists a point ¢ in (a, b) such that 
L~é< ye, <J4+6 for all x € (a,¢] 
or, wit < f(z) < ae for all x € (a, c]. 
If uw < 1, the integral is EAT is convergent. Since 1 +46 > 0, it 
follows from the right hand inequality that . f(x)dzx is convergent. 
If ~ > 1, the integral f° Tradex is divergent. Since | — 4 > 0, it 
follows from the left hand inequality that f Ms f(x)dx is divergent. 
‘ Therefore i f(z)dz is convergent if and only if w < 1 and therefore 
J, f(%)dz is convergent if and only if uw < 1. 
Note. If im f(2)(o—2)* = 1 where / is a non-zero finite number, then 


. by : 
the integral f” f(x)dz is convergent if and only if w <1. 
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Worked Examples. 


. 1 ae?) 
1, Examine the convergence of fy p42. 
The integral is a proper one ifp—-12>0. Ifp <1, Ois the only point 
of infinite discontinuity of the integrand. 
Let f(x) = a, #@ (0-1), ola) = aP eS (0,1]. Then f(z) > 
0,g(x) > 0 for allze (0, i). 
jim £2) 1 (a non-zero finite number) and Nis g(x)da is convergent 


+ 9(z) 
and only kL Pp <1, ie., if and only if p > 0. 


By comparison test, fe f(x)dz is convergent if and only if p > 0. 


Therefore ie oo da is convergent if and only if p > 0. 


1 . 
2. Show that de rahe ICE dx is convergent. 


Let the given integral be ie: f(xjdz. 0 and 1 are the only poe of 
infinite discontinuity of f. f(z) > 0 for alla € (0, 1). 


Let us examine the convergence of the improper integrals fe f(x)dax 
and Sy F(a)de. 
Convergence of fer F(a)ae at 0. 

im, Jaf (x)= }. By p test, Se f(z)dx is convergent... (i) 


Convergence of fy f(x)dax at 1. 
im Vi — af (x)= %- By p test, ei f(a)dz is convergent... (ii) 


From (i) and (ii) it follows that ie Ease Crh is convergent. 


. 1 ~pri 
3, Examine the convergence of fj oe ae. 


1 is a point of infinite discontinuity of the integrand. 
If p < 1, 0 is a point of infinite ea aie, of the ieee 


Let us examine the convergence of fe ki ard. 
2 


Convergence of fe a “dz at 0 when p <1. 
Let f(a) = #2, x € (0,4); g(z) = 2? *, rE 0, 1). Then f(x) > 
0, g(x) > 0 for all x € (0, §]. 


lim, $7 and fe g(x)dx is convergent if and only if p > 0. 
s— 
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. 2 ‘ 
By compenson test, f,? f(x)dzx is convergent if and only if p > 0, ie., 


4 ge 


ae 


Convergence of Ae 


= dx is convergent if p > 0 and divergent ifp <0 _...(i) 
— dx at 1. 

Let f(z) = S, ole) = 74g, © € [§,1). Then f(x) > 0, 9(x) > 0 for 
all x € (4,1). im 2 = 1 and fi g(x)dx is divergent. 


dr is diver- 


By comparison test, Sy f(z)da is divergent, i.e., Si % 
gent... (il) 
Fick (i) and (ii) it follows that ye = ~* dex is divergent. 


4. Show that f z”™-1(1 — x)"—1!dz is convergent if and only if m, n are 
both positive. 


Let the given integral be ik f(x)dx. It is a proper integral if m > 1 
and n> 1. 
0 is the only point of infinite discontinuity of f if m <1 and 1 is the 
only point of infinite discontinuity of f ifn < 1. 
Let us examine the convergence of f2 z™—-1(1—x2)"~*dx when m <1 
and the convergence of fi) 2"~1(1—2)"~!dxz when n < 1. 
2 


Convergence of fe z™-l(] —2)"-1dz at 0 when m < 1. 

f(x) > 0 for all x € (0, 4]. jim, f(z)ci-™ = wim (1 —x)*l=1(a 
non-zero finite number). 

By pu test, fe f(x)dx is convergent if and om ifl—m <1, ie, if 
and only if m > 0. 
Convergence of Sx 2™-1(] —2)""ldez at 1 when n <1. 

f(x) > 0 for all x € [$,1). im f(z)Q—2)i" = jim gr es da 
non-zero finite nuraber); 

By p test, Ss f(x)dzx is convergent if and only i l—n< l,ie., if and 
only ifn > 0. 


Therefore both the integrals fez m—1(\ — 2)"~ldz and i 2-1 — > 


x) ldx are convergent if and only if m>Oandn > 0. 


Hence iis x™-1(1 — x)"—1dzx is convergent if and only if m > 0 and 
n> 0. 


Note. The integral A 2™-1(] — 2)"-!d2, m > 0,n > O is called the 
Beta function and it is denoted by B(m,n). 
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5. Show that fe —*— dz is convergent if and only ifn <1+™m. 


ae 


Let the given integral be fe f(x)dz. 
Ifm—n> 0, it is a proper integral since lim ( 


JP Sal, 
Ifm—n <0, 0 is the only point of infinite a eouaty of f. f(x) > 0 
for all x € (0, F 


f(x) > 0 for all x € (0, 4]. jim, 


sin x 


x ™ f(x) = im 1 Coin 7 = 1a 
non-zero finite number). 

By u test, [,? f(z)dx is convergent if and only ifn —m < 1, ie., if 
and only ifn < 1+m. 


Therefore the given integral is convergent if and only ifn <1+m. 


6. Examine the convergence of Se x" log x dz. 
0 is the only possible point of infinite discontinuity of the integrand. 
2 
Let us examine the convergence of fj? 2"~*log xda. The integrand 


is negative in (0, 4}. 
Let f(z) = —2"—! log x, x € (0,4]. Then f(x) > 0 for allz € (0, $I. 


If nm —1 > O, the integral fe f(x)dx is a proper one, since 


lim x" log x = 0, for all r > 0. 
z—-0+ 


If n —1 <0, 0 is the only point of infinite discontinuity of f. 
Let m be a positive number such that m+n-—1 > 0. Then 


lim, z™t—l log x = 0. Therefore jim, x™ f(x) = 0. 


Let 9(z) = sb, x € (0,3). Then. a) > 0 for all x € (0, $]. 
Since jim 5) = 0 and fe g(x)dz is convergent if m <1, it follows 


that f2 rae is convergent ifm <1. 

Therefore im f(x)dx is convergent ifm < 1 andm+n-—1>0, ie., 
ifl-n<m<l, i.e., ifn > 0. 

If n = 0, the integral reduces to 5 BE dap, 

if EZ i = —} (loge)? + —oo as ¢ — 0+ and therefore fe f(x)da is 
divergent ifn = 0. 

If n <0, then «*-! > x7! for all a € (0,1]. Since the integral 
fe 62 dz is divergent, it follows that i f(x)dz is divergent. 

Hence the given integral is convergent if and only ifn > 0. 


7. Examine the convergence of fo 2™—1(1 — 2)""1 loge dz. 
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0 = ~ . * 
and 1 are the only possible points of infinite discontinuity of the | 


integrand. 

Let f(z) = — 
all x € (0, 3]. 
Convergence of fi F(a)de at 0. 

Ifm~1>0t im —2™~1 

. hen im, x™~* log « = 0 and therefore the integral 

So? f(x)dx: is proper. 

When m~—1 < 0, let pbea 


nen im, 7 aaa log z=0 


lim £02 =P (0,5]. Then g(x) > 0 for all z € (0,3) a 


Jim, say = 0. Therefore the convergence of the integral f g(x)dzx will 


p Ss Pp = 
ositive number uch that +m 1 > 0 
c 
Or 0 t( c) 0. 


imply convergence of the integral fe F(x)dz. 


4 
Sy? 9(x)dx is conver i 2 

gent ifp <1. Therefore {2 i 

ifp<landp+m-—1> O,ie., ifl-mepe< ahr ca ead 
Let us examine the conver : ) | 

. gence of fy 2™~-1(1 ~ x)"-1] 

integrand is negative in [4,1). . re 
Let f(x) = —2™—-1(1 — g)-1 

deen, (1~az)""? log x, x € [4,1). Then f(x) > 0 for 

Convergence of Sy S(xjdx at 1. 


lim (1—z2)"~1 Soap a 
aes x) log z= lim G@e&te = lim U=®) 


go4jp-2n—1 


is finite ifn > 0. 


Therefore the int 1 am - 
e integral fi —2™~1(1—2)"—1 log xdz is proper if n > 0. 


Ww sa 
hen n < 0, let g be a positive number such ‘that g-+n> 0. Then 


lim —(1—2)9*"-1 19 ; a 

Hm geo= lim log x — (Lm yatn 

anlar . im Gaeta = lim oS = 0. and 
erefore jim (1 —2)’f(r) = 0. 


Let A(z) = = poe th 
aie (i-zya [5,1). Then A(z) > 0 for allz € [3,1) and 


iM _aG@y = 2 Therefore the convergence of the integral he A(x)dx will 
imply convergence of the integral ff (x)dax. 
fi h(x)dz is co i 
: Fy ‘ | nvergent if g < lk Therefore [. : f(x)dx is convergent 
g<landg+n>0,ie., ifm > ~g and -—q> is le, ifm > —-1 
, . "3 a —. . 
Hence the given integral is convergent ifm >OQOandn> ~—1 


i 


gmat [ce n-1 
(1—z)""*log x, x € (0,3). Then f(x) > 0 for | 
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8. Examine the convergence of foe log sing dz. 
Let f(x) = logsina, x € (0, %]. 0 is a point of infinite discontinuity 
of f. f(x) > 0 for all x € (0, §}. 
We have lim V/z(log z) = 0 and lim Jz log #2# = 0. 
a O0-+ cor O-t 
Therefore lim Jzilog x+log 22-*] = 0. 


or, lim VJ log (sin x) = 0. 
a—O0+ 


we 


Let g(x) = jg, # € (0, =). Then g(x) > 0 for all x € (0, 3). 
re O and Se g(x)dxz is convergent. By comparison test, 


20+ g(z) 
fF f(z)dz is convergent, i.e., fo? log sin x dz is convergent. 


9. Examine the convergence of fe sin”~! x cos"! x dz. 
The integral is a proper one ifm > 1 andn > 1. 
If m < 1, 0 is the only point of infinite discontinuity of the integrand 
and if n < 1, 1 is the only point of infinite discontinuity of the integrand. 
Let us examine the convergence of Sot sin” !acos"—!a2 dx when m < 


&® . vem = 
1 and the convergence of [2 sin™~'zcos"~*z dx when n < 1. 
a 


. eet 2 
Convergence of f,' sin™”* xcos"~* x dx when m < 1. 


Let f(x) =sin™1acos "12,2 € (0, 7]. f(%) > 0 for all « € (0, 4]. 

lim 237" f(x) = lista (oe) Feoe =: 1 (anon-zero finite num- 

=u— F cm : 
ber). 

By y test, ft f(a)dx is convergent if and only if 1 — m < 1, ie., if 
and only ifm>0 ... (i) 


‘ 
Convergence of [2 sin” 'xcos"~'x dx when n < 1. 
4 


Let f(z) =sin™ ‘xcos"—1x, a € (2,4). f(x) > 0 for all x € [F, $)- 


lim. (§.= x)'-" f(z) = lim sin”! x Ce = 1 (a non-zero 
pare ee 


finite nuinber). 
By pz test, fz f(x)dz is convergent if and only ifl—7n < 1, 
4 
and only ifn >O .. — (il) 
From (i) and (ii) it follows that Se sin™ 7! 2cos*7~!a dz is convergent 
if and only ifm >Oandn>O0. 


ie., if 
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12.4.’ Tests for convergence of an improper integral when the inte- 
grand does not necessarily keep the same sign on a bounded interval. 


Theorem 12.4.1. (Cauchy) 

Let a be the only point of infinite discontinuity of a function f which 
is integrable on [a + ¢, 5] for all e satisfying 0 <« <b~—aand f(x) may 
not keep the same sign on (a, 6]. 

A necessary and sufficient condition for the convergence of the im- 


proper integral ai f(x)dzx is that for a pre-assigned positive e there exists 
a positive 6 < 6 — a such that 


| foR? Fla)da| < « for all A. A2 satisfying 0 < Ay < Az <4. 

Proof. Let F(A) = iA f(a)dz,0<A<b-a. 
The improper integral fe f(z)dxz is convergent if jam F(A) exists 
finitely. By Cauchy’s criterion for the existence of finite limits, oe F(A) 


exists finitely if and only if for a pre-assigned positive e there corresponds 
a positive 6 < 6 ~ a such that 


IF(1) — F(A2)| < © for all Ay, Ag satisfying 0 < Ay < Ag < 6 


or, te f(x)da:} < © for all Ay, Ag satisfying 0 < Ay < Ag <6. 
This completes the proof. 


Definition. : 
The improper integral [” f(x)dz is said to be absolutely convergent if 
SL \fl(2)dx be convergent. 


Theorem 12.4.2. An absolutely convergent improper integral ie f(x)dz 
(where a is the only point of infinite discontinuity of f in [a,b] and f is 
integrable on [a + €, 5} for all € satisfying 0 < « < b—a ) is convergent. 


Proof. Here the integral i lfl(e)dz is convergent and a is the only point 
of infinite discontinuity of f in [a,.6]. , 
Let « > 0. Then there exists a positive 6 < 6 — a such that 
ees |fl(a)da] < € for all Ai, Ao satisfying 0 < Ay < Ag <6. 


We also have ae f(x)dz| < nee | Fl(x)da. 


Therefore | f7*\" f(a)dx| < e for all Ax, A2 satisfying 0 < Ay < A2 < 6- 


This proves that the integral f f(x)dz is convergent. 
This completes the proof. 
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Note 1. The converse of the theorem is not true. We shall establish this 
by some examples. 

Note 2. Since |f(z)| is always positive, comparison tests can be applied 
to establish the convergence of the improper integral {7 |f|(x)de- 


Worked Examples (continued). 


: 1 
sin = 


1 ; 
10. Show that the improper integral Te 9 dx. is convergent. 


ind 

Let f(z) = SF, c ¢ (0,1). 

0 is the only point of infinite discontinuity of f. f(z) does not keep 
the same sign in the interval (0, 1]. 


i 1 : 
|S | < Fz for all x € (0,1] and fy yada : Souvengent 
i P -1l sin = : 7 
Therefore in [S52 |de is convergent, i.e., {5 ye dx is absolutely con 
sin : 
vergent and therefore i Se daz is convergent. 
11. A function f is defined on [0,1] by f(0) = 9, 
f(x)= (=1)"*1(m + 1), for =i <a 2 (n= 1,2,3,.-.) 
wy pl op 
Exarnine convergence of the integrals (i) fy f(e)dz, (ii) Jo (Ff \(2)de- 
(i) f is bounded and integrable on [e, 1] for every € > 0. 0 is the only 
point of infinite discontinuity of f in [0,1] 
Let us choose « > 0... There exists a natural number p such that 
Amie = 4: 
pt p 


[i fla)de = f2 fledde + ff f@yde t+ SPT Sadan + SP f(e)dz 


fade + [2 (-3)de +++ + fF? (-1)Ppde + f2(-1)?4(p + Ide 
2 3 Pp 


| 


2 
ae 3 +4 ie (-1)? ty + (—1)?*! I? ptilidx. 


dyes ; 
(i@des has geet it Paarl = let Se aa 
< Z, since frdz< pee dz. 


Ase~O.p— C0. are a 
Therefore lim J, f(x)dz = Jim [1 a 


eet Peo! w G) 


Since the series [1-4+4--"° ] is a convergent series, it follows from 
i j : is nt. 
(i) that lim f f(x)dz is finite and therefore f, f(x)dz is converge 


500 REAL ANALYSIS 


(ii) [f| is bounded and integrable on [e,1] for every « > 0. 0 is the 
only point of infinite discontinuity of |f{ in [0,1]. 
Let us choose « > 0. There exists a natural number p such that 


iat Sexe. 
Se lfl(e)dex 
= ff lfle)da + fF fl@)ae +--+ SF [fl(a)de + J? [filed 
= fp2dc+ fi Bdx t+ [FT pd + fF (p+ 1)dx 
=14$t g++ 5h +@+0G -6) 
>l+ p+ gt: +54, sincel>e .. (ii) 


Ase—0,p—- oo. 

Since the series [1+ 4 + x +----] is a divergent series, it follows from (ii) 
that lim, BD is f(x)dzx is not finite and consequently, the integral Li iF l(a)dx 
is divergent. 


Note. This example establishes that the converse of the theorem 15.4.2 
is not true. 


B. Improper integrals on an unbounded interval. 


12.5. Definitions. 


I. Convergence of the improper integral f{ i f(x)dx where f is integrable 
on [a, X] for all X > a. 


Let $(X) = [* f(x)dx,X >a. 

If sim, o(* ) exists (finitely) then the improper integral ha f(ajdz 
is said to be convergent. If the limit be J, we write i f(xjdzx = 1. 

If im @(X) does not exist (finitely) then the improper integral 
f° f(z)da is said to be divergent. 
Examples. 


1. Let us consider the integral i e~*dx. The integrand is integrable 
on any closed interval [0, X], X > 0. The integral is improper. 


Let 6(X) = if e~*dx,X > 0. Then ¢(X)=1—e7*. jim A(X) = 
ae 
i 


Therefore the integral [-° e~*dx is convergent and [f° e~"dx = 1. 
0 & 0 
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2, Let us consider the integral f>° zt;dz. The integrand is integrable 


on any closed interval (0, X], X > 0. The integral is improper. 


Let 6(X) = fx" pigdz, X > 0. Then 4(X) = log(1 + X). 


lim ¢(X) = oo. Therefore the integral ile ede is divergent. 
Xoo 


Il. Convergence of the improper integral f° = f(«2)da where f is inte- 
grable on [X,}] for all X < 6. 


Let #(X) = fy f(a)dx, X <b. 
ae é b 
If lim ¢(X) exists (finitely) then the improper integral f_ f(a)da 
Cane ; b _ 
is said to be convergent. If the limit be /, we write fog f(z)dx = lL. 
Ill. Convergence of the improper integral A ees f(z)dx where f is inte- 
grable on [X1, Xz] for all X1, Xo € R satisfying X1 < Xo. 


oO 
Let c € R. If both the integrals f°, f(x)dx and f.~ f(x)dz be con- 
vergent according to the definitions I and II above, then the improper 
integral f° f(x)dzx is said to be convergent and we write 


S%, f(a)dx = fo, fede + fO° f(a)de. 


Example (continued). 


3. Let us consider the integral P Rae , ge, . The integrand is integrable on 
any closed interval [X1, Xe], X2 > X 1. The integral is improper. 


oo d e - 
Let us consider the integrals f°, 7222 and Jf, The where fee R. 
Let o(X) = S¢ -#iadz, X <a. Then 6(X) = tan” a — tan x. 


lim ¢(X) =tan7'a+ §. 
Xm Oe 
. : re) d " 
Therefore the improper integral f Con eee a8 convergent. 


-ly¥ _tannl 
Let p(X) = i ha pitede, X >a. Then w(x) =tan7* X ~— tan™ a. 


a 
lim w(X) =% —tan7'a. 
X00 ses 


Therefore the improper integral 5 ae Tra is convergent. 


: : oO dz : 
Consequently, the integral 1 res is convergent and f" |, yer 


(tan~!a+ %)+(% - tan“ a) =7. 


IV. Convergence of the improper integral Pe f(z)dz where f has a 
finite number of points of infinite discontinuity c1,C2,-++»Cm- 
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; ‘ 
Let c, < co < ++: < cm. If each of the integrals f° f(x)dz, 
A ie Seater J. _ f(x)dz and bees f(x)dx be convergent according 


to the definitions given in 12.2 and ie. 5, then the improper integral 
| ae f(x)dz is said to be convergent and we write 
{o,f (jie so f (e)da+ fo f(x)dz+-- + fen 


Cm—-2) 


f(x)da+fO° f(a)de. 


12.6. Tests for convergence, positive integrand. 


Theorem 12.6.1. Let a function f be integrable on [a, X] for all X >a 
and f(x) > 0 for all xz > a. 


A necessary and sufficient condition for the convergence of the im- 
proper integral i f(a)dz is that there exists a positive real number k 
such that c 

fo f(z)dz < k forall X > a. 


. Proof. Let ¢(X) = Ie f(a)dx, X >a. 
beta < X, < X2. Then 6(X2)—@(X1) = f%? f(x)dxe—f™ foe 


a< XX, < Xo > 6(X1) < 6(X2). This shows that ¢ is a monotone 
increasing function on (a,oo). Therefore ¢(X) will tend to a finite limit 
as X —» co if and only if d is bounded above. 


22 f(a)da >0,since f(z) >Oon[X1,X2) a : 


_ In other words, the improper integral i f(x)dz is convergent if and 
only if there exists a positive real number & such that 


SX f(w)dx < k for all X > a. 


Note. If ¢ be not bounded above, then ¢(X) tends to co as X — oo 
and the improper integral Ease f(x)dz diverges to co. 


Theorem 12.6.2. Comparison test. 


‘Let the functions f and g be both integrable on [a, X] for all X >a 
and 0 < f(x) < kg(x) for all zx > a, where k > 0. Then 

(i) fe° g(x)dx is convergent => f° f(x)dx is convergent; 
(ii) [O° f(w)dx is divergent = f* g(x)dz is divergent. 


Proof. Since f and g are both integrable on [a, X] and 0 < f(x) < kg(z) 
for all x € [a, X], we have se f(zjdz < Bf g(x)dz. 

i) If f° g(a)dx be convergent then there exists a positive real number k’ 
such that ye g(x)dz < k’ for all X > a. 
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Then ape f(a)dax < kk’ for all X > a and this proves that oe Tadd 
is convergent. 
(ii) Let [°° f(x)da be divergent. Then lie f(xjda = oo. 

Since tie f(x)dz < k f* g(z)dz and k > O it follows the 
Jim f° g(x)dz = oo. Consequently, f° g(x)dz is divergent. 

This completes the proof. 


Theorem 12.6.3. Comparison test (limit form). 


Let the functions f and g lek oe integrable on fa, X] for all X > 
and f(z) > 0,g(x) > 0 for allz > 
If lim oe = 1, where | is a non-zero finite number, then tke two in 
Brot Oo 


proper integrals oo f(z)dx and i g(x)dx converge or diverge togethei 


Proof. Since ite} > 0 for all w >a, ! > 0. Since / is non-zero, | > 0. 
Let us choose a positive « such that 1 ~« > 0. Since jim a = 


there exists a positive real number k > a such that l—e< io < J+ 
for alla >k 

or, (lJ —e)g(z) < f(x) < (1+ )g(x) for all x > ke > a. 
(i) Let [°° f(a)da be convergent. 

Since (I — e)g(x) < f(z) for alla >k >a ind L-~e>0, Fe Gal 
is convergent, by comparison test. 
(ii) Let fr g(x)dx be convergent. 


Since f(z) < (J+ e)g(x) for alla >k>aandl+e>0, Se fla)ds 
is convergent, by comparison test. 


(iti) Let f° f(x)dx be divergent. 

Since (1+ €)g9(x) > f(a) for alla >k >aandl+e>0, fP° g(x)da 
is divergent, by comparison test. 
(iv) Let fa g(x)dz be divergent. 

Since (1 — e)g(x) < f(x) for all z > k > a and i—¢>'0, [° f(a)dz 
is divergent, by comparison test. 


Thus the improper integrals f>° f(x)dx and [°° g(x)dzx converge o1 
diverge together. 


This-completes the proof. 
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Note 1. If lim aa = 0, then fora pre-assigned positive e€ there exists 
goo 9{&) 
a positive real number b > a such that f(x) < eg(x) for all x > b. 
Then f° 9(z)dz is convergent implies that [°° f(x)dz is convergent. 


2. If lim £3) = oo then for a pre-assigned positive G there exists a 
Bm OO 
positive real number b > a such that f(z) > Gg(zx) for allz >b> a. 
Then f° g(x)dz is divergent implies that f° f(x)dz is divergent. 


12.6.4. A useful comparison integral. 


The improper integral A @, where a > 0, is convergent if and only 


ifu>l. 


Proof. Let 6(X) = ie a2, xX >a. 
If 1 # 1, we have o(X) = f° 2 = [FLE]X = py [X t+ — al); 
and if w= 1, o(X) = f*~ 2 = log X — loga. 


Ifu=1, lim ¢(X)= lim log X — loga=oo. 
X00 Xoo 
: : ara 1 l-p - pl—p) — ; 
If uz ~ 1, jim, o(X)= jim, yap XE — a4) = 00, ifu<l 
Since lim @(X) exists finitely when uw > 1 and lim ¢(X) = co 
X00 X— 00 
when « < 1, the improper integral [™ 22 is convergent if u > 1 and 
divergent if uz <1. 


Hence the improper integral de. ge where a > 0, is convergent if and 


only if > 1.. This completes the proof. 
12.6.5. uw test. (A practical test) 
Let f(z) > 0 for alla >a. If lim x" f(x) = 1, where l is a non-zero 


finite number, the improper integral hee f(xz)dz is convergent if and only 
ifu > 1. 


Proof. Let Jim, a’ f(a) =l. Then! > 0. 


Let us choose a positive ¢ such that |~e > 0. Since im xz’ f(x) =, 
; nie 


there exists a positive réal number & > a such that 
la“ f(a) —l| <e foralla >k 


or,l-~e<a'f(x) <l+eforalla>k 
or, =£ < f(z) < SE for alla >k>a. 


fot re 
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yes ada is convergent if 4 > 1. Since 1+ > 0, it follows from the 
last inequality that [°° f(x)dx is convergent if yu > 1. 


5 - dz is divergent if 4 < 1. Since 1 —« > 0, it follows from the 


a ot 


first inequality that 5 ee f(x)da is divergent if uz <1. 


Therefore f a f(2)dz is convergent if and only if uw > 1. 


Worked Examples. 


1. Examine the convergence of the improper integral { ‘ay stisen de. 


Let the given integral be [7° f(x)dz. Then f(x) > 0 for all 2 > 1. 


f(z) —_ 1, a 


Let g(x) = 4. Then f° g(x)dz is convergent and Jim 3G) 


non-zero finite number. 
By comparison test, c f(x)dzx is convergent. 
2. Examine the convergence of the improper integral de x27 te~*dz. 


Let the given integral be ite f(x)dx. Then 0 is a point of infinite 
discontinuity of f. 
We are to examine the convergence at 0 as well as at oo. 


Convergence at 0. 


Let us consider the integral i, f(x)dx. f(x) > 0 for all x in (0, 1]. 


Let g(a“) = Fe Then lim fe = 1, a non-zero finite number and 


fe g(x)dz is convergent. 
By comparison test, i f(x)dx is convergent ... (i) 
Convergence at oo. 


Let us consider the integral Pa f(ajdu. f(z) > 0 for all x > 1 and 
e* > x for all > 1. Therefore f(z) < “; and f;° —ydx is convergent. 
=z az 


By comparison test, f° f(x)dz is convergent ... (ii) 
From (i) and (ii) it follows that Is f(x)dzx is convergent. 
3 ‘ het f oo 1 d 
: Examine the convergence of the improper integral i Beant he 
Let the given integral be i f(x)dx. Then f(x) > 0 for alla > 1. 
as vo fey: a. 4 
Let g(x) = oF: Then jim fet = 1, a non-zero finite number and 
SP? g(z)dzx is divergent 


By comparison test, A ae f(x)dzx is divergent. 
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? 


: 4 
A. Prove that the integral sh a™~le-®dy is convergent if and only if 
m-> 0. 


Let the given integral be a f(e)dz. If m > 1, 0 is not a point of 
infinite discontinuity of f. f has an infinite discontinuity at 0 ifm <1. 


Convergence at 0. (m <1) 
f(z) > 0 for alla € (0,1). Let g(x) = x™~1, x € (0,1). Then g(z) > 0 
for all « € (0, 1] and lim 75} = 1, a non-zero finite number. 
om 


Ne g(z)dz is convergent if and only if 1—m < 1, ie., if and only ifm > 0. 


By comparison test, fy f(ax)dzx is convergent if and only ifm > 0. 


Convergence at oo. 
f(z) > 0 for all > 1. Let g(x) = 4, x > 1. Then g(z) > 0 for all 


z>land lim fe) = lim a = 0 for all m. 
ro Ooo mt OO 


As the integral i. g(x)dx is convergent, therefore the integral 
SP? w™~e-*dz is convergent for all m. 


Hence the given integral is convergent if and only if m > 0. 


Note. The integral i a™~le~tdy,m > 0 is called the Gamma function 
and is denoted by I'(m). 


5. Prove that the integral f>°(;4, — 4-)idz is convergent. 


Let the given integral be Jy° f(x)dz. 


Since e* > 1+z2 for all x > 0, f(x) > 0 for allz > 0. Since lim (33 — 
Cc 
*)i= lim Sage == 1, 0 is not a point of infinite discontinuity of f. 


We are to examine the convergence of the integral at oo. 


Let g(z) = 7,2 > 0. Then g(x) > 0 for all x > 0 and f>° 9(x)dz is 
convergent, 


: x : a(e* —(1+2 
42) — lim 
imo) = a Fae 


By comparison test, fas f{(x)dx is convergent. 


= 1, a non-zero finite number. 


Hence the given integral is convergent. 


6. Examine the convergence of the improper integral [°° == dz. 


Go l+tz 
“ ‘ 1 <1 
Let us examine the convergence of the integrals f, coe dx and 
oO Pol 
SD ize de. 


oP 


If p > 1 the integral i ite @x is a proper one. If p < 1, 0 is the 
_ only point of infinite discontinuity of the integrand. 
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Let f(x) = 0 <a@<l. Let g(x) = 21,0 < 2 <1. Then 


ae Le f 
f(z) > 0 and g(x) > 0 for allze (0,1) and im 53} i ae 


1 ‘ : 

Ja g(e)dx is convergent if p > 0 and divergent if p < 0. 

By comparison test, ay a dz is convergent if p > 0 and divergent 
ifp <0... (i) 

pol 

a de: 
ie : 
Let f(z) = S>,2 > 1. Let g(x) = 2P-?, x > 1. Then lim ie a 
lim -=- = 1 oeane 
prememien e a . , 
wh @(x) dz is convergent if 2 — p> |, ie., if p <1 and divergent if 
preek, 


Let us consider {°° 


; By ne ial test, shi a dz: is convergent if p< 1 and divergent 
ifp >... (ii 


It follows from (i) and (ii) that the improper integral se oe dz is 
convergent if 0 <p < 1 and divergent otherwise. . 
Theorem 12.6.6. (Cauchy-Maclaurin integral test) 

If f is a monotone decreasing function on [1, oo) and f(z) > 0 for all 
e € [1, 00), then the improper integral i f(z)dx aud the infinite series 
zy f(n) converge or diverge together. 


Proof. Let F(X) = i f(x)dx, X > 1. , 

Since f(z) > 0 for all x € [1, 00), F is a monotone increasing function 
on [1, co) and the improper integral f. - f(x)dz is convergent or divergent 
according as F' is bounded above or unbounded above on [1, co). 


Let sp, = f(1) + f(2) +--+ + f(n). 

Since f(n) > 0 for all n € N, the sequence {s,,} is a monotone increas- 
ing sequence and the series = f(n) is convergent or divergent according 
as the sequence {s,} is bounded above or unbounded above. 


Let X > 1. Then there exists a natural number n such that n < 
X <n-+1. Since f(x) > 0 for all x e€ [1, oo), is f(xjdx < a f(zjdz < 
n+1 > ‘ : 2 
Pe ae eda cag Peta) 
Let : be a positive integer. Then for all x € [r,r +1]; f(r) > f(x) > 
f(r +1). 


Therefore f""! f(r)dz > fo" f(a)dz > fo fr + Vdz 
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or, f(r) > fT" f(z)da > f(r +1). (ii) 

From (ii) f(1) + f(2) +--+ + f(n) = fP"? f(w)de > fP* f(w)dx 

or, 8, > F(X) ... (iii) 

From (ii) f(2) + f(3) +--+ f(n) < SP f(a)de < ff F(X)dx 

or, 8h ~ fi) < F(X)... (iv) 

Let the series = f(nm) be convergent. Then the sequence {s,} is 
bounded above and since F(X) < s,,,’it follows that F is bounded above 

n [1,00). Consequently, the improper integral se f(«)da is convergent. 
Let the series ¥ f(n) be divergent. Then the sequence {s,} is 


unbounded above and since F(X) > s, — f{1), it follows that F 
is unbounded above on |1,co). Consequently, the improper integral 
Sv? f(e)dzx is divergent. 


Let the improper integral i f(z)dx be convergent. Then F is 
bounded above on [{1,00) and since s, < F(X) + f(1), it follows that 
the sequence {s,,} is bounded above. Consequently, the series = f(r) is 
convergent. 


Let the improper integral [7° f(a)dx be divergent. Then F is un- 
bounded above on {1,00) and since s, > F(X), it follows that the se- 


quence {s,} is unbounded above. Consequently, the series % #(n) is 
divergent. 

Therefore the integral {, - f(z)dz and the series by f(m) converge or 
diverge together. This completes the proof. 


Worked Examples (continued). 
7. Prove that for s > 0, the improper integral ta ‘ 
Let f(z) = ie ~ for x > 1, where s > 0. Then f(z) > 0 for alla > 1. 


For 1 < wy < nq, we have f (x2) = f(an) = = Sie anton <0, 


Therefore f is a monotone decreasing function on [1, 00). 


TEE £—" dr is convergent. 


By Cauchy-Maclaurin theorem, the improper integral soa 2 "dx and 


ite 
= eo 
the infinite series 2 f sk converge or diverge together. 


The series = f(r) = is convergent, since s > 0. 


ie ce) 


Suaccaabatiys ys gs is convergent. 
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8. Use Cauchy-Maclaurin’s theorem to test the convergence of the series 


S 
Lae for p > 0. 


Let f(z) = +,p > 0, x € [l,00). f(x) > 0 for alla > 1 and f isa 
monotone decreasing function on {1, 00). 


By Canchy-Maciwatin theorem, the improper integral i 4 dx and 
the infinite series = f(m) converge or diverge together. 
The integral pe = edz is convergent if p > 1 and diveeseut ifp <1. 


Therefore the series SF is convergent if p > 1 and divergent if 0 < 
pel. 


12.7. Tests for convergence of the improper integral on an infinite 
range of integration, where the integrand may not keep the same sign. 


“Theorem 12.7.1. (Cauchy) 


Let a € R and a function f be integrable on [a, X] for every X > a. 


A necessary and sufficient. condition for the convergence of the im- 
proper integral f° f(x)dz is that for a pre-assigned positive e there exists 
a positive number Xp such that 


ees f(x)dxz| < € for all X),X_ > Xp. 


Proof. Let F(X) = he flajdz, X >a. 

‘The improper integral 5 Pas i(x)dx is convergent if im, F(X) exists 
finitely. 

By Cauchy’s criterion for the existence of finite limits, jim F(X) 

00 

exists finitely if and only if for a pre-assigned positive e there corresponds 
a positive Xo such that 

|F(.X1) — F(X2)| <e for all X), X2 satisfying X,,X2 > Xo, 

Le., ice f(x)dx — f* f(x)dz| < « for all X,, Xo satisfying X), Xo > 
Xo 

or, We f(v)dz| < « for all X,, Xo satisfying X,, X2 > Xo. 

This completes the proof. 


Definitions. 
The improper integral dee f(x)dz is said to be absolutely convergent 
if the integral f° | f|(x)dx be convergent. 
The improper integral 1 ee f(x)dz is said to be absolutely convergent 
if the integral Fos |f|(z)dx be convergent. 


a 
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Theorem 12.7.2. An absolutely convergent improper integral 


[-° f(x)dx (where f is bounded and integrable on (a, X] for every X > a) 
is convergent. 


Proof. Here f is integrable on [a, X] for every X > a and the improper 
integral f° f(x)dz is absolutely convergent. 


Then the integral f° |f|(z)dx is convergent. Therefore for a pre- 
assigned positive « there exists a positive Xo such that 


ie lf l(z)dz| < € for all X,, X_ satisfying X,, Xo > Xo. 
We also have hee f(z)dz| < fin [fl(x)de. 
Therefore for a ereinade positive e there exists a positive Xo such 
that | fr? f()dz| < for all X1, Xo satisfying X1,X2 > Xo. 
This implies that the integral [°° f(x)dz is convergent. 
This completes the proof. 


Note 1. The converse of the theorem is not true. We shall establish this 
by some examples. 


Note 2. Since |f(«)| is always positive, comparison tests can be applied 
to establish the convergence of the improper integral ye [f\(x)da. 


Worked Examples (continued). 


9, Bxanine the convergence of the improper integral A hae 3 
f(a) = zy, if e be rational > 1 
a —s, if x be irrational > 1. 


lfl(z) = 4,2 > 1. SP? lfl(z)dz is convergent and therefore 
Sv? f(x)dx is absolutely convergent. 


aes where 


Consequently, the integral oe f(x)daz is convergent. 


10. Examine the convergence of the improper integral de a See dz,m > 
0O,a > 0. 


Let the given integral be fo” f(x)dz. Let 9(x) = ajar, e = 0. Then 
\fl(z) < g(x) for all x > 0. 

fai ae)ae = Hee ee 

Therefore f>° g(x)dx is convergent. 

By comparison test, i a \fl(z)dx is convergent and therefore 
Jo” f(x)dz is convergent. 


jolt) = yebpg, @ > 0. 


Ja>1. 
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411. Examine the convergence of the improper integral Se vate 


Let the given integral be {5° f(x)dx. Then |f|(x) < Tat: Let 


0 is a point of infinite discontinuity of g. 


| Convergence of Io g(x)dx. 


g(x) > O for all x € (0,1). Let u(x) = wet x € (0,1). Then u(x) > 0 


} for all « € (0, 1). 


lim, £ o = 1, a non-zero finite number and [> u(x)dzx is convergent. 


By Tasahed tae test, bi g(x)dx is convergent... (i) 


| Convergence of SP? g(z)dz. 


g(x) > 0 for allz > 1. Let v(x) = ae z >. Then v(x) > 0 for all 


lim oe = = 1, a non-zero finite number and { v (a)dx is convergent. 
g—oo Y 

By comparison test, fy? g(a)da is convergent ...(ii) 

From (i) and (ii) it follows that tag g(x)dz is convergent. 


Since |f|(z) and g(z) are both positive for all « > 0 and \fl(z) < g{2) 


| for all z > 0, fo° |f|(z)dx is convergent, by comparison test. 


Therefore i f(a)dx is absolutely convergent and hence the given 
integral is convergent. : 


| 12. A function f is defined on [1,00) by 


fe = oor, forn <a<n+1(n=1,2,3,. ..). 


Examine convergence of the integrals (i) [7° f(z)dz, (ii) Se? \f \(x)dz. 
(i) Let us choose X > 1. There exists a natural number nm such that 
ns X<n+i. 

Let F(X) = i f(x)dz. 


wen PRT? XM (-pyrr7t 
Then F(X)=1-34+3---4+525-+f, SD" da: 


=1—-d4h—-.4 Uy CU (xX -n). 

So |F(X)—[1-2 +4 -—---+ cam ee vata) 

As X — .0o,n -> 00. 

‘From (i) it follows that Jim, F(X) = lim a [i R4 greet S| 
Since the series [1 ~ 4 i R---‘jisa converzene series, it follows that 


the integral ae f(xjdz is convergent. 
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Note. Since t i 
e the series [1~41+41-—...] converges ae 
ue ges to log2, [T° f(x) dx = | 


ii) Let 
(ii) us choose X > 1. There exists a natural number n such that | 


ns X<n+l. 
x 
Let F(X) = JX |f\(x)de. 
Sd Sp be og i oy 
: 3 3 + az t Z(X — rn). 
Be ee Bs eb ey aay oo Bs ae 
5g “+ pay, Since X¥ —n > 0. 


x 


As X > o0,n i +5+ 5+ ; vi 
; oo. As the series 1 5 4 ‘++ isa di ergent series 
| 


it follows that the integral Se? |fl(2) dz is divergent 


Note. Thi i 
his example establishes that the converse of the theorem 12.7.2 | 


is not true. 


12:8. 
Tests for convergence of the integral of a product 


Theorem 12 j 
-8.1. Let a function f be integrable on [a, X] for every | 


X > aand thei as i 
ae Sune a integral t, ft (x)da is absolutely convergent and a f i 
een on fa, oo) and integrable on [a, X] for every X > aoe 
integral f° f(x) d(x)dzx is absolutely convergent. a 


Proof. Since the f i i 
unction ¢ is bounded i 
nae ese K such that |d(2)| < k for all 7 Pee raie pees 
ince J i itive i mavie 
Lo lf l(2)dx (with positive integrand) is convergent, there exist 
; xists 


& positive real number ky such that [* 
- : : 
Sef (@)b(a)|dx < ke f* oo 
Ja \f(2)ldz < kk, for all X > a 
This implies [~ lf(2¢ i | 7 
7 Ds (x)|dx is bound 
: Cea Nt cre nded for all X > @ and therefore 


Consequentl i Bae 7 
. y, the integral [°° f(x) d(x)dzx is absolutely convergent 


Theorem 12.8.2. ( Abel’s test ) 
Let (3 : 
ee (i) a function ¢ be monotonic and bounded on [a,0o) and 
. 4 
= the integral f° f(x)dx be convergent ° 
: , 
en the integral yy f(x)(x)dz is convergent. 


Proof. Since the functi is m 
nection i 
geet Gee @ is monotonic on [a,00), ¢ is integrable on 


By persia Mean value theorem, ff. Ae f(x)¢(xz)dx = 
A(€x) Je f(x)dxz + d(t2) i f(z)dz, wherea <t) <E< ty (i) 
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Since ¢ is bounded on [a, oo), there exists a positive real number & 
that |d(t1)| < &, 


such that |d(x)| < & for all x 2 a. Therefore it follows 


[d(t2)| < k. 
Let us choose « > 0. Since f° f(x)dz is convergent, there exists a 
positive real number X such that Ris Sf (x)dz| < s& for all t1,t2 > x. 


Since ty < € < tg, it follows that ee f(z)dx| < x 1 fe? f(x)de| < 3R- 


From (i) we have . 
Lf? fa)ola)de| < Id(ér)I SG F@)dzl + |62)II 


“3 + K.gg, ie, <6 for all t1,t2 > X. 
Therefore the integral oe f(x)d(a)dz is convergent. ¢ 


This completes the proof. 


SE f(a)o@)da| < 


Theorem 12.8.3. ( Dirichlet’s test ) 
Let (i) a function @ be monotonic and bounded on [a,oo) and 


jim o(x) = 0 and 
(ii) the integral { f(x)dx be bounded on [a, X] for all X > a. 
Then the integral he f(x)¢(«)da is convergent. 
Proof. Since the function ¢ is monotonic on [a,0o), ¢@ is integra 
fa, X] for all X > a. 
By the second Mean value theorem, i f(x) o(x) dx 
= A(t) ie f(x)dx+(t2) fe f(x)dz, wherea<t; S€ Sho... (Gi) 
Since the integral i f(2)da is bounded on [a, X] for all X > a, there 
exists a positive real number & such that bes f(x)du| < k for all X > a. 
Therefore | f° f(z)dz| = | fi fla)dx — fo f(w)de| 
< | ff f(w)da| +1 fo" f(@)de| < 2k. 


Similarly, | ie f(x)dz| < 2k. 
Let’ us choose € > 0. Since lim é(x) = 0, there exists a positive real 
2m 


number X such that |é(x)| < & for alla > X. 
Let t;,t2 > X. Then |d(t1)| < and |d(t2)| < ae: 


From (i) we have 

Ife? £(2)o(z)ds| < [b(tr)II ie f(x)da|+\d(te){I 
2k, i.e., < € for all t1,t2 > x. 

Therefore the integral [°° f(x)¢(x)dz is convergent. 


This ¢ompletes the proof. 


ble on 


[i se)de| < af 2k+ 


ae 


dk 
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Worked Examples (continued), 


13. Show that the improper integral fo S22 dx is convergent. 


Since lim J#2 = i é i infini i 
wie, - 1, O is not a point of infinite discontinuity of the 


integrand. Therefore /, "2" dz is convergent. ... (i) 


Let us consider the improper integral posing an 
wa 


Let f(x) = sing z>l: =: i : 
»2£ 21; 9(7) = 4,221. Thengisab P 
monotone decreasing function on [1, 00) and lim aay =0 oppo 
=t—OO 7 


LS f(w)dz| = |—cos X¥ +c0 <2 x ‘ 
on (1, X] for all X > 1, le Therefore Jy f(x)dax is bounded 


= soe © sing . 
By Dirichlet’s test, ff" “22 dz is convergent. ... (ii) 
| From (i) and (ii) it follows that deo ae dx is convergent. 
14. Show that i i ae j 
hat the improper integral [> [eae | dz is not convergent. 


Let f(z) =|"2£|,2>0 
=lz=0. 
Then f is continuous and hence integrable on [0, X] for all X >0 
_ Therefore |#"-2] is integrable on [0,.X] for all X > 0, 


Let us consider the integral {>°"|"°|d2, where n is a positive integer. | 


Big {222 |dax a Lsin ar| ree > tras i fait aes 
rem 1 ~ — 


Naw rT [sin =z dus Ai sin ul 


(r-i)r (r=1)4+u du, [x=(r-~l)a+ ul 
as sin uw d 
0 (r=Irfu CU: 
For all u € [0,7],(r —l)w+u<rn. 


a sin Ws 
Therefore a Goin du > + de sinu du = — 


exis 3 
Hence fp [Se2ldz > 2(1+44+44-..42) Gd) 
As n t - . = » oO. 4 * * 
> oo, the R.H.S. of (i) gives the series x at which is a divergent 
series. ; iia 

ri nt : 
Heute jim So f(«)dxz = oo. This implies that the improper integral 

bs ’ 

Jo. |= |da is divergent. 


Note. These t (eo) examples establis a | 
W h that the converse of tl iS) theorem 
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15. Show that the improper integral fg? e707 Zda is convergent if 
a>0. 


If a = O the integral reduces to te sine da and it is convergent. [Ex.1] 
Let a > O and let d{2) = e797, x > 0. 
Then (xy = —ae~** <0 for all x > 0. 

‘Therefore ¢ is a bounded monotone function on [0, 00). 

And {5° 222dz is convergent, by Dirichlet’s test. [Ex.1) 

By Abel’s test, {5° o(x) smZdz is convergent. 


Therefore the integral 5° e~°* #22dz is convergent ifa = 0. 


16. Prove that fg AN ME cer (mn > 0,2 > 6) is convergent if 0 “<1 <2 


and absolutely convergent if 1 <n < 2. 


Let us choose a positive real number a such that am < 7. Let us 
: = an? 2 j OS af 
examine.the convergence of the integrals [, =3"dx and ja ae 


Convergence of the integral fo 222" dz. 
Let f(z) = S822, g(x) = abr,  € (0,a]. Then f(x) > 0,9(2) > 0 


for all x € (0, a}. 


lim 25 == 7. Ts g(z)dz is convergent ifn —1< 1, ie, ifn < 2. 
peep HE 


By comparison test, Io f(x)dzx is convergent ifn <2. ...(i) 
Since f(x) > 0 for all x € (0,a], it follows that fo f(«)dax is absolutely 
convergent ifn <2 ...(ii) 


Convergence of the integral [°° S82dz. 


C sin mzdz is bounded for all X > a; and for n > 0, oe is a mono- 
tone decreasing function, bounded below, on [a, oo) and jim ge = 0. 


By Dirichlet’s test, [O° 222%dx (n > 0) is convergent ... (iii) 
From (i) and (iii) it folloes that fj° “82"dx is convergent if 0 <n < 2. 
Absolute convergence of the integral f° 22? dz. 

Let f(a) = S22 and g(2) = st, wz >a. Then |f(x)| < g(x) for all 


=z 


ZS a. 

a g(z)dxz is convergent ifn > 1. By comparison test, [°° |f|(x)dx 
is convergent ifn > 1, Le., i eg f(x)dz is absolutely convergent ifn> 1 
we (iv). 

From (ii) and (iv) it follows that fo° “2d is absolutely convergent if 
1<n<2 
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17. i i 
Show that the improper integral CAS [rer Sin x da is convergent 


Let = si = 
7 f(z) a (2) = p=s,22>1. Then SS f(@e)dz is bounded. 
sen ae Sao o He all > 1. Therefore @¢ is monotone decreasing 
n (1, - Itfeel S 9 for all > 1. Therefore ¢ j 
cing, O() = im fs = 0,” rere 
ay Dirichlet’s theorem, 
Sy” y= sinz dz is convergent. 


CO 
ID f(x).b(x)dz is convergent, i.e, 


7 S$ Ow that h P Ta Baines V e > 
18 h the im roper integral de dz 1S di erg nt 


. Let f(z) = poe zw > 0 i i 
grable on [0, X] for all X >0. Then f is continuous and hence inte- 


Let us consider the integral a Nas Thersinrs dz neN 
z* sin# a , 


NT 

ff 1 nm rr 

0 Werperde = + pele de 
l+asin? x : ee 1+2%sin? = 7 


For all x € [(r ~ 1),r7], we have 
rT 


1 W 

~l9 Wo dr = 1 
- i Haare ae Jo warmaradu [fe =(r—-1)r+ul 
aos 3 z iy 
= eee sn neem: ee 1 

0 idr?nigint au = 2 5? Thksint 24» where k? = 72772, 
We have 

1 ss 2 
hi testa CU = f TERT tanta dU = 
Therefor = ——— 

- 2 fo l+k4sin du 


= 2 lim|[Sepey tan"! (Vk? FI tan u)Je7* = 2 


ss > 1 
l+a4sin® « = 147277 sin? a: 


veg tan-}(Vk7 +7 tan wu). 


c—~0 


Hen us 1 7 
en Jo 1+27%sin yaa 2x yard a. j 
ait: reivigeig? oe G) 


Let (oS = 
Jiine: Asn — 0, the R.H.S. of (i) becomes the infinite 


. Lo) 
series D> ¢ ich i i i 
ney which is a divergent series. 


Hence lim ["" dz =: i3 j : 
2 ae do f(x) «= oo. This implies that the improper integral 
0 ingtenzpade is divergent. . 


19, Show that the im i 
oO OO . 
proper integral de Testing dz is convergent. 


Let f(z) == 1 
Tatsnta TS O. j i 
grable on [0, X] for all Xx : 0. © ‘Then f is continuous and hence inte- 


Let us consid i = | 
er the integral fJ” Testmrgdr, n EN. 
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0 Y+Fea%sin®c & ee i deave 1+aisin?= _ 


1 1 
For all z € [(r — 1), rm], we have agate S Te Tj sint sz 


rT l w 1 
a = : 
Now Jiecbe i+(r—1}4 rtsin gar Jo T+(r—1)tr4sin?u 


{by the substitution z = (r—1)r+u ] 


du 


-_ 3 1 
_ 2 fo I+(r—1)trisin® “au 
= 5 1 : 2 __ fm  1)4a74 
= 2/0 reaarad where k? = (r — 1)4a%. 
We have 

sec? iu 


1 oe —_ 1 - 
S cephers du = S rpptitphers te = peigy tan (VRP + 1 tan wu). 


Therefore 2 {57 TET a du 


=2]i 1 —1(,/p2 BE. sce oat 
= 2lim[ Spey tan7!}(Vk? + 1tan u)]§ = oapg- 


...(i) 


As n — oo, the R.H.S. of (i) becomes the infinite - 


nh 1 7 
H ee eed #2 > 
ence fe IF(n—1)*atsin2x = as it(r—1)424 


Let.¢, = 


eee Eros 
L+riIn4 * 


series S f,. S ty is‘a convergent series, by comparison test. [un = te] 
n=l 


n=O 


Hence lim {j” f(z)dz is finite. This implies that the improper inte- 
TU OO 


fore] 1 - 
gral fy Den Te Pd is convergent. 


12.9. Some theorems. 


Theorem 12.9.]. Let a function f be bounded and integrable on the 


interval {a, X] for every X_> a and the improper integral f° f(x)dx be 
convergent. If lim f(#) = 1, then /=0. 
. 200 

Proof. Let | > 0. Let us choose a positive € such that /—« > 0. 

Since lim f(x) = l, there exists a positive real number 8, such that 
l—e< f(z) <i+eforallz> B,. 

Let /—-e¢ =k. Then k > 0 and f(z) >k > 0 for allz > By. 

Since I f(a)dx is convergent, for the same chosen ¢ there exists 
a positive real number B2 such that eee f(a)da| < ¢ for all %1,X2 
satisfying X2 > x) > By. é 

Let B = max{B,, Bz}. Then f(z) >k > Oforallz>B ... (i) 
and Wi ee Alz)dz| < ¢ for all X1, X2 satisfying Xoo ye SB ae TH) 
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Now f(a) >k>Oforalla > B= f%? 
all X), Xo satisfying Xg > X, > B. 


This contradicts the condition (ii). Therefore! #0 ... (iii) 
Let { <0. Let us choose a positive € such that /+e« <0. 


Since jim f(x) = 1, there exists a positive real number G, such that * 
L400 3 


L~ée< f(x) <l+e foralla >G. 
Let +e k. Then k <0 and f(z) <k <0 forallz > G,. 


Since iE *° f(x)dx is convergent, for the same chosen ¢ there exists _ 
a& positive real number G2 such that Lie? ie < e¢ for all Xy,X, | 


satisfying X2 > X, > Go. 


Let G = max{G, G2}. Then f(x) <k<Oforallxr >G ... (iv) 
and ee S(x)dx| < for all X,, X2 satisfying X2 > X,>G ... (v) 


Now f(a) <k <0 foralle > G=> 2? f(x)dx < k(X2—X1) <k for | 


* all X), Xo satisfying X_ > X, > G. 

Therefore Bet f(x)dz| > |&| for all X), Xe satisfying X» > X, > G. 
This contradicts the condition (v). Therefore! €0 ... (vi) 
From (iii) and (vi) it follows that 1 = 0. 


OO 
Note. An important property of a convergent infinite series 33 u, is that | 


lim up = 
hoo 


improper integral f° f(x)dz. 

_ If f be bounded and integrable on [a,X] for every X > a, then 
the convergence of the improper integral [ ye f{x)dx does not necessarily 
imply that Jim f(x) =0. 


For example, let f(z) = cosx?, x € [1,00). f is bounded and in. 
tegrable on [1,X] for all X > 1 and ah: f(x)dx is convergent. But 
iim, f(x) does not exist. 


Theorem 12.9.2. Let a function @ be continuous on (0,00) and 
lim, ¢(x) = ¢o (finite), wim, d(x) = ¢, (finite). Then 
joa iaelt = (do — ¢1) log 8, where a > 0, b > O and b >a. 


Proof. Let « > 0 and let X >. 
Let us consider the integral i £ 22) P02) op, 


We have [.X SeHl=808) dy = 5* Hethdy — 7X ae 


f(a)da: > k(X¢— X1) > k for d 


0. But this property does not hold in case of a convergent” - 
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Let ax = u, ba = v. Then we have f ig L002) dy = f seis $C) du and 
i 208) dex = fe $0) dy = fie 2 du. 
Therefore Va olan) 9(b2) ass A a Le PO) dy _ fe GOO ty 

mf Maa (OF Maa 4 [28 Ada — 0 Ady 


= fi GOO da, — fx POO day, 


ae Ub 
By the first mean value theorem, there exists a point € € [ae, be] and 
a point 7 € [aX, bX] such that 


fo du ~ (6) [te bu = 6 log and 


ae oo du = (1) iiee Adu = o(n) log &. 
Therefore se H(a2) O02) a4 = [d(€) — ¢(n)] log 2. 
Let « - 0+. Then 4(€) — do 

Let X -» co. Then $(7) — 41. 


Therefore [5° Plow) FO2) ay is convergent and equals to [¢o — ¢1] log 2. 


Note. If f, i 2) er be convergent at 0, then by the general principle of 


convergence, tim fo $2) dy = = 0. 


if fr 22) dg be convergent at oo, then by the general principle of 
convergence, lim a Sox 2) de = 0. 

Therefore (i) if if $2) dx be convergent at 0 and im o(2) = di, 
then foo Pe OCD) ty = —dy log 2, where a > 0, b > 0 and b> a; 

(ii) if as #2) dey be convergent at oo and im, é{z) = ¢o, then 
foo Pea) ate = do log b. where a > 0, b > 0 and b> a; 

(iii) if ye $2) gy be convergent at 0 and S 22) dy be convergent at 
co, then fo PED POD) ay =0, wherea>0,b>Oandb> a. 


Worked Examples (continued). 

20. Show that foo tn essen" 2) _ Z log(a/b),O<b<a. 
Let $(x) =: tan7! 2,2 >0. Then @ is is continuous on (0, 00)... 
Jim, oe) = 4(0) = 0, Jim 4(2) = $ 


Analysis-34 
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Therefore [0° 222-9") gy [9 — E].log(b/a) 


—1 —tan 7? 
or, si tan (on) —tan (bx) __ z log(a/b). 


21. Show that fy ses e2—00s bt yy — Jog 2, O<b <a. 


-Let @(x) = cos 2, « > 0. Then ¢ is continuous on (0, 00). 
Let ¢€ > 0 and let X > «. 


X cos az—cos bry  ¢X cos az,y,, *X cos bz 4, 
i =008 WE ayy f* con ard, — f%* 208 b2 de 


be cos cos © bX cos x 
x f dz. 
ax m 


By the first Mean value theorem, there exists a real number € € ee be] 
such that ie £98 Bde = cos € f° 1dz = cos Elog 2 


ae @ 


aX cos x &X cos x __ 
=f dx — be x ae a 


Therefore lim fr * £98 2 dy = log 2, since € + 0 as « — 0. 


bx 
Since f° ©°-da is convergent at oo, im 1 Sax sos © 


Therefore [7° 9% 42—cos 6 gy — Jog 2. 


we 
Deduction. 
Prove that 5° in ezsin bz dz = dlog 2+2,0 <b <a. 


an~b? 
We have Vp ce O<¢g<p. 


2sin =(p+q)zsin oy 
or, [° 4 (p ge 3(q—p) yes log Z. 


9) 
Let p+ q = 2a,q — p = 20. Then the result follows. 


12.10. Evaluation of some improper integrals. 


1. Evaluate f5° #22 dz. 


‘te sing 


9 w= dz is a convergent improper integral. [page 28] 


ret us consider the integral fe é(x) sin(2n + 1)x dx, where ¢(z) = 


1 
= sina # x > 0. 
¢ is continuous, and therefore integrable, on [e, $], where O < « < § 


2 
and lim ¢(x) = 0. Therefore ¢ is integrable on [0, 3]. 


By emer eesneue tienera: jim a Se (xz) sin(2n + 1)x dx = 0: 


{page #4 . 
Let J, = fe sinlen+i)s dz, a i =f? sinQnt bs ax | 
Then J, —-Jn-1 = fe sin@ntNeasinGn= De eo = fe Te ee 
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Therefore J, = Jn-1 =--: = Ji = §. 
As lim (In — Jn) = 0 and Jn 
R00 
lim Se sin@nti)e = da= §. 


= §, it follows that lim J, =4, i.e., 


moO 


n-0OO 
Now lim fe sin@atije dz = lim [is — sintdy. fu = (2n + 1)z] 
noo Lf Sad 
— Se s2Z dz, since fe simz dz is convergent. 
ro sing cis 
Consequently, {5 dz = 5. 


2. Prove that foo BP de = § or —§ according as m > 0 orm < 0, 


2 

Let m > 0. Let us choose e > 0 and X > e. 

fX sinmz gy = f7™* simu dy [ by the substitution ma = ul. 
€ x me 


. x oo ne 
lim yee creel du= fo sina dz = g. 


; X sinmz —t oo sin max _ 1 
Therefore yo od sinmz dr—% and therefore fy° “dx = §. 


Similar proof when m < 0. 


3. Show that °° 9s e#—cos b2 4p — 7(b— a), a >0,b> 0. 


[sosazmcos beyx 4 p% =asin ax+bsin bg /),, 


X cos axr—cos bx _ 
J 908 9B 008 be a, a z 


€ x 


cos aX—cos bX , cos ae—cos -be —asin az X bsin ba 
— cos aX—cos bX , cos ae—cos be | pX sasinazdy + f% bsin be gy, 
lim sos aX—cos bX _Q lim gos ae~cos be _ 4 
X00 “x e—0 € ‘ 
: xX —asinax ees oo sin aa r 
ee er € x dx = —a 0) ge OO) 
: x 222 bz po sin be ba ar 
ee ele ae Pe 
Therefore or 8 aas08 bey = $(b-—a),a>0,5>0. 
Or sinz\2 
4. Evaluate fo” (22#)? dz. 
Let us choose ¢€ > 0 and X >. 
is sind oa =sin ee sin Xx +f sin sin 2x dz. 
As lim an ‘=O and Jim sin x =O: 
<0 Xoo ‘se 
X sin? x sin 22 
lim fo 332 dxe=_ lim fr S842 dz 


X—-o0e 0 X—0o,e-+0 


= f° sin2zx i oe sin 22 i 
= fy” 8324 da, since f° “3** dx is convergent 
=o. 
= §. 
: oO i 
Therefore >” (222)? dx = §. 
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* 


5. Evaluate Soe log sin x dz. 


4 


fi log sin z dx is a convergent improper integral. [worked out Ex.8, 
page 12] 
Let’ J = f,? logsing dz. Let d(e) = f? logsing dx,O<¢€<§ 
Then [= lim P(e). 
Now (ec) = fi log sin x dx = [al “logcosy dy [x= 5 — yl 
= fr “log cos a dit. 
Then 2¢(e) = f2 logsinx dx + fers log.cos x dx 


= fF “flog sin x + log cos x] ]dx + S72, logsine dx + f5 logcosx dx 


= f? ‘log i822 dx + 2 J; log.cos xdz, since ye _logsina dx = 


{5 log cos x dz, by the substitution y = ae 
Therefore 2 = lim 20(e) 


= lim fp? ~* log sin22 dx +2 Jj log cos x dz] 


= lim [fo 
= lim [f. 


= lim [a fe ~** log sin u du—(%—2e) log 2+2 Jf, logcos x da] | [u = 22| 
t~_ 


log sin 2x dx — phe log 2 dx + 2 f5 log cos x dz: 


= lim [4 es logsinu du+ 4 ate ~* logsinu du — (% — 2e) log 2+ 
2 fj log cos x dz] 
= lim (4 3 logsinu du + 4 Se log sint dt — (% — 2e) log2 
+2 fo logcosa dz] [f= 7-4] 

= lim Lhe logsinz dx — (§ — 2e) log2+ 2 5 log cos x dz}. 

= lim [¢(2e) —'(E — 2c) log 2+ 2 fy logcosx da] ... (i) 

Let f(e) = fy logcosa dz,0 Se < F . Then f is a continuous function 
on [0,4], since log cos is fateetable” on (0, =]. Therefore lim fle) = 
F(0) =0. 

lim o(2e) = lim o(e) = f, and lim i= - 2¢] ax Z, 

From (i) it follows that 2 = I — F log2 

ee ice., fe log sin x dz = § log 3. 
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6. Assuming that the integral fe log sin dz is convergent, prove that 
Jo? log cos x dz is convergent and evaluate {,? log cos x dz. 


= log cos x dz is an improper integral. The integrand is continuous, 
0 & 
and therefore integrable, on [0, $ — ¢] for all « satisfying 0 < « < §. 


Let w#(e) = i log cos x da. 
Then ¢(e) = f.? logsinydy [x = 5 — yl. 
= f? logsinz dz. 
Since fe log sin xz dx is convergent, lim f logsinz dz is finite, i-e., 
Cs 


lim w(e) is finite and this proves that fe log cos z dz is convergent. 
a=* F 


Let J = fe log cos x dx. Then f = lima we) = lim f2 log sina dz 
e— : e— 
= f. logsinz dr = § log 3. 
7. Prove that fe cos 2nz logsinx dz is convergent. Evaluate the integral 
when nis a positive integer. 


> Let f(x) = cos2nz logsinz,0 < 2 < §. eee f is bounded and 


integrable on [e, 3] for all ¢ satisfying 0 <« < F 
We have amie =0. fusing L’ Heapical’ s rule] 
Let g(x) = e,O<a2< G. Then g(x) > 0 for all x € (0, $] and 
lim el = 0. ee is | f(@)| dx is convergent, since fe g(a) da 
is convergent. 
Consequently, Se f(z) dz is convergent. 


Second part. 
fe f(x) dz = dim eh f(x) dz, since iF f(x) dx is convergent. 
Integrating by parts, we have im, ap ¥ cos 2nx log si sin z dx 


sin nw _ sin 2ne ane = sin 2n2% cos © Qnz'cos w 
= = Jim ("on log sin g a, sin e]- Jim, on oa Se ES dx 


=— im, a +f? 2 cos x{cos x + cos 3x +--+ + cos(2n — 1)z] da; since n is 


sin ane _. 
a sestive ae and Sas" = cosz + cos3z + - 


lim —%32"€ log sine = 0 
e>0+ 


=— lim 1 f? ($+2cos 2x+2cos4a+:- -+2 cos(2n— 1)z-+cos 2nz) dz 


e—0-+ * 
w 


-+ cos(2n — 1)x and 


4an* 
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8. Assuming that Sor cos2na logsinag dr = 
integer, show that 


x 
fo cosnz log 2(1 —cosx) dx = ~%, when n is a positive integer. 


Let f(z) = cos nz log 2(1 —cosxz),0 <x < 7m. Then f is bounded and 
integrable on [e, 7] for every € satisfying 0 <e« <7. 


Let us evaluate im i cos nz log 2(1 - cos zx) dx. 
im, f" cosna log 2(1 — cosx) dx 


= lim Jf" cosnx 2log(2sin 2) dx 


e—0 


= jim 27 cos 2nu 2log(2sinu) du, by the substitution x = 2u. 


= lim. 4 fe cos 2na{log 2+ log sin x] dz. 


€— 0+ 
= Jim, [4 log 2 Pa cos 2nx d+ 4 i cos 2nz logsina dx] 
= jim, [4log 2. (sinnm — sinne)] — 4.4, since 


Jim, i? cos 2nz logsing dx = Soe cos2nz logsing dz = —~Z 


9. Evaluate i aad dz, O<p<l. 


OO gpa) 


The improper integral Ts ize dx is convergent ifO <p < 1. 


[worked out Ex.6, page 506] 
Let I= f° &— az. 


l+2 
Then J = p ay dz+ Sah wm dx 
— pl Po? ie} pth 
ost So ira & cae uray [u = = 


= 1 xP) Pp 
=o tyre da +fo (nay du 


LaeP-lig-P 


0° Itz 4; 
We have sto = 1— w+ a? —--- + (-1)"2™ + oy for all real 
z %—1 and for alln € Ne 
Therefore f> +2" ie 


= fo(er* +2-P)[ B (-1)'a" de + fo(-1)"4 (ar) +07?) (4) de 


~— when n is a positive 
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= ‘lp [3 (1) (Ptr + 27Pt7)| pe + R,, where Ry 


Lathe n—pel 
(= naan | = ae daz 


= PAG 1)" iste + specu] + Ra, 


= (24 5) - (si + a) t Ge + a Gt 


BA 
emwerwa fame a2 7 
L pmt n +1 a n+p no-pt+l 1 : 2 
[Ral =| fo StS de < fy | ERI de <2 fy 2" de < 
since 0 <p <1=>0-< 2? <1 and0 <2’? <1 and 
xz € (0,1). 


Therefore lim ite = 0 and this implies lim R, = 0. 


ptn 


< 1 for all 


1 
1+2 


Therefore fo “fF de = 5 — (say + par) + (gem + ps) ~ 


1: i 1 1 1 Teta, 2s 
gan Ga Ps ees eae ee 


Let us recall cosec 9 = 
if @ 4 nv, n being an integer. 


a) aS eS 1 1 ae se a or 
Therefore xcosec.px = 5 — s*7'— pir + poa t+ paz p-3 pet 


pol 

Hence f) = ~t2" Te dx Sepa O<p<l. 
oO gril 

That is, “aa ee =a O<p<i. 


Exercises 22 


1. Examine the convergence of the improper integrals: 


(i) fo log ade, (iii) {222 ax, pag 


(iv) fo See dz, 


(i) So GESae, 


(vi) JO pe ae, 


$e. 1 
(v) ie econ at) 


1 BY 
(vii) fz COS dep, (viii) ie gP? =e Pais: (ix) des Te ae, 


es * dx 
(x) fe Fine it (xi) Bg Fam, (xti) af cos @—cos z’ OSasm. 
[Hint. (xii) Consider the casesa =0,a=7,0<ca< 1.) 
2. Examine the convergence of the improper integrals: 


: 1 ss 1 
(i) fo" pay ™ (ii) So” stoge 


1 EY BOL Ps 
(iii) A ee (e+sin ‘aytoge 
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t 
4 


. Co =k. 3s 1 . 50 . : 
(iv) {5 (3 Pred a (v) Jo cosh 22 der, (vi) de log(1+sech 


{Hint. (iv) 0 is not a point of infinite discontinuity. —+— > 0 for x > 0. 
(v) cosh2x _ e?%4+¢73% 262% 3 ; w sinh aw 
Coshan = Setesse < Se. (vi) For x > 0, log(1 +2) < z.] 


3. Show that the following improper integrals are absolutely convergent. 


oO sin 2. oO 
(i) fo frsedz, = (li) fo° sede, (ill) fo” e7 9" cos bade, (a > 0), 
co. sing oo 
(iv) Jo Yerat2®  () So gsine de, (vi) fo? e7@’®” cos badx. 


4, Assuming the result [O° #8™%dzr = 3 ifm > 0, prove that 
fos] 
(i) Af singe sin” & ya =n ; (ii) fo sin’ Z dp =f, (iii) jo Lde= z. 


[ Sek (iii) Integrate by parts and note that 4sin? cos = sin2x — 
3 sin 4a. | 
5. Prove that 


oo 27 (1+a") ? 
(i) So —Tfqr dx (m > 0,n > 0) is convergent if p > 1+ m+n; 


(ii) f° onde (m > 0,n > 0) is convergent ifn — im > $3 


was oo gM liigna P : 
(ili) fo z= x is convergent if0 <m<landO<n< 1; 
(iv) fe i” (log )” dix is convergent ifm < —1; 


ec sinal(l—c . 
(v) foo sesGsss®) dz is convergent if 0 < n < 4, and absolutely 
convergent ifl<n< 4. 


‘6. Prove that 


(i) + ——,—,—dz is co : vi oo i ‘ : 
0 l+a%cos? z nvergent; (ii) fs [pat cost gat is civer- 


gent; 
(iti) f° wae dz is divergent; iv 
: et a 
gent. ph ate 8 ( ) tea 1+2% sin zee is conver 


7. Assuming convergence of the integral fe logsina; dx to ~Z log2 
prove that ‘ 


(i) fo’ log(1 + cos x) dx converges to —7 log 2, 
(ii) de log(1 — cosx) dx converges to —7 log 2, 


(iii) dae log (a+ 1) dx converges to —7 log 2, 
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(iv) for eet ae converges to 7 log 2. 


8. Assuming convergence of the integral f,* cos Qnx log sina: dx to —7r, 
when n is a positive integer, prove that 


(i) fe cos 2nzx log cos x dx converges to (— 1)"+1 =, when 7. is a posi- 
tive integer; 


(ii) Jo’ cos na log 2(1 + cosa:) da: converges to (-1)"*12, when 7 is a 
positive integer. 


12.11. Beta function and Gamma function. 


The improper integral fez a™-1(1 — 2)" dx is convergent if m > 
0,n > 0. The integral E gm-1(1 — 2)?" 1dz, m > 0,n > O is called the 
Beta function and it is denoted by Bon: mn). 


Thus B(m,n) = ae g-1(1 — x)" tdxz,m > 0,n > 0. 
The improper integral oP e-*x"-ldgx is convergent ifn > 0. The 


integral [> e e-*a"ldz, n > 0 is called the Gamma function and it is 
denoted by I'(n). 


Thus F(n) = fo° e772" "dz, n > 0. 


Properties. 
1. 'B(1,1) =1. 
Proof. B(m,n) = {, a™-l(y —a)*-*dr, m > 0,n > 0. 
Therefore B(1,1) = fod oss 
2. B(m,n) = B(n,m). 
Proof. B(m,n) = So gr. — 2)" !dz,m > 0,n > 0. 
=. dime fs" “8 ym—1 (1 — 2) "} de. 


em 5-90 


Let x =1—y. Then dz = —dy. 

: Jim | doe i re Bal — g)?~ Lidge = in, ee as ym hyn} dy. 

Son lim i Y yn ag! —y)™ 1 dy = So yr a yy Ldy os Bin, m). 
f—+O0e—-+0 J 


Therefore B(m,n) = B(n,m™). 


3. Bom+1,n) = Bim, n),m > 0,n > 0. 


oA 
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Proof. B(m + 1,n) = fo a™(1 - 2)"~lda 
— fe™(1—2)", 
= ss 16 a Pg i erly — x)"dz 


1 
=F fy (1 —a)2™-1(1 — 2)"-lde 


= ™ Lom-1 nl 1 : 
Tr de x (1 — x) da = .P zm (1 —2)"-ldg 


= $B(m,n) ~ 2B(m+1,n). 
Therefore (1+ @)B(m+1,n) = = Bim,n) 
or, B(m+1,n) = -@— B(m,n). 


men 


4. B(m,n) = 2 f? sin?™~! 9 cos?"-1 6 dom >0,n>0 
Proof. B(m,n) = Je z™-1(1~2)"-"ldz, m>0,n>0 
Let x= sin? 6. Then dz = 2sin6cos 6 dé. 


As z—>0+,8—- 0+; as t+ 1~—.6 — EE 
? 2 . 


Therefore B(m,n) = 2 [,? sin?™-? 6 cos?"~? 4 sin 6 cos 6 dé 


= 2 3 sin?”~1 9 ¢og2"-1 g d6,m>0,n>0. 


Deductions. : 
(i) fo? sin™ @ cos” 6 d6 = 2. B( MHL. ntl | 
0 = 5B( 3 , 2th) m>-1jn>-1. 
(ii) f,7 sin” 6do = i? cos" 6 dé = 3B(2£1,1) n> ~1. 
(ili) B(3, 3) = 2 [7 dd =n. 
5. ge grt 
Bim, n) = de rayrre dz, m>o0,n>0. 
tone 
Proof. B({m,n) = fy x"-1(1 — x)"-dz, m > O,n>0. 
Let 2 = = 
x= 755. Then dz = ips. 
As z—0+,t— 0+; asa — 1l--,t — oo. 
Therefore B == f° —t re 
e B(m,n) = fo” (zi )™ *(aha)" 7! hye at 
=f yma 
™ JO Ci--iye rr dt 
ox m~h 
= So" atayerrde. 


1 amok we 
6. Bi(m,n) = Is tt de. 
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m1 


Proof. We have B(m,n) = fo” Gigyerr dt 


dt pimnk lovey mel 
7 i payate dx +f +ayere —ax. 


Let x = } in the second integral. Then dz = — oe 


As z— 1+,t > 1— ; as x > 00, t > O+. 


grat 


he gmt ae = fo 1 peers 
1 Crrsyrrn dt = Jo paaT Hae Te 
1 n=l 1 n-l 
= fo atparedt = Jo Gear a- 
Therefore B(mn,n) = ths aaa de + t wagered 


26 1 ,m-) gat 
= fo litaynt dx. 


7.TQ)= 1. 


Proof. V(1) = fg° e~*dz = jm, li e "dz = jim fa ~en 


8. P(n+1) =7rP(n), n> 0. 
Proof. f° are~tda = (22 ]X + fe 2" —le~* dx: 
= —X"e~* 4 Mel +n fx x” le *dz. 
Proceeding to limit as X — co and e — 0, we have 
fer et a%da =n fo” eta" * dx 
or, D(n +1) = nI(n), n > 0. 
Corollary. If n be a positive integer then Tin+1) =n. 


(nt1) =nP(n) = n(n —- DT (n- 1) =---=n(n—- 1)...2.1F(1) = 


9. B(m,n) =e, m > 0,n > 0. 


The proof of the property is. beyond the scope of this book. 


Deductions. 
(i). T(4) = V7. 
reyrc4) 
B(4,4) = Ry PTT) 
Therefore ((($))? = B(3,3) = 7 and this gives 1'(3) = V7. 
min! 


(ii). If m,n be positive integers, Bim +12+1)= cewews ie 


_ Tmt DT (n+) a = 


Xf =. 
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If m, n are postive integers, T° ! 
lox Ly =; { 
Boon ie abe (m+1) = ml, D(n+1) = n! dnd therefore 
(m+n+-1)t* 
10. Legender’s Duplication formula. 
Vr (2n) = 2°°-'P(n)P(n + 4), n> 0. 


Ctr) P(t) 
Tintny = B(m,n) 


= 2 fo 2sin?™~1 9 cos?"~-1 g dé@,m>0,n>0... (i) 


Proof. 


Tali x P(m)J)? oo 
Taking m =n, we have eee = 2 f? sin?"—! @ cos?"-1 6 aa 


= gots fy? sin?! 29 aa 
= gacr Jo ein?! d dd (20 = } 
= prber 2 fF sin?" 9 dd... (i 


P(n)PG) 


Taking m = i j i 
» = 4 in (i), we hav 
2 (4) ? e ers mee 


2 Jo? sin?"-16 do... (i 
From (ii) and (iii) we have ener om pir FO nm > 0 
! Te zen n+) 2 
or, /nT(2n) = 2?"-1P(n)P(n ++ 4), since T(3) = Vn. 
Ll. P(m)I(1 — m) = 


= 27 cos?"-19 dO= 


eee 
sin rir? O<cm<i. 


Proof. We have B(m,1 — m) = Se ee T(m)P(1 ~ m). 


Since B(n = ee eke 
eines: (m,n) de T+ayare da, m > 0,n > 0, B(m,1—-m) = 


fs) jee Ce) O<me<il. 


Therefore [(m)P(1 — OO Mal 
Ex.9, page 524] a ne Te dx = sin Sa O<me«<t. [worked 


12. (i) [SP evr dt = Te) &k>0,n> 0; 
a co (1 nal 4 
(ii) fr? eye = 1 k>0,n>0. 
Proof. (i) f>° e~*t™—1ae 
Jor e~¥(Z)" 1 dy [Let y = kt. As t — 00, t — oo since k >.0.] 


= gk fo ety" dy, n > 0 
[{n) 


kn 


i 


(ii) the Cog yy dy 
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=f sr-le—ktat (Let logy =t. Theny=e*. y= lot= 0) 


= *@ since k > 0,n > 0. [using (i)] 


Worked Examples. 


1. Prove that (i) fo° ¢ - de =m; (ii) fs en? da = VST; 
(i) Let x? =t. Then dx = aydt. As x = oo, too. 
oe e-™ dx = tf” e~'t72dt = 19P(4) = 5/7. 


(ii) Let f(x) = e-* 2 ER. Then f is an even function on R. 


Therefore f° e7® dx = 2 rhe e~* dx, assuming convergence of the 
integral on the right - 
= fn. 
2. Prove that Se sin? x dx x So sin’?! g dx = ag P > —1- 
We have f,? sin™ 6 cos” 0 d0 = }B(™}", ntl) m>—I,n>-—l. 
= sin? & ee Ly 1 ae oe 1 
Therefore fe sin? 2 dx = 3 B(PE*,3) = 5 T(E) p> 
5 ai ppt Lppt2 1 1h TG) 
and f,? sin xdz = 3B(F 13) = 2 pegs Pe? 


ae a retyra) ref rid) 
fo? sin? x dx x fy sin?t! x dx = 3 Se ae Es) »p>-l 
a1 Sey, since (3) = V7 - 


=i 2n, since ret 3) = etip(ett) 


3. Prove that fitz —a)y™-1(b- 
0O,n > 0. 


-We have B(m,n) = a g™-l(1 — 2)"-1dz,m>0,n > 0. — 
Ca es 
Le ed _y, dx = (b— ajdy. 
Lee ee aan yood. 
ie (x = a)” (b= ays _ 1 (6 i ayer k(L _ y)"~ dy 
= (b— a)™t"-1 B(m,n). 


z)"*~ldx = (6 —-a)™+"-1 Bim,n), m > 
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; 
4. Prove that fy —1+—-dz = 2cosec Z,n > 1. 


(l—2")% n 


Let 2” =t. Then dz = —L~dt. 
nti 7 


1 
do ——1_- dz = fo (1—t)-%. dey dt 


(l-an)yn nt n 
lie 
=i f te-1(y — t)0-2)-1ge 
_ 1 ; 
= £B(4,1- 4), since 0 < t<l 
— 1F(4)ra-32) . 
= ra) 


— is = 2, 
sin = = ,cosec =. 


Sie 3! 


5. If n be a positive integer, prove that r(4)r(2)r(2) P(Sah ye 
A < a) 


(27) 4+ 
i 


Let P= 1(2)r(2)r(4)...r(=2). 


Then P=T(1i~4)rqa— 2 2\ry71 : 
reverse order} ( WFC =)...T(2)r(4). [taking the factors in the 


p? = (PS) — 2) (2)rq - 2)... 1(e=2yr(ayy 


cx 7. a nnn} 
sin = ‘sin 22 °° DD map FT ; 
i. 2 sin GaNe sin 2 sin 22... sin fear (i) 
nm 


We prove the following lemma. 


Lemma. sin 2 sin 2%... sin @=1"™ — 1 
n nr ak 
Proof. x°" — 22" cos 2n@ +1 = i a + 
= 0 gives 2” = cos 2n6 + isi i 
a Ses isin 2né, ie., 
x = cos(26 + #87) + isin(2¢ + kn) where & = 0,1,...,n—1.. 


4 2 va oi : F 
Therefore 22” — 2x" cos 2n6 + 1 =" [x? — 2x cos(29 + NT) + 1). 
n 


Taking x = 1, we have 4sin2 n@ = "7A 4sin?(6 + Bay 
k=O nn’ 
sin? n@ =4"~1 sin? 6 sin?(6 + 2)... sin?(g + =U) 
a nr 


or, sin n§ = 2"~1sin @sin (6+ *)sin (0+ 22), sin(o+ ee) 
or, Sinné _. onl gi a : 2 S * 
esa sin (0 + 7) sin (0 + 27)... sin(g + @=U7) 
Proceeding to limit as 6 — 0, we have . 
m= 2"-lsin Z sin 27... sin =U 
nh 


or, sin 2sin 22. sin @=Ue _ _n 
n nr 


= gare 


‘This proves the lemma. 


IMPROPER INTEGRALS 533 


n-lgn2 


Using the lemma, we have from (i) P? =*—+ 


nmol 
Therefore P = au ws 


6. Show that ts log I°(x)da: is convergent and evaluate it. 


T(z) = {5° ett?™-ldt, x > 0. 


Let f(t) = e't®-1, t > 0. If z > 0 then f is a continuous function of 
ton (0,00) and for a > 0, f(t) > 0 for all t > 0. 


For x > 0, A es f(t)dt is a convergent integral and for x > 0, 
i. f(t)dt > 0, ie., I(x) > 0 for ce > 0. So log T(z) is defined for 
z> 0. 

We have [Cr +1) = 2T (x) for x > 0. 

Therefore log I'(# +1) = logz + logI'(x) for x > 0 

or, log P(x) = log?’ (2 +1) -loga forr >0O ... (i) 

I(x + 1) is defined for all > —1 and T(a + 1) > 0 for alla > —1. 
Therefore the integral i log I'(x + 1)dx is a proper one. 

The integral - log rdx is an improper integral, since 0 is a point of 
infinite discontinuity. 
; 1 yee ; oye op 1 = j ae —_ =c—-]. 

Jim J. log «ed: iim [z log xz — «]¢ dim, |e eloge - 1]=—1 
Therefore i log xdx is convergent. 

From (i) it follows that fo log I'(x)dx is convergent. 
Let d(e) = f. logl'(a)dm. : os - 
Let x =1~—y. Then ¢(€) = Jf, “log (l—-y)dy = Jy “log P(1—~ax)dz. 
Since ps log I'(x)dz is convergent, lim | ¢(e) is finite. 
ea 
Therefore fo log P(a)dx = fo logI(1 — x) da. 
Let J = fj logI'(x)dz. Then 
Ql = i log P(x)dxz + Tk log (1 — x)dz 
1 T 

— fo log(I'(x) P'(1 — x)) dx = fy log atag de 

=loga — fo log sinaz dx = log — 2 fSlogsinydy [xx = y] 

=loga — 2 Se log sin y dy = log — 2.3 log} . 

=: log wm + log 2 = log 27. 

Therefgre J = ie log I'(x)dz = $ log 2r. 
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Exercises 23 


1. Prove that (i) fo? tan” 6 dO = © sec eoif-l<p<i; 
(ii) [57 cot? 6 dd = % sec Rif-l<p<i. 
[Hint. (i) tan? @ = sin? @cos7? 8] 
: . 1 m1 os . ‘ 
2. Prove that (i) ds x (1 — 2?) 7) + B(2,n), ifm>O0,n >O0,p>0. 


ay Pl ome ann 
(ii) fo 2™—*(log 4)"-1 dz =2@) i¢ms 0,n>0. 


mn 


way pl = z 
(iii) fo +a)yP l(t —2)i I de = 2°t4-1 Bip, gq), if p > O,g>0. 


[Hint. (iii) Let 1+ 2 = 2y.] 


3. Prove that i) f° I dz -= @: ay fo 1 —_ 27 
@ Jo G-asje 8? Gi) fo (1—23)3 de = i 


4. Prove that (i) im Gade x i Frode = q53 


ss ns CO nd a 
(ii) Jo° ze da x fo" e~* dx = =, 


5. Prove that (i) P()F(2)...1(8) = 184; 

(ii) D(C )P(Ag*) = wsec , -1 on <i]; 

(iii) 2°43 )P(*22) = Vat (n+1),n>-1. 
[Hint. (iii) Use Duplication formula.]} 
6. Prove that (i) B(m,m) = 2'~-2™ Bim, 3), m> 0; 

(ii) BOn,m).B(m+i,m+ijy= % Q'-4™ om > 0. 


[Hint. (i) B(m,m) = 2? sin?™-? @ cos?™-1 gag, m > 01] 


x sin™—lo gmt . 
7.(a) Prove that (2-+cosa)™ =" me B 3B), m>o. 


(b) Prove that {> 2% @~ 92" dp = 1 Se Gnas cle va a>o 
Qn+i att : 


loom nm a 
8.(a) Show that f> 2”~! (log z)"~1dzx is convergent if m > O,n > 0. 
(b) Show that (i) J, /z(logx)*da = 38, (ii) fi Geez)" ae = 16. 
[Hint. (a) Let ¢ = e7¥.}" 
9. Show that (i) [[? Vcotz dx = ver (ii) fi Yeote dr = a 
as, 22? ae " 
(iii) by =f Sjet dx —_ 0, (iv) ca e782? 3 dy = 3, 
(v) fo? en ada = 1, (vi) ? 1 de= 22 
- . Joy (i+2)3(QQ—2)3 V3" 


13. SEQUENCE OF FUNCTIONS 


13.1. Sequence of functions. 


Let D be a subset of R and for each n EN, let fp : D—- R bea 
function. Then {f,} is a sequence of functions on D to R. D is said to 
be the domain of the sequence of functions { f,,}. 

In particular, D may be a closed interval [a, b] (or [a, oo)), or an open 
interval (a,b) (or (a, o0)). 

To each ro € D the sequence {f,} gives rise to a sequence of real 
numbers {f,(zo)}, which is obtained by evaluating each f, at zo. 

For some x € D, the sequence {/,,(v)} may converge to a limit and 


‘for some other xz € D, the sequence {f,(x)} may not converge. 


‘13.2. Pointwise convergence. 


Let D CR and for each n EN, let f, : D— R be a function. 

The sequence {f,,} is said to be pointwise convergent on D if for each 
x & D, the sequence {f,,(z)} converges. 

Let the sequence {f,} be pointwise convergent on D and let c € D. 

Then the sequence {f,(c)} is convergent. Let lim fn(c) = lp. Since 
for all « € D,{f,(x)} converges to a limit, l, exists for alla € D. - 

Let us define a function f : D — R by f(z) = lz,2 € D. Then f is 
said to be the limit function of the sequence {f,,} on D.. 

In this case we also say that the sequence {f,} converges to f on D' 
and we write f = lim f, on D, or f, - fon D. 
Examples. 
1. For each n € N, let f, : RR —- IR be defined by f,(z) =2",r2 ER. 

Then {f,,} is a sequence of functions on R. For each x € (—1,1) the 
sequence {f,(z)} converges to 0 and for z = 1, the sequence { f,,(x)} 
converges to.1. For all other z € R, the sequence { f,,(x)} is divergent. 

Therefore the sequence {f,} is pointwise convergent on (—1,1] and 
the limit function f is defined by 


f(x) = 0,-l<ar<]1 
= lae=il 
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a i. we apie that although the domain of the sequence { fn} 
yb omain o intwis ; : : 
giac bof R. a convergence of the sequence is a proper 


beara n € N, let fy» : R —- R be defined by f,,(7) = £,2 € R 
n} is a sequence of functions on R. For e hz é fhe 6 
{fn(@)} converges to 0. Serre eee 


Therefore the sequence {f,} is pointwi 
ae . 1 ointwise ; 
limit: function f is defined by I(x) os ER. Bont ueme ern ne 
ena : i Re x > 0} and for each n EN, let f, : D — R be 
¥Y fn(z) = =3,2 > 0. Then is 3 ti 
Dees. a ma’ {fn} is a sequence of functions on 
Tt oo 


Therefore the sequence is poi i | | 
: q pointwise convergent ; i 
Pe gent on D to the function 


4. For 
a ‘on seg eo number n, let fn : IR — IR be defined by fr(x) = 
ipntgzz €R. Then {f,,} is a sequence of functions on R. 


a ay ; the sequence is {0,0,0,...}. This converges to 0 
ee i nyse hi ne ‘ 
Hi # ’ Jim, In(z) = Jim ee ox 8): 


thi S CC] nce {f, } Ny : y = 
ce p ) 
eeu € rn . c is pointwise convergent on R to the func 


5. = a 

: oe Ane a & R : @ 2 0} and for each natural number n, let 
ae i e defined by fa(a) = 7#2;.z 2 0. Then {fa} is a sequence 

of functions on D. . 


For « = 0, the se is i 
sequence is {0,0,0,...}. This converges to 
Fora >0, lim f,() = lim ne =] fore 
14 DO . ROO : 


L+na = 
Therefore the se : i intwi 
3 » sequence {f,} is pointwise converg 
function f defined by f(a) = i = O a perron ag ean ae 
=Il,z>o0. 
6. Let = {2 : 
oe a = ; ee R:« 2 0} and for each natural number 7, let 
: e defined by f, (x) = 55." 2 0. Then {f,} is a sequence 
of functions on D. 7% , 
Aa n=Q, the sequence is {0,0,0,---}. This converges to 0. 
or 2 > 0, jim, fal2yS jim, tine =: 0. 
Therefore the sequence {fy} i i i 
: 5 7 S$ polntwise colverge 
function f defined by f(x) = 0, z> 0. Sree Apter ca 


7. Let f(z) = tan7'n2z,2 ER. 


SEQUENCE OF FUNCTIONS 537 


Then lim fa(x) = 7 ife>0 
ROO 
= Oifa=0 
= -gife <0. 


Therefore the sequence {fn} is pointwise convergent on R to the func- 


tion f where f(x) = Zsgn v,@ € R. 
8. For each natural number 7 let. fn : R — R be defined by fn(z) = 
sanz ¢ € R. Then {fn} is a sequence of functions on R. 


For each x € R, lim f,(x) = 0, since lim 1 = 0 and | sinnz beds 
rntOO ie 


Therefore the sequence {fn} is pointwise convergent on R to the func- 


tion f defined by f(z) = 0,2 € R. 
9. Let fn(z) = ve", & 2 O. 

For ‘all z > 0,0 <ze7™™* < i, since e”® > nz for all & > 0. 

By Sandwich theorem 5.5.5, jim, fn(x) = 0 for alla 2 0. 

Therefore the sequence {f,} is pointwise convergent on {0, oo) to the 
function f defined by f(z) =0,2 2 0. 


10. Let fn(z) = z’e""*, & > 0. 
For all z > 0,0 <a%e""* < 2, since e"* > nie for all 2 > 0. 
By Sandwich theorem 5.5.5, Jim, fn(z) = 0 for all x 2 0. 


Therefore the sequence {fn} is pointwise convergent on [0, 00) to the 
function f defined by f(z) = 0,2 > 0. ; 


Let {fn} be a sequence of functions that converges pointwise on a 
domain D C R to the function f. 

Let z’ © D. Let us choose « > 0. 

Since the sequence { fn (x’)} converges to f(a’), there exists a natural 
number k’ such that | fn(2’) — f(2’) |< € for alln > k’. 

This k’ depends on ¢ as well as on zx, 

Let 2” € D. Since the sequence { fn(z’)} converges to f(x’), there 
exists a natural number k” such that | fala”) — f(a’) |< € for alln > k”. 

It is quite natural that k’ is different from k’. 


If it is possible that for a pre-assigned positive €, there exists a natural 


number k such that 
for all x € D,| fn(z) — f(x) |< € for alln>k 
then we gay that the convergence of the sequence {fn 


} is uniform on D. 
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13.3. Uniform convergence. 


Let D Cc R and for each n EN, let f, : D — R be a function. The 
sequence {fr} is said to be uniformly convergent on D to a function f if 
corresponding to a pre-assigned positive e there exists a natural number 


k(e) (depending on e€ but not on z € D) such that 
for all z € D, | fn(x) — f(z) |< € for alln > k. 


a this case we write lim f, = f uniformly on D, or fx — f uniformly 
on D. 


f is said to be the uniform limit of the sequence {f,} on D. 


It follows that if the sequence {f,} is uniformly convergent on D to 
the function f then the sequence { f,} also converges pointwise on D to f. 
But that the converse is not true is discussed in the following examples. 


Examples. 


1. In Example 1 of 13.2, the sequence { f,,} converges on (—1,1] to the 
function f where f(z) =0,-l<2< 1. 
=l1,z=1., 


is i us examine if the convergence of the sequence {f,} is uniform on 
,1). 


Let c € (0,1). Then | falc) — f(c) |= ce”. 


Let O<e<1. Then | f,(¢) — f(c) |< € whenever one é, 
ie., whenever nlog(1/c) > log(1/e), 
i.e., whenever n > log(1/e)/log(1/c). 


Let k = [log(1/e)/log(1/c)] + 1. Then k& is a natural number and 
| fn(e) — f(e) |< ¢ for alln > k. 


Therefore for all x € (0,1),| fn(x) — f(x) |< € for all n > k, whe 
? > n = , Te 
k = [log(1/e)/log(1/zx)] +1. 
This k depends on ¢ as well as on x. As x > 1—,k — 0. 


It follows that there does not exist a natural number k such:that for 
all z € (0,1),| fn(x) — f(x) |< € holds for all n > k. 


Consequently, {f,} is not uniformly convergent on (0,1). 
Let e € R such that 0 <a <1. 
In [0, a], the greatest value of log(1/e)/log(1/z) is log(1/e)/ log(1/a). 


Let k = [log(1/e)/log(1/a)] +1. Then & is a natural number and 
for all x € (0,a],| fn(z) — f(z) |< ¢« for alln > k. 


This proves that the sequence {f,} is uniformly convergent on (0, a]. 
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2. In Example 2 of 13.2, the sequence { f,} converges on R to the function 

f where f(z) =0,2 ER. 

Let us examine if the convergence of the sequence is uniform on [0, 00). 
For all z > 0,| fa(x) — f(z) |= =. 
‘Let e > 0. Ifk =[£] +1, then & is a natural number and 
for all x > 0,| fn(z) — f(x) |< € for alln >k. 

This k depends on ¢ as well as on x. As £ — 00,k > ow. 

It follows that there does not exist a natural number k (depending 
only on the chosen € ) such that = 

for all x > 0,| fn(x) — f(z) |< € holds for all n > k. 

This proves that the convergence of the sequence {fn} is not uniform 
on [0, co). 

Let a € R such that a > 0. In (0, a] the greatest value of (2) is (2). 

Let & = (£]+1. Then & is a natural number and for all x € [0, a], 

| fn(x) — f(x) |< € for alln > k. 

This proves that the sequence {/f;,,} is uniformly convergent on [0, a]. 


3. In Example 4 of 13.2, the sequence { fy, } converges on R to the function 

f where f(z) =0,2 ER. 

Let us examine if the convergence of the sequence is uniform on [0, co). 
For all a > 0,| fn(z) — f(2) |= Te. 


2,2 
Let u(x) = 77 @Ser for z > 0. Then u’(z) = eee 
ul(z) > 0 for <4, u(x) =0 for x = 1 w(x) <0 fora >i 


u is a maximum at z= 2 and u(+) = 5, 1.e., \fn(4) = Le) 


4 | 
Let ¢ = 4. If the sequence {f,} be uniformly convergent on [0, co) to 
the function /, then for the chosen ¢ there must. exist a natural nurnber 


k such that for all x > 0,| fn(x) — f(z) |< 4 holds for all n > k. 
But for every natural number k, | fe(#) — f(*)1 = 4% 4 F- 
This shows that no natural number k can be found so that for all . 

z € [0,00),| fn(z) — f(z) |< ; holds for all n 2 k. 


Therefore the sequence {f,} is not uniformly convergent on [0, co). 
\ 


“iu 
=}. 


Let a € R such that a > 0. 

For all 2 > 0,| fa(z) — f(z) |= 7@ ez < ae 

Then for all z > @,| fa(z) — f(x) |< +- 

Let us choose ¢€ > 0. If k = [4] +1, then k is a natural number and 
for all x > a,| f(z) — f(z) |< ¢ for alln = k. 


This proves that the sequence {f;,} is uniformly convergent on [a, 00). 
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4. In Example 6 of 13.2, the sequence {fn} converges to the function f 
where f(x) = 0,x > 0. 


For all x > 0,| fr(x) ~ f(x) [= ims < 4, 
Let € > 0. Then | fa(z) — f(x) |< for alln > 2, 
Let k= [4] +1. Then & is a natural number and for all x > 0, 


| fa(z) — f(x) |< for alln >k. 
This proves that the sequence { f, } is uniformly convergent on [0, 00). 


5. In example 8 of 13.2, the sequence { f,,} converges on R to the function 
f where f(z) =0,2 ER. 


For allz €R,| fr(x) — f(z) |=] sinne I< 4, 


Let € > 0. Then | f(x) — f(x) |< € for alln > 40 
Let k = [2] +1. Then k is a natural number and for all x € R, 
| fn(z) — f(z) |< € for alln > k. 


This proves that the sequence {fn} is uniformly convergent on R. 


6. In Example 9 of 13.2, the sequence {f,} converges to the function Tf 
where f(z) = 0,2 > 0. 


For all x > 0,| fa(x) — f(a) |= re7~"* < 4, since e™* > nz for all 
z> 0. 


Let ¢€ > 0. Then | fr(x) — f(x) |< ¢ for alln > Z, 
Let k = (4] +1. Then & is a natural number and for all x > 0, 


| fa(x) — f(x) |< ¢ for alln>k. 


This proves that thé sequence {fn} is uniformly convergent on [0, co). 
Theorem 13.3.1. (Cauchy criterion) 


Let D C R and let {f,} be a sequence of functions on D to Rv 

A necessary and sufficient condition for uniform convergence of the 
sequence {f,} on D is that for a pre-assigned positive e there exists a 
natural number k& such that for all x € D, 


| fn+p(x) — fn(x) |< € for all n > k and p= 1,2,3,... 


Proof. Let the sequence {fn} be uniformly convergent on D and let the 
limit function be f. Then for a pre-assigned positive « there exists a 
natural number k (depending only on €) such that 

for all x € D, | fn(z) — f(x) |< 5 for alln > k, 

Therefore if p = 1,2,3,... then for all x ed, 
| fnap(2) — f(x) |< § holds for alln > k. 

Thus for all z € D : 


bs 
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as ; < | fn+n(a) — f(x) | + | faz) — FC) | 

eS eet <e for all n>kandp=1,2,3,.... 
Conversely, let the condition be satisfied. Then for a chosen « > 0 there 
exists a natural number k such that for alla € DD, 
| fnep(%) — fn(x) |< € foralln > k and p= 1,2,3,... ee 

Let 29 € D. Then | fn+p(#0) — fn(to) |< € for all mn 2 k an 

ey ee 

p It follows that the sequence {f,(xo)} is Cauchy sequence 2 > ce 
therefore it is convergent. Consequently, the sequence {fn} is p 
convergent on D. Let the limit function be f. . 

Let us choose « > 0. Then by the condition, there exists a natural 
number k (depending only on «) such sad is o i Ee D, 

. £ .>k and p=1,2,3,:.. 

x) — fr(x) |< § for alln 2 : 2 
Les for all z € D, fe(z) — § < frtp(2) < fa(@) + § for p 
1,2):3\<. = 

Since lim fr+p(z) = f(x), taking limit as p — co we have 
poo ; 

for all z € D, fx(x) ~ § < f(x) S fe(@) +5 

or, | fe(x) — f(x) |S § < forallzeeD. 

Similar inequalities hold for k+1,k+ 2,... 


> kK. 
Therefore for all « € D,| f,(z) — f(x) |< € for alln >k : 
This proves that the sequence {f,} is uniformly convergent on 1. 


Equivalent statement for Cauchy criterion. ; 
A necessary and sufficient condition for uniform convergence of . 
sequence {fn}.on D is that for a pre-assigned positive « there exists 


a natural number & such that 

for all a € D,| fin(2) — fn(%) |< € for all m,n > k. 
Worked Examples. ae hate 

i j O,a <a : 
ce of functions {f,} is defined on (0, a], a< 
7 eS ee € [0,a]. Show that the sequence { fn} converges uniformly 
Te ot ? > 

on [0, a]. . 

Let us choose ¢ > 0 such that 0 <€ < 2. 

For all x € [0,a] and for all m.n ore 

tu Vt 
| fm(z) —fn(e)} = |e —ax” | 


lope al 
a™ +a” 

. < Qa™ ifm <r. 
Now | fm(x) — fa(az) |< € holds if a" < § 


AIAIA 
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7 ie., if mloga < log § 4 
i.e., ifm > Ce, since loga < 0. 
Letk = [ee 2}+1. Then k is a natural number and for all x € [0, a], | 


_ fm(2) — fr(x) |< € for all natural numbers m,n satisfying n > m > k, 

By Cauchy’s criterion, the sequence { f,} is uniformly convergent on 
(0,a],0<a<1., 
2. Let 71,72,73,-.. be an enumeration of the set of all rational points in 
[0,1] and a sequence of functions { f,} is defined on [0,1] by 

fn(z) = 0,2 =71,72,---5Tn 
; = 1,” € [0,1] — {ri,r2,.--,7n}.- 
Show that the sequence {f,,} is not uniformly convergent on [0, 1]. 


Let us take « = $. 


It is sufficient to establish that for all k € N there exist natural 
numbers m and n such that m,n > k and 


| fm(20)-— fa(zo) IX 3 for some xy € [0, 1). 
ForallkEN,f.(z) = Oifae {ry,7r2,...,7rx} 
= life é [0,1)—-—{ri,re,... rr}. 

For every natural number k, there exists a point rx4, € [0,1] such 
that | fa(re+1) — feti(reti) |=] 1-0 [= 1. 

Therefore no natural number & can be found such that 

for all x € [0,1], | fm(z) — fn(x) |< % holds for all m,n > k. 

By Cauchy criterion for uniform convergence of a sequence of func- 
tions, the sequence {fy} is not uniformly convergent on [0, 1]. 


Theorem 13.3.2. Let D C R and let {fa} be a sequence of functions 
pointwise convergent on D toa function -f. Let M,, = sup | fn(x)— f(z) |. 
xeD 


Then {f,} is uniformly convergent on D to f if and only if lim 47, = 0. 


Proof. Let the sequence {fn} be uniformly convergent on D to f. 
Let ¢€ > 0. Then there exists a natural number k (depending only on 
€) such that for all z € D, | fn(x) — f(x) |< § foralln > k. 


This implies sup | f, (x) — f(z) [< - <eforaln>k 
zeD : 


or, | My, |< € for all n > k. This proves that lim M, = 0. 


Conversely, let lim M, = 0. 


Let « > 0. Then there exists a natural number & such that | My, |< 
for alln > k. 


or, sup | fn(x) — f(x) |< ¢ for alln > k. 
wD 
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Therefore for all « € D,| fn(z) -f(x)| Ss Sup | fn(z) — f(z) | 


< € oF aln>k. 
This proves that the sequence {f,} is uniformly convergent to fonD. 


Worked Examples (continued). 


3. A sequence of functions {f,} is defined by fa(x) = page O Se <1. 
Show that the sequence {/,} is not uniformly convergent on (0, 1]. 


For x = 0, the sequence is {0,0,0,...}. This converges to 0. 
For 0< a <1, lim fa(x) = 0. 
Thus the sequence 3 { fn} is convergent on [0,1] and the limit function 


f is defined by f(z) =0,0< 21. 


na 

= xz) — f(x) |. Then A, sup =———sz 
Let Mn ean ie )-— f(z) | nim SUD Te ntee 

< eae 
For x > 0, aapne > ,/A..nz, the equality occurs whee =i. _ 
7 4. 

That is, ie ee is a Toeig? S gatr=_. 
For 2 = 0, qqptgr = 0. : 
Therefore for 0 < 2 <1, ee 


Clearly, sup Sern ys a . Therefore M, = 3 for alln EN. 
zé€(0,1] , 
Since lim AL, = 4 # 0, the sequence {f,} is not uniformly convergent 
on [0, Y, by Theorem 13.3.2. 


4. For each natural number n, let fn(z) = 1-— =x € [0,1]. Show that. 


the sequence {fn} is uniformly convergent on (0, 1]. 

ForOQ <2 <1, jim, fale) = jim, (1— #) =1. 

Hence the sequence {fn} converges pointwise on [0,1] to the function 
f where f(x) = 1,2 €-(0, 1]. 


Let M, = sup | fn(x) — f(z) | 
2€[0,1] 
Ll 


Then M, = sup 2" =} and lim M, = 0. 
w€(0,1] . 
Fence the sequence {fn} converges ie on [0, 1]. 


5. For each natural number n let fa(x) = p2ez,e € [0,1]. Show that 
the sequence {f,} converges uniformiy on (0, 1}. 

For x = 0, the sequence is {0,0,0,...}. This converges to 0. 

ForO<2<1, jim, fn(x) =_ dim neta? = 0 

Therefore the sequence {fn} converges pointwise on [0,1] to the func- 
tion f where f(a),= 0,x € (0, 1]. 


544 REAL ANALYSIS 


Let My, = se | fa(z) - f(x) |. Then AZ, = sup 
«eld, a@€[0,1] 
ttnn 


For s > 0, =3— > ,/i.nz, the equality occurs when 7 = Sa 
m1 


That is, for 2 >0, rizr < gq and pabse = 1 


x 
l+naz?° 


. sm aatr= : 
For x = 0, Tenet = = 0, pene ave we 
Clearly, sup 7357 = sya: Therefore M, = ayq and lim M,, = 0. 


ré[0,1] 
Hence the sequence { f,,} is uniformly convergent on [0, Le 


6. Let f,(z) = 2",x & [0,1]. Show that the sequence of functions {f,} 
is not uniformly convergent on [O, 1]. 


For all x € (0,1), lim fn{xz) = 0. 


For z = 1, the sequence is {1,1,1,.. .}. This converges to 1, 
Therefore the sequence {fn} converges to the function Ff where 


f(z) = cee 1 
Let M, = sup | Gis f(x) |. 
Efo 


Then Mf, = 1 for all n € N and therefore lim Ad, = 1. 
Th nt OD 

Hence the convergence of the sequence {fa} is not uniform on (0, 1). 
7. Let fa(x) = nx(1 — x)", 2 € (0, 1]. Show that the sequence {fn} is 
not uniformly convergent on (0, 1). 

At x = 0, the sequence is {0, 0, 0,. 

At x = 1, the sequence is {0, 0,0,. 

When O<2<1,0<1—-2z<1, 

Let l—a = i,y> 1. Then y=1l+a,a>0. 

fn(z) = GPs < Gta since (1+a)"™ > Bnd) 42, 

Therefore 0 < f, (x) < an for all z € (0,1). 

By Sandwich theorem 5. 5.5, im, fn{x) = 0 for all x € (0,1). 


..}. This converges to 0. 
..}. This converges to 0. 


Thus the sequence {fr} Sohvernes to the functio 
f(a) = 0,2 € [0,1]. ; n f on (0,1) where 


Let M, = sup | fa(z) — f(x) |. 
ze€[0,1] 


Then M, = sup nz(1— 2)” 
x€[0,1) 
2 Bald — %)", since 2 € (0,1). 


jim, My > im, ian =)" =e. 
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As lim MM, # 0, the convergence of the sequence is not uniform on 
FOO x 
(0, 1). 


8. Let fr(z) = z%e7"*, 2 € [0,00). Show that the sequence {f,} is 
uniformly convergent on [0, 1]. 


The sequence {f,} converges to the function f where f(z) = 0,2 € 
{O, 1). [worked Ex.10, 13.2.] 


Let M, = sup | fn(z)—f(z)|.Then M,= sup 2x%e7"™, 
2%E|[0,c0) : xE[0,00) 

z(2— woe ne) 

u(x) >0OforO<2< be 


nm 


Let. u(x) = 2?e—"*, 2 > 0. Then u/(z) = 
u(t) =Oata= 2 ul(e) <0 for x > 2 
Therefore u is an increasing function forO0<2< 2, uw is a maximum 
at z= 2, u is a decreasing function for x > 2 and lim u(z) = 0. 
THO 
Therefore M, = sup u(x) = u(2) = ots. lim M, =0. 
z€(0,00) Ten OO 


Hence the sequence {f,,} is uniformly convergent on [0, 00). 
9. Let fr(x) = zor, z € [0,1]. Show that the sequence {fn} is uniformly 
convergent on (0, 1]. 


The sequence {f,} converges to the function f where f(x) = 0,2 € 
(0, 1]. . 


Let M, = sup | fn(x) — f(x)|.Then M, = sup 7752 
: xe(0,1 : xeé{0,1) : 
Let un(z) = agez.z € [0,1]. Then u(x) = orey > 0 for all 


€ [0,1] and for alln > 1. 
Therefore for alln > 1,un is a strictly increasing function of z on 


(0, 1] and therefore sup tin (2)= 
ae 1] 


That is, AQ, = wt for all n > 1 and therefore lim M, = 0. 


Hence the sequence {f,,} is uniformly convergent on [0, 1]. 


net ’ 


13.4. Consequences of uniform convergence. 


Theorem 13.4.1. Let D be a subset of R and a sequence of functions 
{fn} be uniformly convergent on D to a function f. Let zo © D’ (the 
derived set of D) and lim f,(xr) = a,. Then 
I Ty 
(i) the sequence {a,} is convergent, and 


(ii) lim f(z) exists and equals lim an. 
c-bao n—-+co 
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ae 
Proof. Let us choose € > 0. Since the sequence { fn} is uniformly conver- 
gent, there exists a natural number & such that 
for all z € D, | fn(z) — fn(z) |< § forallmn2k...... (i) 


As Jim fa(x) = a, and iim, fmlz) = Gm, it follows that 
lim Fm(@) ~ iIn(eje= oa a and therefore jim. lfm (x) — fn(z)| = 
ee = aaah 


It follows from (i) that | @m—a@n |< § < for all m,n >k. 


This shows that {a,} is a Cauchy sequence in R and is therefore 
convergent. 


Let lima, = 1. Let us choose « e>0. 


Since the sequence {f,} converges uniformly on D, there exists a 
natural number k,; such that 


for allzeé D, | fn(z) — f(z) |< § for all n > ky. 

Since lima, = /, there exists a natural number kg such that 

Jan ~l|< § for all n > kg. 

Let k = max{ki,k2}. Then | f,(x) — f(x) |< § for all z € D and 
[an ~l |< § 

Since Jim. fx(x) = ax, there exists a positive 5 such that 

| fe(z) _ a |< § for all z € N'(x0, 6) ND. 


By triangle inequality, 
lf(z)-t| Ss | f(x) — fel) | + | fe(@) - en | +] an —0) 
< §+ 4+ §(= 6) for all x € N’(xp, 5) ND. 


This proves Jim. f(z) =. Therefore Jim, f(x) = im, Qn. 


Note. In consequence of uniform convergence of the sequence {f,}, 
lim lim fn(z) = lim lim f,(z). This indicates that the interchange 
E+ Zog n+ NOOO TOL 

of Linite is permissible. 

Corollary. Let J be an interval and a sequence of functions {f,} be 
uniformly convergent on J to a function f. Let ec € J and each f, be 
continuous at c. Then / is continuous at c. 


Proof. Since each f, is continuous atc, lim f,(z2) = f,(c), for alln EN. 
EY Ra 
Since the sequence {f,,} converges on J to the function f, the sequence 
{fn(e)} converges to f(c). 
By the theorem, lim f(z) exists and equals lim | frie), 
5 oR Se ci coed 
lim f(x) = f(©). 


This proves that f is continuous at c. 
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Example 1. Let f,(a) = 2",a € (0,1). 
The sequence {f,} is pointwise convergent on [0,1) and the limit 
function f is given by f(x) = 0,z € (0,1). 1 is a limit point of (0,1). 
Let an = lim fn(z). Then a, = lim, zc” = 1. 
: c— : o— 
Since an = 1 foralln EN, jim, Gn = 1. lim f(x) =0 Alima,. 
> com 


This proves that {fn} is not uniformly convergent on [0, 1). 


Let D c R and for each n € N,f, : D — R is bounded on D. If 
{fn} be pointwise convergent on D then the limit function f may not be 
bounded on D. ; 

For example, let fa (x) =Ll+r+a?+---+2"! 2 € [0,1). 

Then jim | fn(z)= 744, 2 € [0, 1). 

The sequence {fn} converges on [0,1) to the function f is given by 

f(z) = >i. € (0,1). 
| fale) I=| 1+ ae papeb art [cy |e t a? | toe + fat} 
<n for all x € [0,1). 
Bach f, is bounded on [0,1). But f is unbounded on (0,1). 


Theorem 13.4.2. Let D c R and for each n € N,f, : D — R is 
bounded on D. If the sequence {f,} be uniformly convergent on D, then 
the limit function f is bounded on D. 


Proof. Let us choose « > 0. Since {f,} is uniformly convergent on D to 
f, there exists a natural number k such that 

for allz € D,| fn(x) — f(x) |< for alln > k. 

Let « = 1. There exists a natural number m such that for allz é€ D, 
| fn(2) — f(z) |< 1 for alln > m. 

Therefore for all x € D, | fm(x) — f(x) |< 1. 


Since || f(x) | — | fm(x) | |<| f (2) — fm(2) |, it follows that 

| f(x) IS] fin (2) | + | fC) — fn () [<I fn (2) | +1. 

Since f,,, is bounded on D, there exists a positive number B such that 
| fm(x) |< B for alla € D. 

Therefore for all2z € D, |f(x)| < B+ 1 and this proves that f is 
bounded on D. 


Note. If each f, be bounded on D, the uniform convergence of the 
sequence {f,} on D is a sufficient but not a necessary condition for 
boundedness of the limit function f on D. , 


For example, let f,(x) = 73™%gz,% € [0,1]. Then the limit function 
f is defined by f(x) = 0,2 € [0,1). 


548 REAL ANALYSIS 


Since sup | f(x) |= 3, each f, is bounded on [0,1]. Also the limit 
} 


x€[0,1 
function f is bounded in (0, 1]. But the convergence of the sequence { fn} 
is not uniform on [0,1]. 


Let D Cc R and for each n € N,f, : D — R is continuous on D. If 
the sequence {f,} be pointwise convergent on D then the limit function 
f may not be continuous on D, 


For example, let fn(z) = 2"—!', x € [0, 1]. 
Then each f, is continuous on {0, 1}. 
- The sequence {f,} converges on [0,1] to the function f where 
J(z)=0,0<2<1 
=l,2= 1. 
The limit function f is not continuous on (0, 1]. 


Theorem 13.4.3. Let D C R and for each n € N,f, : D — R is 
continuous on D. If the sequence {f,,} be uniformly convergent on D to 
a function f, then f is continuous on D. 


Proof. Let c € D. Let us choose ¢€ > 0. 
Since {f,} is uniformly convergent on D to the function f, there 
exists a natural number k such that 
for alla € D,| fn(z) — f(x) |< § for alln > k. 
Therefore | fx(z) — f(x) |< § for all x € D and | fx(c) — f(e) |< §. 
Since f~ is continuous on at c, there exists a positive 6 such that 
| f(a) — fe(e) |< § for all x € N(c,d) ND. 
By triangle inequality, 
lLf(z)-f(e)| < | f(z) — fale) | + | f(z) — fe(e).| + 
| fe(e) — F(e) | 
< §+4+ § for allz € N(c,d) ND. 
That is, | f(x) — f(e) |< € for all x € N(c,d) ND. 
_ This proves that f is continuous at c. Since ¢ is arbitrary, f is con- 
tinuous on D. 


Note 1. If each f, be continuous on D, the uniform convergence of 
the sequence {f,} on D is a sufficient but not a necessary condition for 
continuity of the limit function f on D. 


For example, let f,(z) = 7q33g2,x € [0,1]. 

Each f, is continuous on (0, 1]. The sequence { f,,} converges on [0, 1] 
to the function f where f(x) = 0,z € [0,1]. 

The limit function f is continuous on [0,1]. 
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But the convergence of the sequence {fn} is not uniform on (0, 1], as 
established in worked Example 3, page 543. 
Note 2. If each fy, be continuous on D and the sequence {fn} converges 
pointwise on D to a function f not continuous on D, then it follows from 
the theorem that the convergence is not uniform on D. 


Worked Examples . : 
1. Let f,,(z) = tan! nw,a € [0,1]. Prove that the sequence {fn} is not 
uniformly convergent on [0, 1}. 
lim fr(z) = §, if 2 € (0,1) 
kt Teena) 
= 0, ifz=0. 
The sequence {fn} is convergent on [0,1] to the function f where , 
f(z) = 0,z2=0 
= $,0<2¢ 1. 
Each fn is continuous on [0,1] but the limit function f is not contin- 


uous on [0, 1]. 
This proves that the convergence of the sequence 1s not uniform on 


[0, 1}. 


2. Prove that the sequence {f,} where fn(z) = zzgx-x € [0,2] is not 
uniformly convergent on [0, 2}. 
When 0< 2 <1, lim f,(e) =0. 
Th OC 


When 2 =1, lim fn(z) =4§- 
noo 


When 1 < x < 2, jim JFn(x) = jim, oe =1. 
‘The sequence {f,,} converges pointwise to the function f where 
f(e) = 0,0<2<1 
= d,2=1 
= ll<a<2. 


Each fn is continuous on [0,2]. The function f is not continuous on 
[0,2]. Therefore the convergence of the sequence is not uniform on (0, 2]. 


3. For each n EN, let fa(z) =l—naz,0O<a<i 
= 0, 2 <a2<l. 
Show that the sequence {fn} converges on [0,1] to a function f but 
the convergence of the sequence is not uniform on (0, 1). 


At x = 0, the sequence is {1,1,1, ...}. This converges to 1. 


At x = 1, the sequence is {0,0,0,...}. This converges to 0. 
j 


En SN se AL NST SA 
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Let c € (0,1). By a ebeaecen property of R there exists a natural 
number m such that 0 < 7. < cand therefore 0 < 4 <cforalln>m. 
fm(c) = 0 and f,(c) = "0 for all n >»m. This proves jim fn(e) = 0. 


Therefore the sequence { f,} converges to the function f on (0, 1] 


given by f(z) = l1,x=0 
= 0,0<a@<1. 
Each f, is continuous on [0,1]. The limit function f is not continuous 
n (0, 1). 


Therefore the convergence of the sequence {f,} is not uniform on 
[0, 1], since uniform convergence of the sequence { f,} of continuous func- 
tions on [0,1] implies continuity of f on (0, 1]. 


4. Prove that the sequence {f,} defined by f,(z) = pi%zg,v 2 O is not 
uniformly convergent on [0,00), but the convergence is uniform on [a, 00) 
if.a > 0. 


Bach f, is continuous on (0,00) but the sequence {f,} converges to | 


the function f which is not continuous on [0, 00). [Ex.5, 13.2] 
Therefore the convergence at the sequence {fn} is not uniform on 
[0, 00). 
For all 2 > 0,/ fa(z) — f(a) [= Tas <a iL 
Then for all z > a,| fna(x) — f(z) |< 4- 
Let ¢€ > 0. Then for all > a,| fn(x) — f(x) |< « holds ifn > 4. 
Let k = {1/(ae)} +1. Then & is a natural number and for all z > a, 
| fn(z) — f(z) |< € for alln > k. 


This proves that {f,} is uniformly convergent on [a, 00). 


The following theorem due to U.Dini gives a partial converse of the 
theorem 13.4.3. 


Theorem 13.4.4. (Dini) 


Let D be a compact subset of R and f, : D — R be a sequence 
of continuous functions on D that converges pointwise to a continuous 
function f. If the sequence { f, } be a monotone sequence on D, i.e., either 
fn+1(2) > fn(x) for each n € N and each x € D, or fnyi(z) < fal) for 
each n € N and each x € D, then the convergence of the sequence {f,} 
is uniform on D. 


Proof. If {fn} be monotone increasing, let gn = f — fn. Tf {fr} be 


monotone decreasing, let gn = fn — f. 
Then gn41 ~ gn < 0 for alln € N and for allz e D. 
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So {gn} is a monotone decreasing sequence of continuous functions 
with lim g,(x) = 0 for every x € D. Also g,(xz) > 0 for all n € N and all 
zed. 


Let M,, = sup gn(x). Then My+) < M, for alln EN. 
zed 


Since gy, is continuous on D, gn attains the supremum M,, at a point, 
say fn, € D, ie., gn(@n) = M, for alln EN. 


The sequence {x,} is a sequence in a compact set D. Therefore there 
exists. a subsequence {z,,,} of {2,} such that {z,, } converges to a point 
z* in D. 

Since lim g,(z*) = 0, for a pre-assigned positive e«, there exists a 
natural number m such that gn(z*) < § for all n > m. 

Since gm is continuous at x”, ieee, exists a neighbourhood U of x* 
such that | gm(z) ~ 9m(x*) |< § for allz2eUnD. 

It follows that gm(x) < € fox allz2e Und. 


Since limz,, = z*, there exists a natural number k; such that 
Zr, € UMD ( neighbourhood of x*) for all n > ky. 
Also there exists a natural number kg such that r, > ™ for alln > kyo. 


Let k = mazx{k,,k2}. Then gr, (2r,) < gm(@r,,) < € for alln > k. 
_ This proves M,,, < € for all n > k, i.e., lim M,,, = 0. 
Since {M4Z,,} is a monotone decreasing sequence having a convergent 
subsequence {M,..} with limit 0, the sequence {M,} converges to 0. 
Therefore the sequence {gn} converges uniformly to Q®on D. 


Consequently, the sequence { f, } converges uniformly to f on D. 
This completes the proof. 


Another proof. 


Without loss of generality, let us assume that the sequence {f,} is 
monotone increasing. 

Leta € D. Since the sequence {f,(a)} is a monotone increasing 
sequence converging to f(a), for a pre-assigned positive e there exists a 
natural number k such that 

f(a) —€ < f(a) < f(a), ie, O< f(a) — fr(a) <e. 
Since f and f, are continuous at a, there exists a positive 6 such that 
\f(z) — f(a)| < « and |fx(x) — fx(a)| <e for all x € N(a, d) OD. 


Therefore |f(x)—fi.(x)| < |f(x)—f(a)|+|f (@) — fe(a)| +1 fr (a) — fx(z)| 
< 3e for all x € N(a,d) ND, 
ie, O< f(x) — fe(x) < 3c for alla € N(a,d) ND. 
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Thus corresponding to a chosen positive e, for each point a € D there 
exist a positive number 6, and a natural number k, such that 
O< f(x) — fr. (a) < 3¢ for all x € N(a,5.) ND. 


The set of neighbourhoods {N(a,6a) : a € D} form an open cover 
of D and since D is compact, there cxist a finite number of points 
Q@1,02,...,@n in D such that the union of the corresponding neighbour- 
hoods of @;,@9,--.,@m determined by e form an open cover of D. 

Let the neighbourhood N{a;,6,) and the natural number k; corre- 
spond to the point a;, for i= 1,2,...,m. 

Then 0 < f(a) — fx, (2) < 3¢ for all cg © N(aj,d,) ND. 

Let ko = max{k,,ke,...,km}. Then 

0 < f(x) — fro (%) < 36 for all x € D. 

Since {f,} is a monotone increasing sequence converging to f, 

for all a € D, | f(x) — fnr(x)| < 3 for all n > ko. 


This proves that convergence of the sequence {f,} is uniform on D. 
This completes the proof. 


Note, The compactness of D in the theorem is essential. 
Let us consider the following examples. 


Let J = [0,1) and let f,, : J — R be defined by fn(#) = a",2 € I. The 
sequence { /,} is a monotone decreasing sequence of continuous functions 
on I. It converges to the 0-function on J, which is a continuous function. 
But the convergence is not uniform on I. [worked Example 1, 13.4] 

This does not violate Dini’s theorem, since J is not a compact subset 
of R. 

Let I = [0, 00) and let fn : I — R be defined by f, (2) = 2,2 ¢ I. The 
sequence is a monotone decreasing sequence of continuous functions on I 
and it converges to the 0-function on J, which is a continuous function. 
But the convergence is not uniform on I. [worked Example 2,13.3.] 

This does not violate Dini’s theorem, since J is not a compact subset 
of R. 


Worked Examples (continued). 
5. For each n EN, let f(a) = e"~! — 2", x € [0,1]. Use Dini’s theorem 
to prove that the sequence {f,} is uniformly convergent on [0, 1]. 

lim fn(z) = lim 2"~*(1 ~ 2) = 0 for x € [0,1]. 

TL OS Th > OD 

The sequence {f,,} is convergent on [0,1] to the function f where 
f(x) = 0,2 € [0,1]. . 

Each fy is continuous on [0,1]; f is also continuous on (0, 1]. 
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For each x € [0,1], fnai(z) — fn(w) = (#2 — @™t) - (2®-! ~ 2”) 
—2"-l(r —1)? <0. 
Therefore the sequence {f,} is a monotone decreasing sequence on 
[0,1], a compact subset of R. 
By Dimi’s theorem, the convergence of the sequence is uniform on 
{O, 1]. 


6. A sequence of functions {f,} is defined by fi(z) = Vz, fnai(x) = 
f@fn(x) for alln > 1. 

Use Dini’s theorem to prove that the sequence {/,,} is uniformly con- 
wergent on [0,1]. 


fila) ast, falz) = = ita... 


When x < 0, lim fala) = = lim 2? de =o. 
Therefore the sequence {f,} converges to f on [0,1] where f(x) = 


w,2 € {@, 1]. 


Each f, is continuous on [0,1] and the limit function f is also con- 
tinuous on {0, 1]. 
stot taki, 
fnail2) — faa) = 227 27 2” [¢antT — 1] <0 for each x € [0,1]. 
Therefore the sequence {/,} is a monotone decreasing sequence on 
{0, 1], a compact subset of R. 


Thus the sequence {f,,} is a sequence of continuous functions on the 
compact set [0,1] and converges to a function f continuous on [0,1]. Also 
{fa} is a monotone decreasing sequence on [0, 1). 


By Dini’s theorem the convergence of the sequence is uniform on (0, abe 


Let I = [a,b] be closed and bounded interval and for each natural 
number n, let f, : J + R be R-integrable on I. If the sequence {fn} be 
pointwise convergent on J to a function f then f may not be R-integrable 
on I, 

For Example, let J = [0,1]. Let r1,rg,7r3,... be an enumeration of 
the set of all rational points in J. For each n € N, let f, : I — R be 
defined by 

fr(@) = 0, ©=11,72,..-,7n 
== 1, 2 € (0,1) — {ri,re,..., rn}. 

Then each fy is R-integrable on [0,1], since f, is continuous on (0, 1] 
except only at n points. 

Jim, fale) = 0, if « € [0,1]NQ 
i = 1, ife [0,1]-@. 
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¥ 


q 
Therefore the sequence {f,} converges to f on [0,1] where 
f(z) = 0, ifa € [0,1] Q 
= A jte G10; 1] =O: 
f is discontinuous at every point in [0,1]. So f is not R- integrable 
n [0,1]. 


Let I = [a,b] and for each n EN, let f, : J — R be integrable on I 
and the sequence {f,} converges pointwise to a function f which is also 
integrable on J. 


We now ask if it is true that the sequence (Je fn} converges to nie f. 
That is , if it is true that lim | Gia fn) = i (lim | fn)- 


The answer is ‘no’. 


For example, let f,(z) = nze-"®” x &€ [0,1]. 
When z = 0, the sequence is {0,0,0,...}. This converges to 0. 
2,4 


WhenO<2< 1,e"™™* > 2 
For all x € (0, 1], we have 0 < nne-"™ < aoa. 
By Sandwich theorem, jim, nze7~"® = 0, for z € (0,1). 
Therefore the sequence {f,} converges on [0,1] to the function f 
where f(x) = 0,2 € [0, 1). 
Each f, is integrable on [0,1} and f is also integrable on (0, 1]. 
i. fn(z)dx = [Sheree }=30- ake 
jim, fr fn(x)dz = jim a3 (1 -e "= 
Hence the sequence "Ue fn} converges to - but i f(x)dz = 0. 
Therefore lim | as In) # & (lim fr). 


st OD 


Theorem 13.4.5. Let J = [a,b] be a closed and bounded interval and 
for each n € N,f, : J — R be R-integrable on J. If the sequence {fn} 
converges uniformly. toa function fon JI then f is R-integrable on J and 
moreover, the sequence { pe fn} converges to f° f. 


Proof. Let us choose ¢ > 0. Since {fn} is uniformly convergent on 
[a, b] to the function f there exists a natural number k& such that 

for all a € (a, 8],| fa(@) — f(2) |< aay for all n > k. 

Therefore for all x € [a, b],| fx(x) — fle) |< aay: 

or, fx(z) — aay < f(@) < fe(a) + aeiay for all z € [a, 0] ... (i) 
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Since f, is integrable on [a,b], there exists a partition P = 


(%9,2%1,%2,...,2n) of [a,b] such that U(P, fe) ~ LUP, fr) < S25 AD 
Let M, = sup f(zr),m,= inf F@) 
; | 2€[r-1,2] cE [xr 1. 2r 
Mi= sup = fr(x),mii= inf FR)» r=1,2,. 
wE(cp—~ 1,24] z€[eroiye 


From (i) it follows that m, > m/. — ricer M, < ME+ Ta)" 
U(P, f) = Mi(@ — 20) + Mo(x2 - 21) +++» + Ma(an — Bn-1) 

< Mi(a1 — 20) + M3(z2 — 21) +--+ + Mi (an — En-1) + §. 
L(P, f) = my (x, — x0) + mo(xz2 — 21) + +++ + M(B — Fn-1) 

> m4 (@1 — Zo) + mo(@2 - 21) +°- “+m, (Xn a In-1) — §. 
Therefore U(P, f) — L(P, f) < U(P, fe) — LCP, fx) +5 

<e¢, by using Gi), 
This proves that f is R-integrable on [a, bd]. 
Second part. 

Let us choose ¢ > 0. 


Since the sequence { f, } converges uniformly to f on [a, d], there exists 
a natural number & each that for all x & fa, bd, 


lfn(z) — f(x) < aa) for alln > k. 


We have | fo [fn()—f()ldz |< J? | fa(z)-S(2) | de < Bray (b—a), 


ie., <¢foralln>k 
or | re fn(x)dz — Ee f(z)dz |< € foralln > k. 
This implies lim pe fn(xjdze = rm f(x)dz. 
OO 


In other words, the sequence (pe fn} converges to if Ji 


This completes the proof. 
. b by. 
Remarks. In symbols, jim, i fa = Sn (lim | Teas 
This says that if the convergence of the sequence {f,} be uniform on 
ja, b], it is permissible to interchange lim and be 
Ti OO} . 
Corollary. For each x € {a, 6], the sequence {f{” f,} converges to [ f. 


Note 1. If each f, be integrable on [a,b] and the sequence {fn} con- 
verges pointwise to a function f which is also integrable on [a,b], the 
uniform convergence of the sequence {fn} is.a suficlant but not a neces- 
sary condition for the convergence of the sequence { in fn} to ye f. 
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For example, let fn(2) = 7@4igr. x € (0, 1}. 

This sequence {f,} converges on [0,1] to the function f where f(a) = 
0.2%: € (0, 1]. 

Each j,, is integrable on [0,1] and also f is integrable on [0, 1]. 

fo fn(a)de = [2b log(1 + n?x?)]§ = 2 log(1 + 7”). 


lim lentes) = 0), By sequential criterion for limits. lim . 


log(1l-tn?) 
VIX ar 4 OO ‘271 


lim fo fn(x)dz = 0 and i f(xajdx = 0. 


Ph ween IMD 


Thus the sequence {fo fa} converges to L f but the convergence of 

the sequence {f,} is not uniform on [0, 1}. 
Note 2. If each f, be integrable on [a,b] and the sequence {fn} con- 
verges pointwise to a function f which is not integrable on [a,b], then it 
follows from the theorem that the convergence of the sequence {fn} is 
not uniform on [a, 6}. 

If each jf, be integrable on [2,6] and the sequence {f,} converges 
pointwi ise to a function f which is also integrable on [a, b} but the sequence 
{f. fn} does not converge to fe f, then it follows from the theorem that 
the convergence of the sequence {f,} is not uniform on [a, d]. 


Worked Examples (continued). 


7. For each n EN, let f.(2) = nano h € [0,1]. Show that the 
sequence {f,} is not uniformly convergent on [Q, 1), 

For all x € (0, 1], nae?” > 0. Let up, tnre7™ re (0, 1]. 

Then lim “t) = Jim (+ Lye=2" =e* >0, 


RIS 


By theorem 5.8.1, lim u,, = 0, i.e., jim, fn(v) = 0 for all x € (0,1). 

Also for a = 0, bie edqusies conver ees to 0. 

Thus the sequence {f,} converges pointwise on [0,1] to the function 
f where f(r) = O.:r & (0,1). 

Each f,, is integrable on [0, 1]. |. Jo fr(ejdx = [—ke-™ "3 = $(l-e7”). 

f is integrable on [0,1] and Si f(z)dx =0. ; 

dim to in(wde-= Jim 3 (. —e~") = 4 


‘4 od i 1 oo. oa i 
Hence the sequence { {, fr} converges to § which is not equal to fj f. 


This proves that the convergence of the sequence {f,} is not uniform 
on {0,1}. 
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8. Let frlx) = na(1 — 2*)",a © [0,1]. Show that the sequence of — 
functions {f, } converges to a function f integrable on [0,1] but the con- 
vergence is: not uniform on (0,1). 


When x = 0, the sequence is {0,0,0,...}. This converges to 0. 

When 2 = 1, the sequence is {0,0,0,...}. This converges to 0. 

O0<2x< implies 0 <1—2? <1. 

Let 1 — a? = ey >1. Then y=1+a,a> 0. 

‘Then fn(z) = Gay < ate since (1+ a)" > Bina) g? 

We have, 0 < fn(z) < @ohaz, when 0< 2 <1. 

By Sandwich theorem 5.5.5, lim fn(z2) = 0 for all x € (0,1). 
noo 

Therefore the sequence {f,} is convergent on [0,1] to the function f 

where f(x) = 0,2 € [0, 1]. 
Each f, is integrable on (0,1] and f> fn(x)de = Eeane 
f is integrable on [0,1] and f) f(x)dx = 0. Jim, fo fn =k FST 


This proves that the sequence {f,} is not uniformly convergent on 
(0, 1). 


Let {f,} be a sequence of functions on [a,b] such that for each n € N, 
f;,(%) exists for all x € [a,b]. Let {f,} be pointwise convergent on [a, b] 
to a function f. We ask if f’(x) exists for all x € [a,b]. If it exists, we 
ask again if the sequence {f/} converges to f’ on {a, b]. 

The answer to both the questions is ‘no’. 


For example, let fn(x) = x"~1, x € [0,1]. 
Then the limit function f is given by f(z) = 0,2 € [0,1) 
= oY =A; 
For each n € N, f/ (x) exists for all x € [0,1]. 
But f’(#) = 0,2 € [0,1] and f’(1) does not exist. 


To discuss the second question, let us consider the sequence {f,} 
where f,(x) =a — 2-,z € (0,1). jim, fn(x).= 2,2 € (0, 1]. 

Therefore the sequence converges to the function f on [0,1] where 
f(x) =2z,2 € (0,1). 

fi (xz) =1-—2"-1 and f’(x) = 1,2 € [0, 1). 

For each n € N, f/ (x) exists for all z & [0,1]- Also f'(x) exists for all 

€ (0, 1]. 
jim, fn (=) 


+ 


1,z € [0,1) 
= O,7= 1. 


558 REAL ANALYSIS 
This shows that the sequence { f/,} does not converge to ‘f’ on {0, 1). 


Let {fn}. be a sequence of functions on {a, 6] such that for each n € N, 
f;(2) exists for all x € fa,b). Let the sequence {f,} converge uniformly 
to a function f on [a, d]. 

We ask if the sequence {f/,} converges to. f’ on [a, 8]. 

The answer is ‘no’. 


For example, let fn(x) = #222, € [0, 1]. 

The sequence {f,} converges uniformly to the function f where 
f(x) = 0,2 € [0, 1). [Example 5, 13.3.] 

f'(x) = 0,2 € [0,1]. fi (2) = cosnz, x € {0, lj. 

The sequence {f7} converges at « = 0 but does not converge for 
az é (0,1]. 


Theorem 13.4.6. Let {f,} be a sequence of functions on [a, 6] such that 
for each n € N, f/ (x) exists for all x € [a, b]. If the sequence of derivatives 
{f,} converges uniformly on [a,b] to a function g and the sqeuence {f,} 
converges at least at one point x9 € [a,b], then the sequence {f,} is 
uniformly convergent on [a,b] and if the limit function be f then f’(z) = 
g(x) for all x € [a,b]. 
Proof. Let us choose e > 0. 

Since the sequence {f?,} is uniformly convergent on |a, b], there exists 
a natural number k, such that 

for all « € [a,5},| farp(w) — fale) |< aggigy for all n = ky and 
p=1,2,3,... 

Also since {f,(zo)} is convergent, there exists a natural number ko 
such that | fn4n(z0) — fn(zo) |< § for all n > kg and p = 1,2,3,... 

Let k = max{ky, ko}. 


‘Then for all z € [a,0],| frip(2) — fi(®) |< agiay for all n 2 k and 

p= 1,2,3,...and| frip(%o)—fn(ao) |< § foralln > kandp = 1,2,3,... 
_ Applying Lagrange’s Mean value theorem to the function frp — fn 

on [xo, x] or (x, %0] where zx € [a,b], 

| fn+p(@) ~ fa(x) — fr+p(%0) + fn(eo) [=| 2 - 20 Hl Pre n(€) — Fal) | 
where zp < € < xoraz < € < x, as the case may be. 

Now | fra py(€) — fn(€) |< agi for alln =k and p= 1,2,3,... 
and | x — zo |< b- a for x € [a,b]. . 

It follows that for all x € fa, d], 
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| faep(2) — fa(2) — Fnap(to) + fn(wo) |< § for all n 2 & and p = 
45 203yc<. 

Using triangle inequality, 
for all x € [a, b], fase(®)—fal@) i<| Frn+p(£)— fn(©)— fn+p(Zo) + fn (20) 
+.| fntp(to) - fn(wo) |< € foralln 2k and p = 1,2,3,... 

This proves that the sequence {f,} is uniformly convergent on {a, bj. 


Second part. 
Let f be the uniform limit of the sequence {fn} on {a, b}. 
We now prove that f’(x) = g(x),z € [a, bl. 
Let ¢ € [a, bj. 
Let us define a sequence of functions {¢n} on D = [a,b] — {c} by 
n(x) = fnfe)— Salo) LE (a, 0] {c}. 2 


+ - nhs —Sfr mes f(z =f S 
{co}, lim da(z) = lim falel=fle = Lae. 


Then for x € {a, 


Applying Mean value theorem to the function fr+p — fn on [c, 2] or 
{x,c], we have | fr4p(z) — fn(x) — fnep(c) + frle) |[=l xe —e | fea p(m) — 
film) | wherec <n <corz<n<ce. 


Let us choose € > 0. 

Since the sequence { f/,} converges uniformly to g on {a, 6], there exists 
a natural number k, such that 

for all x € {a,b}, | farp(@) — fn(2) |< € for alln >k andp=1,2,... 


Therefore | fiapl) - fi(n) |< ¢ for alln > k and p= i Diva hs 


For all x € [a,b] — {c}, lonep(%) — on(z)| 
es | fato(e)—Sn(2)— Lae n(o) 4 Sale) | 
nec 


<eforalln>kandp=1,2,... 


This proves that the sequence {¢,} is uniformly convergent on D. 


Now cis a limit point of D. 
Since the the sequence {¢n} is uniformly convergent on D, it follows 
that lim lim ¢,(2) = lim lim ¢n(xz), by Theorem 12.4.1. 
Mt OO FOG Late OO 


Jim, lim n(x) = im, Jim, Fae = lim, fate) = 96) and 
lim lim on(z) = lim LQ=fO = f’(c). 

Theretore g(c) = f'(c). 

Since c is arbitrary, f’(x) = g(x) for all x € [a, 8]. 


This completes the proof. 
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Note 1. For a sequence of functions {fn} 

on [a,b], mere uniform convergence of the 

enough to ensure uniform convergence of t 
For example, let f, (a) 
Then f/ (2) = —22 


- »& € (0,1). ; fe ¢ 
function g where g(z) = 0,2 : 0. 7 SEEN eee wawae 


Ee Mn = sup | fi (x) —9(z)|. Then M, = sup —22 


where each: Jn is differentiable 
sequence {f7,} on [a, b] is not 
he sequence {fn} on fa, Bj. 

= log(n + 27), a € [0, 1] 


2€ [0,1] 2E[o1j" 7 
Let Un (x), = aate & = [0, 1}. Then ul (x) = 2n-2x? 


x € [0,1] and for all n s 1. iB Deen ce 
Therefore for all n > lun is a strict] 

[0, 1] and therefore sup upn(x) = —2_ 
x€[0,1]} ee Se 


Th 5 ens 2 
hat is, At, = ari for alla >1 and therefore lim M, = 0. 


Hence the sequence {fi 
But the sequence {fn 


¥ increasing function of x on 


} is uniformly convergent on (0, 1). 

} is not even pointwise convergent on [0, 1]. 
Note 2. For a Sequence of functions 
on la, b] and the sequence { f,} 
uniform: convergence of the s 
not a necessary condition fo 


{ Jat where each f,, is differentiable 
is pointwise convergent on [a,b], the 
equence {f;,} on [a, 6] is only a ee but 
a r the uniform convergence of { f,} on [a, b}. 

sy example, let f, (x) = 2 —~ = €10,1). lim fa(el=are {0, 1] 
The sequence {fn es . ie 


oan } converges to. the function f where f(x)=xz,re¢ 


Let My = su ~ 
By | fn(z) ~ f(x) |. Then M, = + and im M, =0. 


This establishes uniform convergence of the se 


fn (2) = 1 = 271, tin fi. (z) 


quence {f,} on [0,1]. 
= 10<2<1 
= O2=1, 


The limit function of the sequence { f,,} is not continuous on (0, 1] 
_ As each f/ is continuous on (0, 1} “ 
oe on [0,1], the convergence of th 


and the limit function is not con- 
: ree : 
@ sequence { f/,} is not uniform on 


Thus the sequence {fn} i i 

Phu nf is uniformly convergent on i i 
non-uniform convergence of the sequence {fi} pegs 1 rae ae - 
SAC the [0,1] and our assertion 
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Worked Examples: (continued). 
9. Show that the sequence {fn} where fa(z) = z@2gx,0 < x < 1 con- 
verges uniformly to a function f but lim f/ (xr) = f’(a) is true if x 4 0.. 

When zx = 0, the sequence converges to 0. 

When 0<a2< 1, lim f,(x) =0. 

TLIO 

Therefore the sequence {f,} converges to the function f on [0,1] 

where f(x) =0,0<2<1. 


Let M, = su Fn(e) — f(z) |. Then M, = sup ———,. 

v= aap, | fale) — £2) | ee 

M, = Ow [worked Ex.5, 13.3.] and therefore lim M, = 0. 
wy TOO 


This proves that the sequence {f,} is uniformly convergent on (0, 1]. 


x 


fila) = @staye. 7 
When x= 0, lim fi (a4) =1. When 0 <2 <1, lim f(z) =0. 
ht OO MOO 
But f’(xz) =0,0<2<1. 
Therefore lim f(z) =0= f'(r), when O< a2 <1 
and lim f/(z) =1<4 f'(x) when x = 0. 
TE OD 


Miscellaneous Examples. 


1. Let a sequence of functions {f,} be uniformly convergent on an in- 
terval I and each f, be bounded on J. Prove that the sequence f, is 
uniformly bounded on I. 

[A sequence of functions f,(a@) is said to be uniformly bounded on an 
interval J if there exists a constant B such |f,(x)| < B for all z € I and 
for alln €N,] 

Let the sequence {f,,} be uniformly convergent on I to the function 
f. Since each f, is bounded on J and the the sequence {f,} is uniformly 
convergent on J to the function f, f is bounded on 7. Therefore there 
exists positive real number k, such that |f(z)| < k; for alla eé I. 


Let M, = ene | fr (2x) a f(x) |. 

Since { f,} is uniformly-convergent on J to the function f, lim AZ, = 0. 
Consequently, the sequence {M,} is a bounded sequence and therefore 
there exists positive real number ke such that |M4Z,| < ke for alla EN. 

That is, sup |fn(z) ~ f(x)| < ke for all n EN. 

zél 
Therefore for allz € I, |fa(x)| < ki + ke for alln EN. 
This proves that the sequence f, is uniformly bounded on I. 


* 
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7 { 
2. Let f : R — R be uniformly continuous on R. For each natural 
number n, let fr(x) = f(c++),ceER. 


Prove that the sequence {f,} is uniformly convergent on R. 
For allz eR, lim fn(x) = lim f(x + 2) 
Tt CO TL OOD 
== f(z), since f is continuous at z. 


Therefore the sequence {f,} converges to the function f on R. 

Let « > 0. Since f is uniformly continuous on R there exists a positive 
6 such that 

for all z,ue¢ R,|r—ul<d =| f(x) — flu) leew... (i) 

There exists a natural number k such that 0 < A <6 for alln>k. 

It follows from (i) that 

for allz € R,| f(a + +) — f(x) |< for alln >k. 

That is, for allz € R,| fr(x) — f(z) |< foralln >k. 


This proves that the sequence {f,} is uniformly convergent on R to 
the function f. 


3. Let {f,} be a sequence of functions on an interval J that converges 
uniformly on J to a continuous function f. Let ¢ € J and {2p} is any 
sequence in J converging to c. Prove that lim fn(tn) = f(c). 

TL mt OD 


Let ¢ > 0. Since the sequence {f,} is uniformly convergent on J, 
there exists a natural number k, such that 


for all x € I, | fr(x) — f(z) |< § for alln > ky. 

Since tn € J, | fn(tn) — f(an) |< § for all n > ky. 

Since f is continuous at c and limz, = ¢, lim f(rn) = f(c). Therefore 
there exists a natural number ke such that 

| flan) — ffe) |< § for all n > kg. 

Let k = max{k,,k2}. Then | fnl2n) - f(tn) |< 5 and | f(tn) - 
f(c) |< § for alln > k. 

By triangle inequality, 
| fn(@n) — Fle) |S| fn(@n) — fan) | + | f(en) — fe) |< ¢ for all n > k, 

This implies jim, fa(tn) = fe). 


4. Let {fn} be a sequence of differentiable functions on [a, 6] that con- 
verges on [a,b] to f. If {fi} be a sequence of continuous functions on 
[a, b] that converges uniformly to g on [a,b] then show that g(x) = f(z) 
for all x € [a, b). 


Since {f),} is a uniformly convergent sequence of continuous functions 
on [a, 5], the limit function g is continuous on [a, b]. 
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Since each f’, is continuous on [a,b], each f;, is integrable on [a, d}. 


Since {f/,} is uniformly convergent on (a, b] to the function g, by the 
corollary of the theorem 13.4.5, 4 
for all z € (a, 6), lim So fh(t)dt = fy g(t)dt. 


But f? fi, (t)dt = fa(x) — fn(a), by the fundamental theorem. 
lim fo fa(t)dt = jim {fn (2) — fr(a)} = f(x) — Fle). 
Therefore for all x € [a,b], f(z) — f(a) = JZ g(t)dt. 


Since g is continuous on [a,b], by ‘the corollary of the theorem 11.8.2, 
f'(z) = g(x) for all ve [a, dl. 


Exercises 24 


1. Let {un} and {vp} be sequences of functions uniformly convergent on [a, | 
is the limit functions u and v respectively. Prove that the sequence {un + Un} 
converges uniformly on [a, b| to the limit function u+ v. . 
=2-4,9n(z) =x + 2 on (0,00). 
2. For each nEN, let fa(x) = 2 - 4:90 +5 
Show that the sequences { f,} and {gn} are uniformly convergent on [0, co) 
but the sequence {fngn} is not so. : 


3. Define uniform convergence of a sequence of on fa ed a 
I. Use the definition to examine uniform convergence of the seque ie 


{0,co), where 

(i) fa(z) = s¥q.2 € [0, 00); 

(ii) fa(z) = xe~™™, x € [0, 00); 

(ili) fn(z) = 27e7"*, x € [0, 00); 

(iv) fale) = n?n*e""*, 2 € (0, 00). | 
4. Let . <c<b. Let {f,} be a sequence of functions converging uniformly 
on [a,c] and [e, bj. Prove that {fn} converges uniformly on |a, dj. 
5. Prove that a sequence of functions {fa} is uniformly convergent on [a, bj 
to a function f if and only if Jim M, = 0, where 


Mims aun ile Fe) 
z€la,b) ‘ 


' Utilise this to examine uniform convergence of the sequence {fn} on [0, 1}: 


} on an interval 


(i) for each n EN, fra(e) = ree (0, 1]; 


(ii) for each n EN, fa(x) = swe € (0, 1); 
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(iii) for each n EN, fa(z) = Me, 2 € (0, 1}; 
(iv) for-each n € N, fa(z) = nx(1 ~ x)", x € {0, 1]; 
{v) For each n € N, fa (x) = Tene x € (0,1); 
(vi) For each n € N, fn(z) = re7"™* ne [0, 0). 
6. Let D={reR:ez 2 O} and f,(x) = e"* 2eD. 
(i) Show that the sequence {/,,} converges ‘to a function f on D, 


(ii) Show that f is not conti DD. . 
a’ J 48 not continuous on YD. Deduce +t 
the sequence {/,} is not uniform on D, ener ear 


(ili) Show that the . 
ress € convergence of the sequence { fn} is uniform -an fa, co), 


7 Let fa(z) = Teng: Z € [0, ]j. 


(i) Show that the sequence {f,} converges to a function f on {0, 1]. 


(ii) Show that f is not continu Vi 
AImwous on [0,1]. D at t 
x agora (0,1) [0,1]. Deduce that the convergence 


8. For eachne N, let fr (a) = nz,0S2<1/n. 
. =li<r<1. 
@) Show that the Sequence { f,} converges to a function Ff on [0,1]. 
me rama oh Fe ve ieee ra i: 1]. Deduce that the convergence 
9. For each n EN, let fr(z)=n2*,0<n< lf/n 
= 2, 2 <291. 
(i) Show that the sequence { f,} converges to a function f-on [0,1]. 


li) Find MZ, = 
(ii) Find M,, where M, = ao | fn(z) — f(x) |. Show that the sequence 
{fn} is uniformly convergent on (0, 1]. 


a 


10. For each n > 2, let fn(z@)=n?2,0<a< 1 


=-Vz+mlere 
=0,2<¢2<1, 


an 
ain 


(i) Show that the sequence {/,}3° converges to a function f on [0 1] 


S' i 
, w h : e conver ence of the sequence is not uniform on [0, 1 by 
establishing that lim ts fn of J, f. ‘ 


Fe OD 


; 


[{Hlint. If c € (0,1) there exists a natural number p > 2 such thatO< 2<¢ 
ae 


and therefore 2 < ¢ < 1 for all n> 
RC a 2p. fp(c) = 0 and falc) = 
Therefore dim fn (x) = 0 for alla € (0, i) and for all nee ] yee 


11. Show that the sequence of functions f, defined on [0, 1] by 


fn(e) =nl-nz), O<a< 2 
=G, + <a<l 
converges to the function f given by f(x) = 0, x € {0, 1]- 
Show that lim Bi Fn{z)dx # i f{x)dz. Is the convergence of the se- 
quence uniform ? : 
[Hint. If c € (0,1) there exists a natural number m such that 0 < 2+ <cand 
therefore } < c <1 for alln > m. fm(c) = QO and f,(c) = 0 for all n > m. 


Therefore lim fn(x) = 0 for all x € (0,1).] 
Nw OO 
12. For each n EN, let fa(x) = lim (cosnlrax)?™. 
TH ome OO 


(i) Show that the sequence { f,} converges on R to the function f defined 


by f(z) =1,2€Q 
=O,crER-Q. 


(ii) If [a, 6] be a closed and bounded interval, show that each f,, is integrable 


on [a, 5]. 
Deduce that the sequence {fn} is not uniformly convergent on [a, d}. 
{Hint. If 2 ¢ R—Q,0 < cos*nixxz <1 and lim (cosnirx)?” =0. 
Tht OOD 


If x = 2, where p,q are integers and q > 1 then (cosnirm)?™ = 1 ifn > g.] 
13. Let f,(x) = n?2(1 — 2?)",0 < x < 1. Show that 

(i) the sequence { f,} converges to a function f on (0, 1); 

(ii) the sequence is not uniformly convergent on [0,1] by establishing that 

jim fo fa # So f 
14. Let fr(x) = 772z,2 € [0,1]. Show that 

(i) the sequence {f,} converges to a function f on [0,1]; 

(ii) f is integrable on [0,1] and lim, i ee ic f, but still the convergence 
of the sequence is not uniform on (0, 1]. 
15. Let fa(#) = nx(1 — x)",x € {0,1}. Show that 

(i) the sequence {fn} converges to a function f on (0, 1); 

(ii) f is integrable on [0,1] and Jim, if fr = f, f, but still the convergence 
of the sequence is not uniform on (0, 1]. 


16. Let {fn}. be a sequence of continuous functions on [a, b] and the sequence 
is uniformly convergent on [a,b]. Let gn(a) = fe fn(a)dz,a Sas b. 

Prove that the sequence {gn} is uniformly convergent on [a, }]. 
[Hint. gf3,(2) = fn(x),x € {a,b]. {g,} is uniformly convergent on [a, 6] and the 
sequencg {gn} is convergent at a.] 
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17. Let fa(x) = &<,0< x <1. Show that : 


(i) the sequence {f,} converges uniformly to a function on (0, i]; 

(ii) the sequence { f;,} converges to a function g on {0,1] and f’(0) # 9(0). 
18. Let fr(x) = =,0 <a < 1. Show that 

(i) the sequence {f,} converges uniformly to a function f on [0, 1); 

(ii) the sequence {f,} converges to a function ‘ 

a g on [0,1] and f’(c) = 

9(z),@ € (0,1), f’(1) ¥ g(1). mf 
a0 eRe that the sequence of functions f, defined on {-1,1} by fa(x) = 
|z}**, x € [-1,1] converges uniformly to the function given by f(z) = 
ie a € {-1,1] but the convergence of the sequence { f7,} is not uniform on 
20. Let f,(x) = log(n? + x7),< € R. Show that 

(i) the sequence { f;,} is uniformly convergent on R; 

. (ii) the sequence {f,} is not uniformly convergent on R. 


21. Let fa(x) = losGitnte") | € [0,1]. Show that 
(i) the sequence { f;,}- is uniformly convergent on (0, 2]; 
(ii) the sequence { f,} is uniformly convergent on {0, 2]. 
22. Let fa(7) =n+ 2,2 € R. Show that 
(i) the sequence { f/,} is uniformly convergent on R; 


(ii) the sequence {f,} is not uniformly convergent on R. 
Explain why the sequence {f,} is not uniformly convergent on R although 
(i) is satisfied. , 


14. SERIES OF FUNCTIONS 


14.1. Uniform convergence. 
Let DCR. Let {f,} be a sequence of functions on D to R. Then 
fit fo+ fa+--+: is said to be a series of functions on D. The infinite 
oO 
series is denoted by Df, ( or by 2 fn). 
Let the sequence of functions {s,} be defined for r € D by 
si(z) = fi(z), 
se(z) = filz)+ fo(x), 
s3(z) = filz) + fo(x) + fs(x), 


Sn(x) = file) + fo(z) +---+ fal2), 


The sequence {s,} is said to be the sequence of partial sums of the 
infinite series Uf,. ; 

If the sequence {s,} be pointwise convergent on D to a function s 
then the series Df, is said to be pointwise convergent on D and s is said 
to be the sum function of the series Uf, on D. 

If the sequence {s,} be uniformly convergent on D to a function s 
then the series Sf, is said to be uniformly convergent on D to the sum 
function 3. 

If the series D | f,(x) | converges for each z € D, then the series Df, 
is said to be absolutely convergent on D. 


; oo 
y Note. We shall use the symbol ©f, (or by fn) to denote either the series 
’ of functions fy + fo+fat+e-°-+-: , or the sum of the series, when it exists. 


Worked Examples. 
1. Prove that the series of functions 1+a+a?4+---,.0<a2<1 is 


1 convergent on 0 < x < 1, but the convergence is not uniform on [0, 1). 


Let sn(z) =l+a+a?+---+27 7 ,0<a<1. 
Then s,(z) = 4=#-,2 € [0,1). lim. Sn(z) =;4;.« € (0,1). 
To 


Tem? 
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The sequence {s,} converges on [0,1) to the function s where s(x) = 
sz € (0,1). 


The series Df, is, therefore, pointwise convergent on [0,1) to the sum 
function s. 


Each s, is bounded on (0,1) but the limit function s is not bounded 
on [0, 1). 
Hence the convergence of the sequence {s,} is not uniform on [0, 1) 
-and, by definition, Df, is not uniformly convergent on [0, 1). 


2. Prove that the series of functions 


ati + TriG@er + Gergen te 20 
is convergent on [0,0o) but the convergence is not uniform on [0, oo). 


Det Sale) afi aa Coaycreey ae + acnesilmest) 
Then sn(t) = (l-shy ree eee rae 
| amar ~ aera) 
= Ly = ot 2 € [0, co). 
jim, sn(z) = 0,2=0 
= Ilaz>od. 


‘Therefore the sequence. {s,,} converges on [0,o0) to the function s 
where s(x) = 0,2 = 0, 

=ILIe>d. 

The function s is not continuous on [0, 00) but each s, is continuous 
on [0,00). This implies that the convergence of the sequence {s,} is not 
uniform on [0, 00). 

By definition, the convergence of the given series is not uniform on 
[0, oo). ; 


3. Prove that the series 24 + io + qtoys +--+, x € [0,1] is not 


(+a 
uniformly convergent on [0,1]. 


Let the series be fi(x) + fo(x) + fa(z)+-:- 
Let sn(x) = fi(x) + fo(z) ++--+ fn(z). 
Then $n(x) = rinagl el + assy apes eta rete). 
When zx = 0, s,(x) = 0. 
- When 0 < g < 1,s,(x) = (1+ 2%).[1 — apy: 
lim sn{z) = 0,2=0 
noo 
= l+2t,0<2<1. 

The sequence {s,,} converges to the function s where 

s(x) = 0, 70 

= l+z27,0<2<1. 


SERIES OF FUNCTIONS 569 


s is not continuous on [0,1], the point of discontinuity being 0. Each 
Sn is continuous on [0,1]. Therefore the convergence of the sequence {s, } 
is not uniform on [0, 1]. 

By definition, the convergence of the series is not uniform on (0, 1]. 


Theorem 14.1.1. (Cauchy’s principle of convergence) 


Let D c Rand Xf, be aseries of functions on D to R. The series =f, 
is uniformly convergent on D if and only if for a pre-assigned positive ¢ 
there exists a natural number & such that for all a € D, 

[fn+1(@)+ fngo(x)+--++fntp(x)| < € for all m > k and for p = 1,2,3,.... 


Proof. Let 8n(x) = fi(x) + fo(z) +---+fn(z), 2 € D. 
Let the series Xf, be uniformly convergent on D. Then the sequence 


of functions {s,} is uniformly convergent on D. 


By Cauchy’s principle for the sequence, for a pre-assigned positive € 
there exists a-natural number & such that for all x € D, 
| Sn4-p({2) — Sn(x) |< € for all n > k and for p = 1,2,3,. 
' That is, for all z € D, | fn4i(z) + fnta(z) +--+ frtp(x) |< € for all 
n> k and for p = 1,2,3,... showing that the condition is necessary. 


Conversely, let the condition hold. 
Then for all g € D,| Snip(x) — 
pH tl, 2, 348%: 
By Cauchy’s principle of convergence for the sequence, the sequence 
{sn} is uniformly convergent on D and by definition, the series of func- 
tions Uf, is uniformly convergent on D. 


Sn(z) |< € for alln > k and for 


Worked Examples (continued). 


4. Let a series of functions Uf, be uniformly convergent on the intervals 
[a,c] and [c, b]. Show that the series is uniformly convergent on [a, 6). 


Let us choose € > 0. 

Since © f, is uniformly convergent on [a,c], there exists a natural 
number k, such that for allz € [a,c], . 

| fnga(@) + fn42(2) ++-++ fnsp(x) |< € for alln > k\,p = 1,2, 3,. 

Since Sf, is uniformly convergent on [c,b], there exists a natural 
number kg such that for all x & [e, 5], 
| frti(z) + fngo(@) + +++ + fntp(Z) |< € for alln > ree = 1,2,3,. 


Let k = max{k,,k2}. Then for all z € {a, b], 
| fatale) + fnte() +--+ + fnip(z) |< € for alln > kip =1,2,3,... 
This proves that “fn is uniformly convergent on [a, ]. 
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Theorem 14.1.2. (Weierstrass’ M-test) 

Let DC R and Df, be a series of functions on D to R. 

Let {M,,} be a sequence of positive real numbers such that for all 
z2eéeD,| fra(x) |< M, for alln EN. If the series OM, be convergent then 
the series Df, is uniformly and absolutely convergent on D. 

Proof. Let us choose ¢ > 0. 

Since ©M, is convergent, there exists a natural number k (by 
Cauchy’s principle) such that 

| Mngt + Mnge +--+ + Mnsp |< € for alln > kip =1,2,3,... 

For all x € D, | fn+i(@) + fnto(@) +--+ + fntp(2) | 
S| fnei(z) | + | fate(e) | +--+ + | fatp (2) | 
< Mn+ + Mnze t+ + Mnip for alln € N. 

Hence for all c € D,| fn4ilx) + fn4e(x) +--+ + fatp(@) |< ¢ for all 
n>k,p=1,2,3,.... 

’ By Cauchy’s principle, the series Xf, is uniformly convergent on D. 

Again, for all x € D, | |fn4i(2)| + |fn+e(z)| + +--+ lfrep(2)| | 

=| fn+i(£) | + | fn+2(x) | pee he | fa+p(2) | 
< Mn+ + Mry+e ope ae Mnr+p- 

Therefore for allz2 & D,} |fnoi(@)| +++ +|fntp(z)| | 

<eforalln >k,p =1,2,3,... 

By Cauchy’s principle, 5 | f, | is convergent on D. 

This implies that the series Df, is absolutely convergent on D. 


Worked Examples (continued). 

5. Prove that the series Lssphrsz is uniformly convergent for all real 2. 
Let fn() = ssphaer ER. 
For all z € R, fn(x) < 4y. This holds for alln EN. 


Let M, = zz. Then for allz ER, | fn(z) |< M, for alln EN. 
The series Mn is a convergent series of positive real numbers. 


By Weierstrass’ M-test, the series Df, is uniformly convergent on R. 
6. Prove that the series D>+%s— is uniformly convergent for all real x. 
Let fn(x) = apReeT- 
When x = 0, fr(a) = = 0. 
When « 40, +7 2\a| > 2n3/2, the equality occurs when | 2 |= 4 
or, | fa(w) |S sca7z, the equality occurs when | x |= Si: 
It follows that | fn(x) |< sca for all x € R and for allne N. 
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Let My = sz37z- Then for all real x, | fa(x) |< Mn for alln EN. 
The series AZ, is a convergent series of positive real numbers. 


By Weierstrass’ M-test, Df, is uniformly convergent on R. 


7. Show pee Be Renee : 
l- Soy + $e — er t+ ¢*: converges uniformly for all x > 0. 


Let ss fn be the given series. 


ana 


Then fa(e) = 1, fn(z) = (- 1)” gaz=T™ 2 >1. 
For alla >0,| fn(x)| = file foralln>1 

< gp 7 Since e?"* > 1 for all x > 0. 

Let M, = we: Then UM, is a convergent series of positive real 


numbers and for all x > 0, | fn(2) |< M, for all n > 1. 


By Weierstrass’ M-test, Dfn is uniformly convergent for all x > 0. 


14.2. Consequences of uniform convergence. 


Theorem 14.2.1. Let D be a subset of R and a series of functions Uf, 
be uniformly convergent on D to a function f. Let wp € D’ (the derived 
set of D) and lim fn(z) = an. Then 

Lag 


(i) the series Da, is convergent, and 
(ii) Zim, f(x) exists and equals Lan. 


Proof. (i) Let us choose ¢ > 0. 
Since the series Uf, is uniformly convergent on D, there exists a 
natural number & such that 


for alla € D, Mea) + fn+e(z) +--+ fnip(z)| < § for alln >k 
and for p = 1, 2,. we (i) 
As lim Fn (2) = Gn, it follows that 
ro 


dim {fa+t (2) + fn42(z) +-+++ fr+p(@)} = On41 + Ange t +++ + n+p 
and therefore . 

jim lfn+i(£) + fnoe(x) +++: + fntp(%)| = l@ng1 tanga t +++ t+ antl. 

It follows from (i) that aad + Ong2 +++ + 4nip| < $= < € for all 
n>kand for p= 1,2,. 

This shows that thers series Ya, is convergent, by Cauchy’s principle. 
(ii) Let Dan = s. Let b, = a, + ag +e03+ i: Then limb, = 


Let sn(x) = fr(z) + fo(z) +-+-+.fn(z), x € D. 
Let us choose e > 0. 
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Since the series Ufn converges uniformly on D to the function f, 
the sequence {s,} is uniformly convergent on D to the function f and 
therefore there exists a natural number k, such that-for all 2 € D 
Isn(x) — f(a)| < § for alln > ky. 

Since limb, = s, there exists a natural number’ i such that 
lbn — s| < § for alln > ko. 7 

Let k = max{k1,k2}. Then [se(x) ~ f(x)| < § for all z € D and 
[Dx _ s| < a ; 

Since Jim fn(x) =a, forn =1,2,..., lim Sx(a) = by, and therefore 
there exists a positive 6 such that ‘ 

| se(x) — by |< £ for allae N’(a9,6) 9D. 

By triangle inequality, ; 

If(z)—s} < | f(@) — se(x)| + lsu (x) = be] + [dg — s| 

< $+5+ $(=6) forallze N'(29,6) 9D. 
This proves im f(z) = s. That is, Jim f(z) = Da,. 


Note. In consequence of uniform convergence of the series © rn 
Jim Ufn(z) = 2% lin. fn(z). This means that the interchange of the 
symbols © and lim is permissible. 


rE" 


Corollary. Let I be an interval and a series of functions Sf, be uni- 
formly convergent on J to a function f. Let c € J and each fn be 
continuous atc. Then f is continuous at c. 


Worked Example. 


oo 
. i j cos nx 
+> band iim ney n(n+1)° 


Let fa(z) = ESD for n = 1,2,.... 
n=1,2,... and for allze R. 

Let M, = re forn = 1,2,.... Then |fn(z)| <M, forn = Ly ic 
_ 2M, isa convergent series of positive real numbers and therefore by 
Weierstrass’ M-test, nat fn(2) is uniformly convergent for all real x. 


Then |fn(x)| < aes for. 


Since the series is uniformly convergent for all real z, lim 53 fr(z) = 
a r—_O n=1 i 
x. lim f,(z). That is, 1i = ¥§ lim £98 =s5 —1_ 
ay dim, fn(a) is, lim f(z)= 3 lim sees = 2) asi: 


ee 1 
Lett, = ppt te + AGE: Then t, = 1— > and lim ¢, = 1. 
TL OD 


ta “e . peace [osc) 
This implies a FT = land therefore lim 5 £98" =], 


r—On=y Mn+1) 
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Theorem 14.2.2. Let D C R and for eahneéeN,f,:D—-Risa 
continuous function on D. If the series Uf, be uniformly convergent on 
D then sum function s is continuous on D. 


Proof. Let n(x) = fi(x) + fa(z) +--+-+ fr(x),2 € D. 

Then each s, is continuous on D. 

Since the series Xf, is uniformly convergent on D, the sequence {s,} 
is uniformly convergent on D to the function s. 

Let us choose « > 0. Then there exists a natural number k such that 
for all x € D, |Sn(x) — s(x)| < § for alln > k. 

It follows that for all x € D,|sx(~) — s(x)| < § ... .. (i) 

Let c € D. Then (i) gives | s,(c) ~ s(e) |< §. 

Since s, is continuous at c, there exists a positive d such that 
| sx (x) ~— sz (ce) |< § for all e € N(c¢,6) ND. 

By triangle inequality, 

| s(x) — s(c) |< |s(x) — sx(x)| + |sx(@) — sx (c)| + |sn(c) — s(c)| 

<efor allze N(c,d)ND. 
This proves that s is continuous at c. 
Since c is arbitrary, s is continuous on D. 


Note '; If for each n € N, f, is continuous.on D and the sum function s 
of the series Uf, is not continuous on D then it follows from the theorem 
that the convergence of. the series Df, is not uniform on D. 


Note 2. If each f, be continuous on D, the uniform convergence of the 
series Uf, on D is a sufficient but not a necessary condition for continuity 
of the sum function s on D. 


For example, let fn(x) = @t= — wien ER. 


Let s,(%) = fi(v) + fo(z) +---+ fn(xz), x ER. 
Then s,(x) = 7733gr- lim | Sn(z) = 0 for allz E.R. 


The sequence {s,} converges to the function s where s(x) = 0, for all 
ceER. , 

The convergence of the sequence {s,} is not uniform on R by the 
Example 5 of 13.3 and therefore the convergence of the series Uf, is not 


uniform on R. 
But each f, is continuous on R and also the sum function s is con- 


tinuous on R. 

This proves that for a convergent series of continuous functions, the 
uniform convergence of the series is not necessary for continuity of the 
sum function. 
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2. Show that the series (1—2) +a2(1—2)+2?(1—2)+..- is not uniformly 
convergent on [0, 1]. 
Let the series be 5 fn (x). 

I 


Let s(x) = fi(r) + fo(a) +- gt fal), z & [0,1]. 


Then s,(2) = (1—2x)[1 pias tee gh), 
lims,(z) = 1, forO<a<1 
= O, forr=1,. 
The sequence {s,} converges to the function s 
where s(t) = 1,0<2<]1 
= O,¢=1, 


Therefore the series Df, converges to the function s on {O, 1]. 
Each f, is continuous on [0,1] but s is not continuous on (0, 1]. 


fo, proves that the convergence of the series © fr is not uniform on 


Theorem 14.2.3. Let J = [a,b] be a closed and bounded interval and 
for each n € N,f, : J > R be intergrable on J. If the series “fn be 
uniformly comvergent on J to the function s then 


(i) s is integrable on 7, 
(Gi) Df? fa(z)da = f? s(x)de. 


| Proof. Let sn(2) = filx) + fo(r) +- 
Then each s,, is integrable on [a, a]. 


Since the series Df, is uniformly convergent on [a,}] to the function 
8, the sequence {s,} is uniformly convergent on [a,b] to s. 


By the Theorem 13.4.5, s is integrable on [a,b] and jim, i 8n(x)dxr 
oh ee )ae 

But fe Sn (x)dx = f° fladae + f° fo(x)dx +-- men fr(x)dz. 

Since jim 4 8n(x)dz = f s(x)dz, the series Bite fn(a)dzx converges 
to ri ite. This completes the proof. 


‘+ fra(z),re la, 6]. 


Note 1. The equality © is fn(&) = = £ s(x)dax can be expressed as 
= Sf? fa (a)da: =f? = fie (x) de. 


Thus it is permissible to interchange the symbols = and iM if each 


se ss ger on (a, b] and the convergence of the ser i Sha be uniform 
a,b 
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Equivalently, this can be expressed as 
b b , b, 
Sol fi(@) + fo(w) +++ -]da = f? fi(x)de + is fo(z)dx+---. 
That is, the series of functions can be integrated term-by-term on 
(a, 6] if the convergence of the series is uniform on [a, dj. 


Note 2. If each fy, be integrable on [a,b] and the series Df, converges 
to a function s which is not integrable on [a,b], then it follows from the 
theorem that the convergence of the series is not uniform on |[a, b]. 


If each f, be integrable on [a,b] and the series Ef, converges to a 
function s which is also integrable on [a,b] but the series Df) i fn(ajdz 


does not converge to ire (x)dz, then it follows from the theorem that the 
convergence of the series is not uniform on {a, ]. 


Note 3, If each f, be integrable on [a, b], the uniform convergence of the 
series is only a sufficient but not a necessary condition for the integrability 
of the sum function. 


For example, let fn(z) = 743g ier? € [0,1]. 

Let sn(x) = fi(w) + fo(x) +--+ + fn(x), 2 € [0, ¥). 

Then s,(r) = 7733g7,2 € (0,1). 

The sequence {s,} converges to the function s where s(x) = 0. 


But the convergence is not uniform on [0,1] by Example 5, 13.3. 


Thus the series =f, is such that each f, is integrable on [0,1] and 
it converges to the function s which is also integrable on [0,1] but the 
convergence of the series is not uniform on (0, 1}. » 

This proves that for a series of integrable functions on [0,1] the uni- 

form convergence of the series is not necessary for integrability of the 
sum function. 
Note 4. If each f, be integrable on [a,b], and the series Df, converges 
to a function s which is also integrable on [a,b], the uniform convergence 
of the series is only a sufficient but not a necessary condition for term- 
by-term integration of the series on ja, db]. 


‘For example, let f,(x) = yq3tga — ES ORNL ,c € [0,1]. 


Each fn, is integrable on [0, 1). 
The series converges to the function s on [0,1] where sta) =O, 2 <€ 
[0, 1}. 
f s(x)dx = 0. 


Ae fi(x)dx = Efe Tag de = 4 log 2, and 
for n > 23, fr(z)de = 3% log(1 + n®) — saboy log(1 + (n— 1)?). 
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Let — fl 1 
r cea fo Ji(xz)dz + Jo falz)da ++. + fo fn(z)dx. Then t, 
etn) i im, th = 0. Therefore fe s(x)dx = lim ¢,. 
on, fo {fule) + fale) +s Jae = f aN | 
0 2 fer = fy fi(w)da + ‘ 
But the convergence of the nee as een: je 
of the series Sf, is not uniform on [0, 1]. 


Thus the series can be integrated term- 
convergence of the series is not uniform on [0, 1] 
1). 


This establishes that uniform conver 
sufficient but not a nece 


ssary ¢ iti 
vs aia ae Y condition for term -by- 
Worked Examples (continued), 
. oo 
3. For the series o Jn(z) where 
fn(z) =n? ze-r? a? _ (n ~ 1)*xe7(n~1)?x? 
> 


Bi fn(x)dx % J, (E fn(2))de. 


Is the series 5 fn (a) 
i 


£ & [0,1] show that 


uniformly convergent on [0,1] ? 


Let sn(a) = fiw) + f 
n 2(2) a Fn(x). Then s (x) Stee =n? 
Fu; 4] Bayt 454 : . = ae . 
( 7 € (0,1), e"* > at 5g 
Therefore Q < 8n( 


: 2) < =F for all 
By Sandwich the Tin Pye. 


ae orem, Jin 8n(z) = 0, for allze (0, 1]. 
nd for 2 = 0, the sequence {s,,} converges to 0, 


H 5, > . bang . 
ence the series x fn(x) is convergent on (0, 1] 


Ff is given by f(x) = 0,z € [0,1]. 
Therefore So(& fn(x))dz = 0. 
2,2 


1 
15 fa(a)dx = 3[-e-” wy ectnoitens = dfe—(m-1)? ~ e7n"), 


and the sum function 


_ pl 
Pern file)de + So fola)de +... 4 So n(x) de. 
Then t, = 4{1 —e-7 J and lim 4, =}. 
Th S/ Ailedee ies (ye 

erefore Xo fn(z)da =i SoS fn(x))dax. 


ee OllOWwsS a e series fn (x) is no uni ormly con erge on 


[0,1], since uniform convergence of the series 


oo} = implies the equality of 
© fo fn(x)dx and So(S fa(x))de. 


and hence the convergence 


by-term on [0, 1}, although the 


gence of a series on [a,b] is a 
term integration of 
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4. If f(x) be the sum of the series e~* + 2e72* + 3e737 + ---,¢ >0 


show that f is continuous for all z > 0. Evaluate dee f(a)dz. 


Let the series be = fale). Then f,(x) =ne7™, 


| fn(x) |= Be < Sy for alla >0.. 


Let [a,b] be a closed and bounded interval ¢ (0,00). 

For all x € [a,b], | fn(x) |< sate for alln EN. 
- Let M, = wor Then ©M, is a convergent series of positive real 
numbers. 

By Weierstrass’ M-test, Uf, is uniformly convergent on [a, dj. 


Let c > 0. Let us choose a positive 6 such that c— 46> 0. 

Then Xf, is uniformly convergent on [c — d,c+ 4]. 

Since each f, is continuous on [c — 6,c + 6], the sum function f is 
continuous on [ec — 6,c + 6]. Hence f is continuous at c. It follows that f 
is continuous for all x > 0. 

Let a = log 2,b = log3. Then |a, }] is a closed and bounded interval 
C (0,00). 

Each f, is integrable on [a,b]. Since the series is uniformly convergent 
on [a, 5], 

b 
fe f(a)dx = f? fi(a)da + f? fo(x)de + f? fa(x)dx +--- 
That is, sie f(x)dx [ined e~ Pda + fi°8) 2e-2*da +>. 
Po 4) +(e B) 4 k= A) te 
Che page re) hg a pace) 
3° 


i 


Hoi Ml 


Theorem 14.2.4. Let [a,b] be a closed and bounded interval and for 
each n EN, let f, be differentiable on [a,b]. If the series of functions 
fi t+ ff + f4 +--+ converges uniformly on [a,b] to a function g and the 
series fi; + fo + fg +--+ converges at least at one point rp € [a,b], then 
the series f; + fo + fz +--- converges uniformly on [a, 6] to a function s 
such that s’(z) = g(x) for all x & [a, d}. 


Proof. Let s,(x) = fi(z) + fo(z) +-+++ fn(z), x € [a, 8). 

Bach s, is differentiable on [a,b] and si,(z) = fi(@) + fo(z@) +--+ + 
fila). 

Since Uf! converges uniformly on [a, 6] to g, the sequence {s/,} con- 
verges uniformly to g on [{a, dl}. : 

Since Df, converges at xo, the sequence {s,} converges at xo. 

Hence by the Theorem 13.4.6, the sequence {s,,} is uniformly conver- 
gent on (@¢, 6] to a function s such that s’(@) = g(x) for all x € [a, 6). 


ke 
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* 
This implies that the series ¥ Fn is uni : 
n is uniformly convergent 
function s such that s(x) == g(x) for all x (a, 8 eRe 


Note 1. The theorem sa iti 
ys that under the conditions stated 
fo(t) + fa(a +e. s(x) for all x € [a,d] and aia 


d « 
dx fu(z) + 4 fo(n) + fi fa(a) + e+ = s(x) for allze la, d}. 
That is, 4 [f;(2)+ ate eee ae d d 
In other words term-by-term differentiatio i 
: : 7 Ve n of the : i 
is valid under the conditions. ren reso ere 


Note 2. Only the uniform convergence of the series of functions 
1(x) + fo(x) 4: f3(x) +--+ on [a,d} is not sufficient to ensure validity 
of term-by-term differentiation of the series on [a, }] 


For example, let the series be Ffi(%) + fo( 
, a(x) + fa(x) ++-+,2 € [0,1 
Such that sn(x) = fi (x) + fo(@) +++ + fa(x) = Treer, @ € [0, 1]. oe 
wtgon(®) = Jim, renee | 
= 0 for all z € [0, 1). 
The sequence {s,} converges to the function s where s(x) = 0. 
Let M, = ae | Sn(x) — s(x) |. Then M, = sup ypeor- 
r€[0, ze[01j 
M, = an [ by Example 5, 13.3.2.] and therefore lim M,, = 0. 
RF OOD 
io ae aoe that the convergence of the sequence {s,} is uniform on 
»4j- fence the series f;(x) + ZL) ees i 
ie a 1(x) + fo(x) converges uniformly to the 


d = lone? 
a Sn(x) = Caner: lim, s,(z4)=0,0<2r<1 


=1,z2=0. 
Therefore the series f/ (v) + fh(x) +... ; 
Wie oe di f(x) converges to the function g 
=1,2=0. 
d 
Hence fi (x) + ge fa(z) +--+ =O = Zifi(z) + fo(a) +-. ‘] for 
2 . 5 Shand ZA(@)+ £f(z)+--.=14 del fi (2) + fo(z) +--+) for 


Note 3. If the series f(x) + fo(x) + f(z) +--+ be convergent, then the 
uniform convergence of the series fi(x) + f(x) + f3(2) + +++ is only a 
sufficient but not a necessary condition for the validity of termi-by-term 
differentiation of the series (2) + fo(x) + f3(z)+--- 


For example, let the series be 
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fi(x) + fo(x) + fa(x) +---,2 € [0,1] such that 
Sn(x) = fila) + fo(x) +--+ + fal(x) = ee eg € [0,1]. 


lim $n (a) = lim ‘280tn°2") — 9, for all x € [0,1]. 
nn, nc 


The sequence {s,} converges to the function s where s(x) = 0,2 € 
[0,1]. Hence the series fi (xz) + fo(x) +--+ converges to the function s on 
0, 1]. 
$n (x) = fi(e) + fo(w) +++ + fa(e) = aphige we € [0,1]. 

lim s},(z) = 0, for all xz € [0,1]. 
rh oO 


The sequence {s},} converges to the function g where g(x) = 0,2 € 
[0,1]. Hence the series f{(z) + f5(x) +-+-- converges to the function g(z) 


{on [0,1]. 


Now s(x) = 0,z € [0,1]. Therefore s(x) = g(x), ” € [0, 1]. 
Hence ££ fi(z) + #fe(z) +++ = Hifi(e) + fal) + <+]. 


This shows that term-by-term differentiation of the series Sf, is valid. 

But the convergence of the series Xf), is not uniform on [0,1] since 
the convergence of the sequence {s/,} is not uniform on [0,1] by worked 
Example 3, 13.3.2. 


Theorem 14.2.5. Let [a,b] be a closed and bounded interval and for 
each n EN, let f, be differentiable on [a,b]. If each ff, be continuous on 
(a, b] and the series of functions f{ + f$ + f3 +--+: converges uniformly on 
ja, b] to a function g and the series f; + fo + fg +--+ converges to s on 
[a,b], then s’{x) = g(x) for all x € [a, d). 
Proof. Let 8n(x) = fi(x) + fo(z) +--+ fn(x), x € [a,b]. 

Each s, is differentiable on [a,] and s,(x) = fi (x) + fo(z) +--+ + 

ey. 

: ris each f/ (2) is continuous on [a, b], each s/, is continuous on [a, )}. 

Since the series Uf), is uniformly convergent to g on [a, b], the sequence 
{s/,} converges uniformly to g on [a, 6]. 

Since s/, is continuous on [a, b], g is continuous on [a, b}. 

Therefore each s/, is integrable on [a,b] and g is also integrable on 


fa, d}. 
By the corollary of the Theorem 13.4.5, for each x € [a, d] 
lim j, Sled = [Ode oa (i) 
tt 


But f* s,(x)dx = s,(x) — 8n(a) by the fundamental theorem. 
Therefore lim f~ s/,(2)dx = s(x) —-s(a). 
TL OO 


From (i) s(x) — s(a) = f? 9(x)dzx. 
Since g is continuous on |a, b], s’(2) = g(x) for all 2 € [a, 6]. 
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Worked Examples (continued), 


(nla 


5. Let Jn(x) = Tents ~ Terijter TE [O, lj. 
Show that at 2 =0, 25 f,(2) 4D f,(2). 


dz 
me $n(@) = fi(e) + fo(x) +--- + Fn(x). 
Then s,(z) = Tretar: dim, $n(z) = 0 forallze (0, 1). 
The sequence {s,} conver i 
ges to the function s where s(x) = 0 
[0,1]. Therefore the series ufn(x) converges to s(x) for all ‘ i [0 i ; 
i ? 
az (Zfn(z)) = £s(xz) =0 for alle {O, 1]. 


a = on?2? n~1)—(n—1)2¢2 
de fn (x) ™ Ctniazy ~ Tr exit 1. or 


At 2=0, £fa(x) =n —-(n—1) = 1, 
i - d 
At zv=0, ae fn (a) =1+1+1+--- This is divergent. 
Hence ZU fa(x) % UF fala) at x = 0. 
Ei tleress haa fries Paxratst is uniformly convergent for all real 7. 
um functio i ‘i i i 
ec rae ion verify that s’(z) is obtained by term-by-term 
Let Fa(x) = ATeigE £ ER. 
For all z € R,| fr(x) |< a; for allneN, 
Let M, = aS. Then 2M, is a convergent series of positive terms. 


By Weierstrass’ M-test, Df, is uniformly convergent for all real x, 
7 = 2 
ful®) = aaa = u(x), say. Then u/(x) = are 
cer] 
u(z) = Oatea = +) y 1 | 
ee toe wu (@) < 0 for | x \< Yaz u(x) > 0 for 
Vin" 
Therefore u is a minimum at en and maximum at = 
ti — 9 1 9 ie sad 
a 83 n87Es Umin = Be Tse 
u(O) = 0,w is decreasing o A i ini 
Re ate nes : 2 n (0, Vaz) u is a minimum at Fee u is 
Jam an Jim u(x) = 0. 
Since u is an odd function, it follows that for all real x 
| fA (2) [< 28,2 


‘He/e- 


By Weierstrass’ M-test, Df! is uniformly convergent for all real <x. 


T his ensures validity of ter ra-by-t erm diffe 15 tiation oO t € series 
PCT 
Ufn(x). Therefore f{(z) f3 (2) s‘(z) a : . 
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14.3. Abel’s and Dirichlet’s tests. 


Definition. A sequence of functions {f,,} is said to be uniformly bounded 
on an interval J if there exists a positive real number & such that for all 
zeél, | fna(x)|<kforallneN. 

For example, the sequence {fn} where f,(x) = sinnz,x € R is uni- 
formly bounded on R. 

The sequence {fn} where fz = 7%,a € [0,00) is not uniformly 
bounded on [0, 00) although each f, is bounded on [0, 00). 


Theorem 14.3.1. (Abel’s test) 
Let (i) the series of functions Dun be uniformly convergent on [a, 5] 


and (ii) the sequence of functions {v,} be monotonic for every x € 
[a,b] and uniformly bounded on ja, 5]. 


Then the series uj (z)u; (2) +ue2(xr)ve(x@) +u3(x)u3(4)+--- is uniformly 


_ convergent on [a, 6}. 


Proof. Since the sequence {v,} is uniformly bounded on [a, 6], there is 


“>a, positive real number B such that | vp (x) |< B for all [a,b] and for all 


neN. 

Let us choose ¢ > 0. Since the series Du, is uniformly convergent on 
[a, bj, there exists a natural number k such that for all x & [a, 5], 

| Una (2) + Unye(2) +: +++ Un+p(2) |< 3% for alln > k,p=1,2,3,... 

Let Rr p(£) = un+i(@) + Un+e(Z) +--+ + Un+p(z). 

Then | tn4i(t)vn+i (2%) + Unt2(£)Un+2(x) t+ + Untp(Z)Un+p(2) | 

=| Raa(Z)vn41(z) + {Rn,2(@) — Raji()}enge(e) +--+ + {Ra p(z) — 
Rr p-1 (x) }Un+p(z) | 

=| Raj (v){Un41(£) — Un+2(%)} + Rn,2(%) {Un+2(2) — vnga(2)} te + 
Ra,p-1(Z){Un+p-1(2) — Vntp(Z)} + Rnp(Z)-Vn+p(Z) | 


S| Rajs(z) || va+i(@) — va+e(%) | + | Rn,2(2) |] vnze(x) — vnes(Z) | 
a a | Ry p-1(2) I| Un+p—1(Z) on Un+p(Z) | + | Rp,p(x) \| Un+p(x) | 


< [| vngi (x) —Un+e2(z) | + | vnge(@)—vn+3(x) | +--+ | Unep—1(2%)- 
Un+p(Z) | + | Un+p(x) |] for all n > k and p = 1,2,3,... 


Since {vn} is monotonic for every zx € [a,b], 
| Unti(Z) — Un+a(z) | +---+| Un+p—1(x) — Untp(Z) | 
=| Undi(L) ~ Un+p(2) | S] Ungi(z) | + | vn+p(2) |. 


Therefore | un41(Z)Un41(%) +++ Untp(Z)Un+p(2) |< 3. 2B + s-B 
for alln > k and p= 1,2,3,... : 
i 


* 


the series ag +-aj2 + agar? +--- 
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Hence for all 2 € fa, &], | neta) feee 
for alln > k and p = 1,2,3,. 


This proves that the series ei te es (x) + u2(a)ve(x) ++ 
convergent. on [a, Ob]. 


+ Un+tp(@)thip(x) |< € 


- is uniformly 


Worked Examples. 


be a convergent series of real numbers prove that 
is uniformly convergent on [0, 1). 


1. Ifap +a, +agt+-:-- 


Let vz(2) = 2",ar € [0,1]. 
Then | vn(x) |< 1 forall 2 € [0,1] and-all n E'N. 
_ The sequence {v,} is monotonic for every fixed zx € (0, 1]. 
The series ag +a; + @g:-- being.a. convergent series of real numbers 
is uniformly convergent on [0, 1). 


By Abel’s test, the series ag +a,x+a2x" +--+ is uniformly convergent 


on {0, 1]. 
2. Tf ay +a2+ag+-:- 


be a convergent series of real numbers prove that 
the series a,.+ $2 + 33 +->- is uniformly convergent on (0, oo]. 


Let un(z) = se li2>o. 
For a fixed x € [0,00) the sequence {v,} is monotonic and: for all 
z>0,| vn(x) |= & <1 for alln EN. 


The series a, +a2+a3+-:- being a convergent series of real numbers 
is uniformly convergent on (0. oo). 


By Abel’s test, the series a; + $2 + #2 +--- is uniformly convergent 


on [0, co). 
3. Prove that the series e~* aa + esa e_™ +--- is uniformly 
convergent on (0, 1}. 

Let un(z) = e7"*,a € [0, 1). 


For each z € ‘(0 1], the sequence {v,} is monotonic, and for all x € 
(0, 1], | wn(a) [= a < : forallneN. 

The series 1 — 5 + 4 _ 4 +--+ is a convergent series of real numbers 
and therefore it is ‘inifoernly convergent on (0, 1). 

By Abel’s test, the series 1 - }e-2% + de~3% — Fe~47 4... 
convergent on [0, 1j. 


is uniformly 


hom dt 
‘4. Prove that the series Loe is uniformly convergent on {0, 1). 


Let vp(z) = at € [0,1]. 


Then Unt — Un = qosieiess < 0 for all a € [0, 1]. 
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For each « € [0,1], the sequence {v,} is monotonic and for all x € 
(0, 1], | vn(w) |< 1 for alln EN. 


Thom b 
The series ri is a convergent series of real numbers and therefore 
it is uniformly convergent on (0, 1). : 


- \ By Abel’s test, the series woes i is uniformly convergent on [O, 1]. 


Theorem 14.3.2. (Dirichlet’s test) 


Let (i) the sequence of partial sums {s,} of the series of functions 
uy (2) + ue(x) + us(x) +--- be uniformly bounded on fa, b]: 


(ii) the sequence of functions {v,} be monotonic for every zx € [a, b], 
(iii) the sequence {vn} be uniformly convergent to 0 on fa, db]. 


Then the series of functions ui (x)v1 (2) +ue(x)ve(x) +us (x)ug(z)+-++ 
is uniformly convergent on [a, d}. 


Proof. Since the sequence {s,} is uniformly bounded on fa, bj, there 
exists a positive number B such that for all x € [a, b],| n(x) |< B for all 
neN. 

Let us choose e > 0. 

Since the sequence {v,} converges uniformly to 0 on [a, bj, there exists 
a natural number k such that for all x € [a, b],| un(x) |< g& for alln > k. 


Now Un+1(©)Undi(&) + Uns2(@)Un42(@) +--+ + eae 

= [Sn4i(2) ~ Sn(#)Jungi(z) + [sn+2(x) — 8n41(%)JUnze(@) tee + 
[Snip(©) — Sn4p—1(&)]-Un+p(2) 

= 8n41(%)[Un41(%) —Unga(@)}+ +++ +Sn4p—1(2)[Un4p—1 (2) —Un4p(e)]+ 
Sn+p(Z)Un+p(X) — 8n(2)Un+1(2). 

Por all x € [a, 6), | unga(z)vngi(@) +--+ + Unsp(2)Un+p(Z) | 

<{ Sn42(x) | | Unger (2) — vnge(z) | +-+++ | Sn4p—2(%) | | Unt p—1(%) — 
Untp(Z) | + | Sn+p(7) | | Une p(@) | + | Sn(e) | vn4r (2) | | 

< BI Un4+1(®@)—Un+2(2) | a aa | Un+p—1(2)—Untp(2) | tt | Un+p(Z) | 
+ | Un+i(z) |]. 

Since {v,} is monotonic for every x € fa, d], 


| Un+i(%) — Un+2(z) | +++ | Untp—1(2) — Unep(Z) | 
=| vns1(2) — Unp(2) |< af for alln > k and p= 1,2,3,... 


Therefore for all x € la, b], 
| Unai(@)Unei(@) +e + ena) ontol® |< Bisg + 2B. 75 (= ©) 
ul eee. 
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This proves that the series uw; (x)v; (x) + uz (x)v2(a) +--+ is uniformly 
convergent on [a, d]. 


Worked Examples (continued). 


5. Prove that the series sin x + sings + sinSz +... is uniformly convergent 
on any closed interval [a,b] contained in the open interval (0, 27). 


Let un(w) = sin nz, x € [a,b] C (0,27); and v, = i, 

Then {v,} is a monotone decreasing sequence converging to 0. 

Let s(x) = ui(x) + uo(x) +--+ + un(z). 

Then s,(z) = sing + sin2z +--.+sinnz 

. _ sin 3% sin ineve a 
_ sin } . 

For each n EN, | sn(x) |<} mre eee 

sin} # 0 for a xz € [a,b] C (0,27). Therefore the function f de- 
fined by f(x) = an Pe E [a, 6] is continuous on [a,b] and therefore it is 


bounded on [a,b]. Then there exists a positive real number k such that 
j ine [< k for all x € [a,b] < (0, 27). 


This shows that the sequence {s,} is uniformly bounded on [a, bd). 
By Dirichlet’s test, the series Dunvn, ie., the series H2R= jg uni- 
formly convergent on [a, b] C (0, 27). is 
6. Prove that the seriés H(—1)"x"(1 — x) converges uniformly on [0, 1], 
but the series Xz"(1 — x) is not uniformly convergent on {0, 1] 
Let tn = (—1)", Un = "(1 — 2x), x € [0,1]. 
Let s, = ui +u2+-+++tn. Then the sequence {sn} is bounded. 


nti ~ Un = 241(1 — x) — "(1 — 2) = -2 (1 - x}? <0 for all 
ue [0,4 


This implies v,z41(x) < u,(x) for each z in [0,1]. 


im, Un(z) = 0 for all x € [0, 1). 


Then the sequence of functions {un} is such that each v, is continuous 
on (0, 1], the sequence converges to a continuous function on [0,1] and 
{vn} is a monotone decreasing sequence on {0, 1]. 


: fi Dini’s theorem, the sequence {u,} is uniformly convergent on 
0, 1]. 


Since (i) the sequence {s,} is bounded and (ii) the sequence {v,} is 
a monotone decreasing sequence on [0,1] converging uniformly to 0, the 
series ©(~1)"v, is uniformly convergent on [0,1], by Dirichlet’s test. 
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Second part. Let u,(z) = 2"{1 — x), x & (0,1). 

Then v(x) + vo(z).4+ +++ +un(z) = (wt 2% 4+---4+2")(1—2). 

Let sn(z) = w(2)+---+ p(x). Then s,(x) = 2r(1- 2") if2 #1 

=Oifa=1. 
lim sj(z#)=azifaf~l 
N—*OO 
=Oife=1. 

The sequence {s,,} converges to a function discontinuous on (0, 1], 

while each s, is continuous on [0, 1]. 


This implies that the sequence {s,} not uniformly convergent on [0, 1] 
and consequently the series Hv, is not uniformly convergent on (0, 1]. 


Note. This example shows that the.uniform convergence of a series 
Ufn(xz) does not necessarily imply uniform convergence of the series 


= | fn(z) |- 


7. Prove that the series n(-1)" 242 converges uniformly in any closed 
and bounded interval [a, b], but does not converge absolutely for any real 
z. . 

Let un = (-1)",un = a oa € [a, d. 

Let sn = Uy + Ug +--++Un. Then the sequence {s,} is bounded. 


Un+1 — Un = sed A _ sn wl otis — gz] t+ la — 4] < 0 for all 
x € [a,b]. ; 

This shows that {vn} is a monotone decreasing sequence for each x 
in [a, b]. 

lim vu,(z) = 0 for all x € fa, d]. 

he oo 


Thus the sequence of functions {vy} is such that each uv, is continuous 
on [a,b], the sequence converges to a continuous function on [a,b] and 
{un} is a monotone decreasing sequence on [a, 5]. 

By Dini’s theorem, the sequence {v, } is uniformly convergent on [a, 6]. 
_ Since (i) the sequence {s,} is uniformly bounded on [a, }] and (ii) the 
sequence {v,} is a monotone decreasing sequence on [a,b] and converges 
uniformly to 0, the series ={(—1)"v, is uniformly convergent on [a, b], by 
Dirichlet’s test. 

Second part. Let the series be (~1)"v, (2). 
For each real z, the series ©v,,(x) is a series of positive terms. 


Let wn = +. Then Jim 3 = 1, 


By comparison test, the series Lv, (x) is divergent for each real z. 


* 
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Since {v,} is a monotone decreasing sequence for each x € R and 
im, Un(x) = 0 for each 2 € R, the series ©(—1)"~1v, (a) is convergent 
for each real a. 


“f per, 2 
Therefore the series ©(—1)"~!=4™ does not converge absolutely for 
any real x. 


Exercises 25 


1. If Xu, (ax) be uniformly convergent on [a,b] and wv: [a, b] -+ R be a bounded 


function on fa, 6], prove that Dua(x)u(x) is uniformly convergent on [a, db]. 


2. Prove that the series © f,(x) where fa (x) = n?ae~?*®” _ (n — 1)?2? 
1 
—(n—1)? 2? Fy ; 
e ,« € [0,1] is not uniformly convergent on {O, 1]. 


3. Prove that the series (1 — x)? + a(1 — 2)? + z*(1—~a2)? +... 
convergent on (0, 1]. 


is uniformly 


: 2 2 2 : : 
4, oi that the series 2° + Tost + dey +--+. is not uniformly convergent 
on [0, 1]. 


.5. Show that the following series are uniformly convergent for all real z. 


Os : ii) =" 

; Cea)?” (ii) Er" cosnz,0<r <1, 
iii) Sr™ si wy 8 (1/271 gy?” 
iii) Ur" sinnz,0<r <1 heats ARE 
aoe mst A) 2 ae) 


co x 
(v) z n(1+n2x?)° 


6. Ifp 40,4 +1, +2,--- prove that the series oe pei 1 ps see + 


- is uniformly convergent on any closed and bounded interval [a, B]. 


{ Hint. For a fixed p, there exists a natural number & such that n? > 2p? for 
1)" cos mic | | 
all n > k. Then for all n > k, |Ursesns) < 1 < J - 


= 1 
7. Show that th ies > —>——— 

e series a nr? +(e) 
DCR on which f is defined. 


is uniformly convergent on any set 


2 


8. Show that the series eas is uniformly convergent on (0, &] for any 
k> 0. 
. —1)"22"+1 ae (-1)"x?" 
9. Show that both the series © ier Mais d > i 
a = (an + 1)! an = (2ny! are uniformly 


convergent on any closed and bounded interval [a, b]. 
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10. Show that the series 3 mg is absolutely and uniformly conver- 
1 


gent on [—3, 3]. 


11. If Xa, be an absolutely convergent series of real numbers prove that the 
series . 


(i) oes is absolutely and uniformly convergent for all real 2; 
(ii) ©a, sinnz is absolutely and uniformly convergent for all real x; 


(iii) Lanx” is absolutely and uniformly convergent on [~1, 1]. 


12. Let ¥ fn (x) :be uniformly convergent to f(x) on [a,b] where each f, is 
1 
continuous on [a,b]. If g : fa, b] -> R be integrable on (a, 6], prove that 
Sof @)o@)de =F fP fa(x)g(2)de. 


—1l)a a4 
13. If fa(z) = Bier — Be € (0, 1], show that So (B fn(x))dx = 
3 ce fn(x)dx), although the series & fn (x) is not uniformly convergent on 
2 1 . 


{O, 1]. 


14. Prove that the series is uniformly convergent for all seal x. Show that 
the derivative of the sum function can be obtained by differentiating the series 


term-by-term. 


4 1 wey 1 
(i) Utena? (ii) a tntat* 


15. Show that the series plage is uniformly convergent for all real x and 
the derivative of the sum fenation s(x) can be obtained by differentiating the 
series term-by-term, i.e., page = s’(x). 
16. Prove that the series = singe is uniformly convergent for every real x. 
If f(z) be the sum of the betles prove that f is continuous on R. 

Also prove that Jo f(x)da = 2(1+ asta tyetecc ). 


oD 


17. Prove that the series Onur is uniformly convergent on [0,1]. If f(x) 
: 
be the sum of the series prove that f is continuous on [0, 1). 
Also prove that as f(x)dxz = y, where y= lim (1+ 3 a et ot 2 ~— log n). 
rt OO 


18. If Dap, is a convergent series of reat numbers prove that the series 
(i) Za,e7"* is uniformly convergent on [0, 00); 


(ii) OSs is uniformly convergent on [0, 1]. 
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19. Loe 
9. Prove that the series ees = and E sings 410% both converge uniformly for all 
Pp satisfying 0 <p <1 on any closed rae [a, d] 


{ Hint. Use Dirichlet’s test, ] 


20. Prove that the serie: w1)tr ian 
$ Qe converg 2 ; 
nP (Ita ges uniformly for all i 
p> 0 on (0,1). y p satisfying 


[ 


‘J 
21. Prove th 
at the series © Teh tye is uniformly convergent on any closed 


contained in [0, 27). 


Hint. Ifp> 1, use Weierstrass’ M-test. If O<p<1, use Abel’s test 


interval [a, b] lying within (0, 27). 


15. POWER SERIES 


- 15.1. Introduction. 


We now study an important class of series of functions, called a power 
series. 
A series of the form a9 + 41x +a9z? +--+ where ao, a1, @2,... are real 
numbers, is called a power series. The general form of a power series is 
Qo + a;(x — 20) + a@e(a — xo)? +--+ where ag, a1,@2,-..,20 ER. 
This is called a power series about the point xq. 
The general form reduces to the form ag + a1” + agz? +--+ (which is 
@ power series about 0) by the substitution 2! = x — xo. 


To study the nature and properties of a power series we shall consider 
the power series about 0, Fe: a series of the form 
ag + a,x + aga” +: 


This is denoted by S a,c". It is a series of functions = Sn(z) 


where, for n = 0,1,2,. goo ween zeR. 
Although each f,, is defined for all resi x, it is not expected that the 


oo 
series 3} a,2” will converge for all real x. 
n= 


For example, 
the series 1 + a7 + z + Ea +--+ converges for all real x; while 
the series 1 +2 + x” +--+ converges only for all  € (—1,1); and 
the series 1+ x + 2!z? + 3!23 - converges only for x = 0. 


It appears that some power series converge for all a € R. They are 
called everywhere convergent power series. Some power series converge 
only for x = 0. They are called nowhere convergent power series. Some 
power series converge for some real x and diverge for the others. 

‘We shall see, however, that an arbitrary subset of R cannot be the 
precise set of points of convergence of a power series. 


Note. We shall use the symbol = anz” to denote the power series 


Qo + a,x + aou? +--- and also to denste the sum of the series, when the 


sum exists. 
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Theorem 15.1.1. If a power series ap + a,x + agr* +--- converges 
for x = a:;, then the series converges absolutely for all real x satisfying 
Jal <.fay|. 


oO 
Proof. Since the series converges for x = 21, DR anzy} is convergent. It 
‘ Pad 
follows that lim a,z}? = 0. Again the convergence of the sequence {a,,?} 
implies that the sequence {a,27} is bounded. 
Therefore there exists a positive real number k such that | anz} |< 
k forallne N. 


lanz™| = lanzfl.lZ |" < klA I. 


oo 
For all x satisfying Fra <4, wala!” is a convergent series of positive 
be 1 
real numbers. ex 
By Comparison test, xo | ana” | is convergent if |x| < |x|. 
n= 


- Therefore =, a,x” is absolutely convergent if |x| < [axi|. 
a 


This completes the proof. 


Theorem 15.1.2. If a power series a9 + a12 + ann +... diverges for 
‘2 = 21, then the series diverges for all real x satisfying |a| > |x1|. 


Proof. Let the power series be convergent for x = c such that |e| > |x|. 
Since the series converges for x = c¢ and |x| < |c|, by the previous 
theorem, the series would be convergent for 7 = 2x, a contradiction to 
the hypothesis. 

This proves that the series is divergent for all real x satisfying |x| > 
|ar|. 


oO 
Theorem 15.1.3. If a power series © anz” be neither nowhere conver- 


n=O 
gent nor everywhere convergent, then there exists a positive real num- 
ber R such that the series converges absolutely for all real x satisfying 
| z |< R and diverges for all x satisfying | x |> R. 


Proof. Since the series is neither nowhere convergent nor everywhere 
convergent, there exists at least one non-zero point of convergence, say 
zx = c and there exists at least one point of divergence, say 7 = d. 

Let c; > 0 be such that c,; <| c| and d, > 0 be such that d, >| d |. 
Then c; is a point of convergence and d, is a point of divergence of the 
series, by Theorems 15.1.1 and 15.1.2. 

We assert that c; < d;. Because if c, > d; then c, being a point of 
convergence of the series, d,; will also be a point of convergence by the 
Theorem 15.1.1 and a contradiction will arise. 
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Let I, be the closed and bounded interval [c1,d,]. Then the series 
converges at c, and diverges at dy. 

Let cy = 4(e1 +1). If cy be a point of convergence of the series we 
select the closed subinterval {c,,d,] and call it [c2, dz}. 

If c, be a point of divergence of the series we select the closed subin- 
terval [c1,¢,] and call it [e2, de}. 

Thus the closed interval Iz = (cz, dz] is such that 
(i) cg is a point of convergence and dz is a point of divergence of the 
series, : 

(ii) Ig qh, and 

(iii) | Jo |= B(di — en). | 

Let cf = $(co +2). If ch be a point of convergence of the series we 


select the closed subinterval {c),d2] and call it [e3, ds]. 
If ch be a point of divergence of the series we select the closed subin- 


terval [c2, ch] and call it (cs, ds]. | 

Thus the closed interval Jz = [e3,d3} is such that 

(i) eg is a point of convergence and dz is a point of divergence of the 
series, 

(ii) Ig C Ig, and 

(iii) | I3 |= ge(di — e1). . 

Let ch = 4(c3 + dg). Proceeding in a similar manner we obtain a 
sequence of closed and bounded intervals {J,} such that for every 7 EN, 


(i) en is a point of convergence and d, is a point of divergence of the 


' geries, 


(ii) Ing1 C In, and 

gene 1 

(iii) | In |= grcr (dh = Cy). ; : 

The sequence {J,} is a sequence of nested intervals and lim | Jn |= 0. 

By Cantor’s theorem, there exists one and only one point a such that 
Cn < @ < dy for all n € N and sup{c,} = a= inf{d,}. 

Let 2p be such that 0 < % <a. 

Since a = sup{c,}, there exists a natural number m such that 

Lo < Cm = a. 

Since the power series converges at Cm and 0 < a9 < Cm, the power 
series converges for © = Zo. 

By Theorem 15.1.1, the power series converges absolutely for all x 
such that | x |< zo. Since xo is arbitrary, the power series converges for 


all x satisfying | x |< @. 
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Let x, be such that Zy> a. 

Since a = inf{d,}, there exists a natural number & such that 

aSdy <2). . 

Since the power series is divergent for x = d;, and 0 < dy, < x, the 
power series diverges for x = 2}. 

By Theorem 15.1.2, the power series diverges for all x satisfying | x [> 
aw. Since x, is arbitrary, the power series diverges for all x satisfying 
ia [> a. 

Hence a = R and the theorem is proved. 

Definition. R is called the radius of convergence of the power series 
SS a,x". The open interval (—R, R) is called the interval of convergence 


of the series. 


Note 1. We define R = 0 fora power series which is nowhere convergent; 
and R = oo for a power series which is everywhere convergent. 


Note 2, The convergence of the power series at 7 = R, x = —R depends 
on the nature of the sequence {an}. There are power series for which 
both R and —R are points of convergence, or both R and —f are points 
of divergence, or one of R and —R is @ point of convergence and the other 
is a point of divergence. 


15.2. Determination of the radius of convergence. 
Theorem 15.2.1. (Cauchy-Hadamard) 


Let a anx” be a power series and let lim lan [}/"= yw. Then 
r= 


(i) if 2 = 0, the series is everywhere convergent; 


(ii) if 0 < yz < 00, the series is absolutely convergent for all x satisfying 
|x |< 1/py and is divergent for all x satisfying | x [> 1/,; 


(iii) if up = oo, the series is nowhere convergent. 
Proof. (i) Let x9 40 ande = Bee] ‘ 


Since lim |-an |1/"= 0, there exists a natural number k such that 
| an |/"< € for alln > k. or, | anzg |< 4: for alln > k. vs 


; coil, : ee, as 
Since zy, gn 18 4 convergent series of positive terms, 3° lanzt lisa 
n= n=0 
convergent series, by Comparison test. 
oO 
It follows that x QnXp is absolutely convergent and is therefore con- 
& Toms 


vergent. 
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oo . 
As Zo is arbitrary, the series ae Gnz” is everywhere convergent. 
R= 


(ii) lim ¥/] ana | = lim( Yan || 2 |) =| 2] pe. 


. bad oe * 1. 
By Cauchy’s root test, the series uo | @nz” | is convergent if |x| < 


co : * 
Therefore if | z |< 1/y, the series 0 jane") is convergent i.e., the 


CO 
series ¥} anz” is absolutely convergent. 
n=0 


hie les 1, lim &/| a,x” | = lim 8/] a, |.[z| > 1. 


Let un, = anz”. Then lim | up, |> 1 and this implies lim | uy | 0. 


oO * . 
Consequently, lim uy, 4 0 and it follows that DY uy, is divergent. 


n=0 


oO a “9 
(iii) If possible, let the series wo a,x” is convergent for x = ®o, (o A 


0). Then lima,x§ = 0. 
The sequence {a,z}} being a bounded sequence, there exists a posi- 


tive real number B such that | anz§ |< B for alln EN. 

This shows that the sequence {| a, |!/"} is a bounded sequence and 
this contradicts that lim | a, |}/"= oo. 

Thus the series Da,z2" is not convergent for = xo. As 2o is an 
arbitrary non-zero real number, the series a,z” is nowhere COuVere ent: 

This completes the proof. 


. ‘ 1 

Note. The radius of convergence of the series is iio" | 

When 0 < p < 00, R = }; when up = 0, R = 00; when pp = 00, R = 0. 
Theorem 15.2.2. (Ratio test) 


Let 5 anc” be a power series and let lim | Sait j= uw. Then 
n=Q 
(i) if 4 = 0 the series is everywhere convergent; 
(ii) if 0 < ps < 00 the series is absolutely convergent for all : satisfying 
| x |< + and the series is divergent for all x satisfying | x |> ron 
it 
(iii) if j = oo, the series is nowhere converegnt. 


Proof. (i) Let « ¢ 0 and let up = anz”. 
q Un+1 ; an+1 a, 1 
= lim | —~—|I<| <1. 
Then lim | ——— |= 1] as \| x |= cae 
By D’Alembert’s Ratio test, the series D|u,| is convergent. 


- Therefore s anx2” is absolutely convergent for all non-zero real a. 
n=0 


& 
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oo os { 
Consequently, neo a,x" is convergent for all non-zero real =, i.e., the 


series = Anz” is eke convergent... 
n=O 
(ii) Let 2 40. Then lim | oes [= nie. 
ae D’Alembert’s ratio test, the series Zs | Qna™ 


lal < % 
The series is convergent for + = 0 also. 


is convergent if 


ox 
Hence the series x a,2” is absolutely convergent for all real x sat- 
Tis= 


isfying | 2 |< 4 


When | x |> 4, lim | fatigo |> 1. Let up = anw” 

Then lim | tne |> 1. et: lim | “244 |=. Then / > 1. 

Let us choose ¢ € > Osuch that ]—~e > 1. There exists a natural number 
m such that 1—e <| 2* [</+e for alln >m. 

Therefore | “++ [> 1 for all >m 

or, | Unay I>f Un | for alln >m. 


This shows that the sequence {| up |} is ultimately a monotone in- 
creasing sequence of positive real numbers and therefore lim | un, | cannot 


be 0. 
It follows that limu, 4 0 and consequently SZ, Qnz” is divergent for 
all real x satisfying | x |> 4. 


(iii) Let u, = ana” 

lim | “8+ |= lim | Sout || z j= oo. (not considering the case, 7 = 0.) 

Let us Ghoose G> ea There exists a natural number m such that 
| “st |> G for alln > m. 

Therefore | un+1 {>| un | for all n > m. 

Proceeding with similar arguments as in the last part of case (ii) it 


can be proved that SS Anxw”™ 


is divergent for all real at 0). 


Thus the series 5, anz” is nowhere convergent. 


tm 
This completes the proof. 


Note 1. The radius of convergence of the power series is Tima EE] 
| 


Note 2. We have lim | = [< lim | a, |" 
< lim | an jnec lim | “e+1 |. [Theorem 5.16.4.] 
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Therefore if lim |“2++| exists then lim | an [}/" exists, but the converse 
is not true. 

It follows that if the ratio test be applicable to a series then Cauchy- 
Hadamard test is also applicable to the series. But there are cases where 
Cauchy-Hadamard test is applicable while the ratio test fails to be appli- 
cable. Therefore Cauchy-Hadamard test is more powerful than the ratio 
test for the determination of the nature of a power series. 


Worked Examples. 
1. Determine the radius of convergence of the power series 
a+ ar 4 Sa 4. 


Let S Anz” es the given series. Then ag = 0,a, = 
n=0 


2” for alln € N. 


a (n+1 eed t j n+) = 
| Sa#2 j= SE =(1+4)" forn > 1. lea |= e. 


The radius of convergence of the power series is 1/e. 

2. Determine the radius of convergence of the power series 
1 x? 3 eis on 
3 xo+ 3 Zz? + gt zw -- 


oO 7 é 7 
Let ¥ anzw” be the given series. 
n=0 
1 t -_ eo 
Then ag = 3,41 = —1,a2 = 37,03 = —1l,a4 = g7,°°° 
lish Pag f= 1, 


The radius of convergence of the series is 1. 


3. Find the radius of convergence of the ates series 


2 2 
a+ CP 2 4 BY os 4... 4 + Goa 
OS 
Let x, Qnc” be the given series. 
Tom 
Then ag = 0,a; = lla, = ane ; for all n > 2. 
lim | “3+ |= lim Way = z 


The radius of convergence of the series is 4. 


15.3. Properties of a power series. 


Theorem 15.3.1. Let 5 Qnx” be a power series with radius of conver- 
. n= 

gence R(> 0). Then the series is uniformly convergent on [—s,s], where 

O<s ch. : 


Proof. Let fa(z) = anx",n > 0. 
Since R is the radius of convergence of the power series, the series is 
absolutely convergent for all real x satisfying | x |< R. 
tt * as } 


596 REAL ANALYSIS 


Since 0 < s < R, the series S, anx” is absolutely convergent for all 
x satisfying |x |<s< RF. 

Therefore the series 5 | @ns” | is convergent. 

Now {fn(x)| = lanz™| < lan|s” for all real x satisfying |z| < s. 

Let M, = |a,|s" for alln EN. 

Then =, M,, is a convergent series of positive real numbers and for 
alln EN, |fn(x)| < Mn for all x € [—s, s]. 


> oo 
By Weierstrass’ M-test, the series Da fn(v) is uniformly convergent 
Tem : 
OO 
on [—s,s]. Consequently, the series x fn(x), ie., the power series 
i 
foo) 
Sanz” is uniformly convergent on [—s, s}. 
n=Q - 


Corollary 1. Let R(> 0) be the radius of convergence of the power series 
= Q,2". Then the series is uniformly convergent on (-R+e, R—e«] where 
€ is an arbitrarily small positive number satisfying R — « > 0. 

Proof. R~e> 0. Lets = R-~e. Then 0 < s < R and therefore the 
power series is uniformly convergent on [~s, s], ie., on [~R+6¢,R — el. 
Corollary 2. Let R(> 0) be the radius of convergence of the power series 
a Qnz". If [a,b] be any closed interval contained in (—R, R), then the 


oO 
series © @n2" is uniformly convergent on [a, OB]. 
n=0 i 


Proof. Let us choose a positive e such that R-e >Qand-R<—Rt+e< 
a<bo<R-—e<R. 


Let R-e=s. ThenO<s< Rand -R<-s<a<b<s<R. 


Since the power series is uniformly convergent on [—s, s] and [a,6] ¢ 
{[—s, 8], the power series is uniformly convergent on [a, dl. 


Theorem 15.3.2. Let 5a Q,z” be a power series with radius of conver- 


nO 
gence R(> 0). Let f(x) be the sum of the series on (—R, R). Then f is 
continuous on (—R, RB). 


Proof. Since R is the radius of convergence of the power series, the series 
is uniformly convergent on [-R+ 4, R — 4] where 6 is an arbitrarily small 
positive number satisfying R.— 6 > 0. 

Let fn(x) = an2",n > 0. 

Let sn(x) = fo(x) + fitz) +--+ + fa(z),n 2 1. 
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Since the series is uniformly convergent on [-R + 46,R — 6] to the 
function f, the sequence {sn} is uniformly convergent to fon [-R+ 
6,R— 6]. Letce (-R+6,R— 4}. ; 

Let us choose ¢ > 0. There exists a natural number k such that 

for all x € (-R+6,R—54],| 5n(x) — f(x) |< § for alln2 k. 

Hence for all z € (-R+6,R — 6], | sx(x) — f(x) |< § 

Therefore | s,{c) — f(c) |< §- 

Since each fr, is continuous at ¢, Sn (x) is continuous at c for alln > 1. 

Therefore there exists a positive 6’ such that 

| s(x) — sx(c) |< §@ for alla e N(c, 6) N[-R+6,R — 5]. We have 

| f(z) — fle) | | f(x) — se(w) + sx (x) — su(c) + se(e) ~ Fe) | 
| f(x) — se(x) | + | se(@) — sx(e) | 
+ | sg(e) — F{e) | 
< eforallaz€ N(c,6’)N[(-R+46,R—4] 

or, | f(x) — f(e) |< ¢ for allze N(c, 6) N[-R+6,R — 5]. 

This shows that f is continuous at c. 

Since c is arbitrary, f is continuous on [-R+ 6,R — dj. 

Since 6 is arbitrary, f is continuous on (—R, R) and this completes 
the proof. 


IA tl cat 


Note. A power series with radius of convergence R(> 0) hasa continuous 
sum function on the interval of convergence (—R, R). 


Theorem 15.3.3. A power series can be integrated term-by-term on any’ 
closed and bounded interval contained within the interval of convergence. 


Let 3 anc” be a power series with radius of convergence & and let 


. n=O ; 
f(x) be the’sum of the series on (-R, R). 
The theorem states that for any closed interval [a,b] c (—R, R), 


b 
fragde + f? anda + fp aga*da +++: = fo f(x)dz. 


a 
Proof. Since R is the radius of convergence of the series and the closed 
and bounded interval [a,b] C (—R, R), the series is uniformly convergent 
on (a,] to the sum function f. ; 

Since each term of the series is integrable on a, b}, f is also intergrable 
on [a,b] and : : 

ik agdx + fs aycdz + ff? aor*dzt+--° = ips f(x)de. 


Note. For any Z satisfying | « |< R, the series is uniformly convergent 
on [0,2] or [#,0] and 


fo eodx + fo arvdz + fo aov?dz +--+ = fo f(x)dx 


3 peed va x 
ee oe pias eee to a ae 
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The convergence of the left hand series (obtained by term-by-term 
integration) to J. f(x)dz is established by the theorem. 


Since the left hand series is a power series we now determine the 
radius of convergence of the series. 


Lemma 15.3.4. Let {u,} be a bounded sequence where uy, > 0 for all 
n EWN and let v, > 0 for alln € N and limvyn = v. Then lim (unvn) = 
v.lim Un- 


Proof. Case 1. v #0. 
Since the sequence {v,} is convergent, it is a bounded sequence. So 
the sequence {t,v,} is bounded and therefore lim (unv,) exists. 


Let lim (unvn) = p. Then there exists a subsequence {u,,v,,,} of. 


{unvn} such that limu, vp, =p. Again limv,z, =v => lim, =v. 


Since limu,,v,, =p and limv,, = v #0, limu,, = 2. 


Clearly, 2 is a subsequential limit of the sequence {u,} and so 2 < 
lim u,(= u, say). Therefore p < uv since v > 0. 


Since lim uy, =u, there exists a subsequence {ux,, } of {un} such that 
limu,, =u. Also limv, =u => limvg, = v. , 

Therefore lim ux, ve, = UV. 

Clearly, uv is a subsequential limit of {u,v,} and therefore uv < p. 


It follows that p = uv. That is, lim(unvn) = vlim up. 


Case 2.v= oO, ; 
Let lim u, = u. Then there exists a natural number k, such that 
Un <tu+1 for alln > ky. Clearly u+1> 0. 


Let «€ > Ne Since imv, = 0, there exists a natural number ky such 
that un < ;%, for alln > 


Let A = ae ees Then uyvn <e¢ for all n > k. This proves that 
lim unt, = 0. Therefore lim(unvn) = =limunvnz = 0= viim uy. 
This completes the proof. 


Lemma 15.3.5. Let un > 0 for all n ¢ N and {un} be a bounded 
sequence such that lim tun > 0. Let uv, > O for alln € N and limv, = 
v > 0. Then lim (un)*" = (lim un)”. 


Proof. Since {un}, {un} are bounded sequences and un > 0 for alln EN, 
the sequence {(un)’" } is a bounded sequence. So lim (tu,)’" exists. 
Let lim (un)’" = p. Then p > 0. 


Let lim u, = u. Since lim (u,)" = p, there exists a subsequence 
{(u,,, )%=} of the sequence {(u,)*"} such that lim(u,,)’» = p. Also 


"series agz + Ya? + 
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limv, = u=> limv,, = v. 


logp = loglim(u,,)’™ 
= lim[v,,, log(ur,, )]- 


; ; . } 
Since limv,, =v #0,limlog(u,,) = “8. 
or, loglimu,, = 4 logp 
li —_ Llogp — yt 
or, limu,, = ev =p. 


Clearly, p? is a subsequential limit of the sequence {un} and so pe< 
u. Therefore p < u”, since p > 0,v > 0. 

Since lim up, = wu, there exists a subsequence {ux,} of the sequence 
{un} such that limu,, =u. Also limv, = uv => limug, = v. 

Since limusz, = u > 0 and limug, = v, lim(ug,)** = UY. 

Clearly, u® is a subsequential limit of the sequence {(un)’"}. 
Therefore u” < p. It follows that p = u”. That is, lim(un)’" = (limu,)”. 

This completes the proof. 
Theorem 15.3.6. Let R(> 0) be the radius of convergence of the power 
series a9 + a12 + aon +--+ Then the radius of convergence of the power 
seriesagz + Ya? + Bat +---+ Ste" 4+---, obtained by term-by-term 
intergration, is also R. 
Proof. % = lim 2/] an |. Let R’ be the radius of eater of the power 


a = n/lane 
ee oe oe * Then Tim ¢/ (@n=1!. 


«= Tim? [n= a Tim fl¢2=2 a ae 


—i.),2c1 
sr igmees 1 [aT pT 7 
ne _— 
As lim %/| an | = #, we have Ve 1 [p-T= 4. 


= lim (tn.Un), where un = 


Since lim | an—1 WET = +, and lim 2=+ = 1, it follows that lim un = $- 
As lim Yn = 1, we have limu, = ise eas 
Since limun = 1 and lim vu, = %, we have lim (tntn) = 


limuy lim vp = lim uz = #- 
Therefore ¢; = 4, ie, R’ = R. 


Note. It follows that the series obtained by integrating the power se- 
ries Sa,z” term-by-term is also uniformly convergent on any closed and 
bounded sub-interval contained in the interval of convergence. 


Worked Example. 


1. A function f is defined on (—4, }) by 
f(z) = 142.32 4+ 3.322? + -- a n.grrign-14. 


Show that f is continuous on (-4, 4). Evaluate fhe 


Analysis-39 
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Let > Gnz” be the given series. 


Then dg = 1am = (n+ 18" form > 1. A 
re 3(n+2) __ 
wim |= ~ |= im, “nr 3. 


The Bodie of convergence of the power series is z. 
Therefore f is continuous on (—4, 3). 
The series can be integrated fons by-term on any closed interval con- 


tained within (—4, 3). [0 ar: c (- MD cae 
Therefore See f(x)dax 
= 04 da + fA ogade ++. + 
= 444900) + a4)? + 
= 4°1-3/4 — Ih; 


PY naa de +. 


Theorem 15.3.7, Tet Ags 0) be the radius of convergence of the power 
series ag + a,x + agu* +--- Then the radius of convergence of the power 
series a, + 2agxz + 3agu* +--+ (n+ l)anyiez™ + +++ obtained by term- 
by-term differentiaton, is also R. 


Proof. % = lim */| a, |. Let R’ be the radius of convergence of the series 


a1 + 2a2 + 3agx? +--- Then # = lim ?/(n +1) [angi |. 


w =lim/(n+1) Tanai | 


= lim[{(n + 1) 47 Ae {| Qn4i pana # l= lim(untn) where un = 

Ge 1) #41} Ree a Un = {] Qn4i laa 

As lim °/| an | = 4, we have lim | an4i |a = $. 
Since lim | an4) [741 = # and lim 2+ = 1, it follows that lim Un = 

As lim ~/n = 1, we have lim(n + 1)74T = 6 

Since lim(n + 1)*4T = 1 and lim ati — 1, it follows that limu, = 1. 

Since lim u, = 1 and limv, = 4, we have lim(unvn) = lim un.limvn = 
lim vz = 3. 


Therefore 3; = $, i.e. R’=R. 


Bt) 


i 
i 


Theorem 15.3.8. A power series can be differentiated term-by-term 
within the interval of convergence. ; 


Proof. Let S Q@nx” be a power series with radius of convergence R(> 0). 
ue f(x) be the sum of the series on cs R,R). The theorem states that 
dp (Qo) + fz (a1) + g(a2z?) + - i; f(x) on (—R,-R). 


da 
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aS 
Differentiating the series © a,x” term-by-term, we obtain the series 
n=O 


a, + 2agx + 3a3z?4--- 

Let R’ be the radius of convergence of this power series. 

Then R’ = R, by Theorem 15.3.6. 

Since R is the radius of convergence of both the series, both of these 
are uniformly convergent on [-R + ¢,R — e] for any positive ¢ satisfying 
R-e>O. 

Let f(x) be the sum of the series ag +a,a+agn?+--> on 
Then 

(a9) + £(aiz) + Z(aon?) +--- = £f(x) on [-R+e,R-€], by 
Theorem 14.2.3. 

Since ¢ is arbitrary, it follows that f is differentiable at each point of 
(—R,R) and £(a9) + “(arz) + #(agz?) +--+. = £f(x) on (—R, R). 


[-R+e, R—«]. 


Theorem 15.3.9. Let =, Qnz” be a power series with radius of con- 


vergence R(> 0) and f(x) be the sum of the series on (—R,R). Then 
f*(0) = kia, (k = 0,1,2,...). 


Proof. a9 + aiz + agz* +--+. = f(x) on (—R,R)... .. (i) 
Therefore ag = f(0). 
Differentiating the series (i) term-by-term, we have 
a1 + 2agu + 3agz?+--- = f’(x) on (—R, R) ... ... (ii) 
Therefore a, = f’(0). 
Differentiating the series (ii) term-by-term, we have 
1.2ag + 2.a32 + 3.4aqz" +---= f"(z) on (~R,R)... .., (iii) 
Therefore 2!ag = f’’(0). 
Differentiating the series (iii) term-by-term, we have 
1.2.3a3 + 2.3.4a4z +--+ = f’"(x) on (—R, R). 
Therefore 3lag = f’”(0). 
Proceeding similarly, kla, = f*(0) for k = 0,1,2,... 
Note. The power series takes the form yo ar f “ 
depending on the values at the origin of the-8u sum function f and its 
successive derivatives. 


—— 2", the coefficients 


Definition. If a function f defined on some neighbourhood N(0) of 0, 
has derivatives of all orders on N(0), then the series 

f(0) + f’(O)x + £3 72 + £1 8 +--+ is called the Taylor’s series 
of f about the point 0. 

The Theorem 15.3.9 shows that every power series = anz” with 


5 n=O 
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radius of convergence R(> 0) is-the Taylor’s series about Qiof its sum 
function f. 
Now it is natural to ask if a function f, having derivatives of all orders 
on some neighbourhood N(0) of 0, be chosen first and the Taylor’s series 
"0 
=, fe) ) x” be constructed, does this power series will have f as its sum 
n= 


function on N(0)? 

The answer is ‘no’. 

Let us consider the function f (due to Cauchy) defined on some neigh- 
bourhood N(0) of 0 by f(x) =e7¥/*", x £0 

=0,2=0. 

We have f"(0) = 0 forn = 0,1,2,... 

The Taylor’s series of f about 0 is0O+0+0+--- 
obviously to 0, and not to f, on N(O). 


Theorem 15.3.10. (Abel) 


and this converges 


Let Sanz” bea power series with radius of convergence R(> 0). If 
0 


the series converges at the end point R of the interval of convergence 


(—R, R), then the series is uniformly convergent on the closed interval 


[O, RI. 

li.e., the range of uniform convergence extends upto and includes RJ. 

If the series converges at the end point —R of the interval of con- 
vergence (—R,R), then the series is uniformly couvereent on the closed 
interval [~R, 0]. 

lie., the range of uniform convergence of the series extends upto and 
includes — R]. 
Proof. First part. 

The series a a,R" is convergent. 

t= 

Let us choose € > 0. Then there exists a natural number & such that 

lang Rt! + anggR™t? 45+ + QnzpR™*?| < € for all n > k and p = 


1D es 
Let Sn,1 = a n+ A” mth 
2 
Sn,2 = @ nett + On42R"t?, 
‘Soe = a wR ace +a negRrt? ae +++ OnypRt?, 


Then | spp |< € ee all n>kandp=1,2,3,... 
| Anqiertl + On42n"t? os aioe OnppLrrP 


=| ang. RP (S)P+) + ange R™t2(Z)0t? +--+ angpRrtP(Z)e? | 
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=I ona + (on.2 — Saal(BIF + (6n,0 — Saa\BS ee + 
(Sup — Snip—1)( E+? | 7 


=| AS le CR) TA pe ahe ey = CRT TEy ae Gen oe 
snipe Bt = (RI + snl BY? | 7 

S| Snr {I oe SUR) Te | seal Gay = aye eee 
[Super | (Q)°TPET* — (CR)? | + lea IL I 

=) san fe = Gy eae | GRP Be ee 

| Snip | (#)"*?, 

since for all x € [0, R],0< ($)"*? < (S)™ 1 <--- 

<2 RIM + (GO = GO + 
(#)" +P} H(z )*+P} for Blin > bps Tia sc 

= €, (% jeer, 

Therefore for all x € [0, RI, | eee: FO get? +. tangent? [< 
éforalln >k and p=1,2,3,... 


This proves that E, anz” is uniformly convergént on [0, R}. 
Tem 


SG 2 aaa 
ae 


Second part. Similar proof. 
Theorem 15.3.11. Abel’s theorem (Another form) 


Let 5 anxe" be a power series with radius of convergence 1. If = Gi 


n=0 n=O 


be convergent then the series 2. anz” is uniformly convergent on [0, 1]. 


Proof. The series: = a, is convergent. 


Let us choose = zg 0. Then there exists a natural number k - that 
| Qn-1 + Q@n42 + +++ + Gn+p |< ¢ for alln > k and p = 1,2,3,. 


Let Sn. = Gna; 
Sn,2 = Gn4+1 + Qn42, 
Snyp = Gn4i + Gnyzo +++ + Gnin, 


Then | snp |< € for alln >k and p= ‘he ee 
| Onzit™*? + angoet? +--+ anppa™t? | 


=| Sn sae + (sn, 2 Sn, Hare os a (Sn,p “A Sipone os 


=| Sn, 1{z7t} = gente} + Sno{art? = ents} ab a CE: Sn p-1{ertPo} es 


ar tP} + sy pErrP | 


=| 2,34 [ae = att |e 4 Sn,2 || et? — ants [+--+ | Sn,p—1 | 
| gti Rae untPp | + | Snip \| gertp | 
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=| Sn,1 | {z+} ec get?) 4 | 8n,2 | {an+? oy Borrey Seo | Sapo 
{artP-1 _ gt tP}4. | s, | 2"+?, for all x € [0,1] 


<ea™t! for alln > k and p= 1,2,3,. 
Therefore for all x € [0,1], | onesie 4 +a. naar t? Heb Any per tP 
<eforaln>k and p=1,2,3,. 
This proves that z. @n2” is uniformly convergent on [0, 1]. 
r= , 


Theorem 15.3.12. Abel’s theorem {Limit form) 


oO 
Let SS a,x” be a power series with radius of convergence R and let 
n=O 


‘the sum of the series be f(x) on (—#,R). If the series Sank” be 


om 
convergent then ¥ a,R" = lim f(z). 
n=0 zo Rm 


. oo 
Proof. Since R is the radius of convergence of the series and 3} a,R” is 


n= 
convergent, the series is uniformly convergent on [0, R]. Let d(x) be the 
sum of the series on [0, R]. 


Since each term of the series is continuous on [0, R], the sum function 
@ is also continuous on [0, R]. Also ¢(z) = f(x) on [0, R). 
Since ¢ is continuous at R,}6(R) = lim o(x) = lim f(a). 
sR cow Re 
Therefore La, R” = lim f(a). , 
wom 


Corollary. Let Ss Qnx” be a power series with radius of convergence 1 
and let,the sum of che series be f(x) on (—1,1). Then | 


(i) if the series Da, be convergent, then De, = lima f(x); 
ae tal 


(ii) if the series X(—1)"a, be convergent, then E(-—1)"a, = 
lim — f(z). 


z—+~1+0 


Note. The converse of Abel’s theorem is not true. For a power series 


oO 
zy a,x” with radius of convergence R, lim f(x) may exist, yet the 
n= zt R— 


series z, Qnz2” may not converge at R. 


n=O 


For example, the sum of the series 1 — x + 2? ~ 23 +--- is 4 on 


(~1,1), 1 being the radius of convergence of the series. ,im oar eae 
but the series 1 - 2 +2? ~ 2° +4--- is not convergent at x = 1. 
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‘Theorem 15.3.13. (Uniqueness theorem) 


i nd b,z” converge on the same 
If two power series en Ann” al = A 


interval (—R, a R > 0, 6 the same function f, then a, = b, for 
n= 0,1,2,. 


Proof. By the given condition, 

f(z) =ao +air+ ana +: 

and f(z) = b9 + dix + box? +- 

At x = 0, f(0) = ao = bo. 

Differentiating both the series ima we have 
fl(z) = ay + 2agn + Bags" +: on (—R, R) 

and f'(x) = b) + 2ber + 3bgx? + - on (—R, R). 

At « = 90, f’(0) =a = bi. 

Differentiating again, we have by similar arguments 

Mt = a9 = bo. 
ates similarly, we have @n = bn for n = 0,1,2,... 


on (—R, R) 
on (—R, R). 


Theorem 15.3.14. If Ai, Re be the radii of convergence of the power 
3.14. ; co 
series S anv” and S b,x” respectively and mo anx” = f(x) for |x |< 


R. $ bn0" x” = g(x) ee | x |< Ro, then the ae of convergence of the 
lo n = 
n=O 


series 3 an +b,)x° is R= “min{R,, Re} and the sum of the series is 


f(z). 4 g(x) on (—R, R). 
Proof left to the reader. 


An alternative proof of Theorem 6.6.4 


Abel’s theorems. 
If the series 3 an, D ba, 3 en converge to A,B, C respectively 
=0 
and if cn = adobn * a1bn—1 eee aa then C = AB. 
bya tbge® +--+, CoP aUet 
Proof. Let @o + aiz + aga? +++, bo tht 
Cox” ee . be three power series Apel radius of convergence 1 having the 


sums f(x), g(a), h(x) respectively. 
ao of the series is absolutely convergent forO <a <i. oe 
f(z).g(z) = h(x) for all x satisfying 0 < x <1, by theorem 6.6 


Since the series ap + @12 + aon? +--- a convergent for x = 1, f is 


continuous at 1 and im f(x) =fQ)= 
Similarly, lim Pes = g(1) = B and Jim h(x) = h(1) = 
paces ae 


* 


cece A ESE ME PORES TG IO ETT ao 
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Since f(x) 9(x) = h( et 
: : = A(z) forO < x < 1 roe 
continuous at 1, lim =e and the functions f,9,h 
{im [f(x).9(x)] = jn A(z), ie, AB=C. g,h are 


Worked Examples (continued). 


2. Let f(x) be the sum of the power series Ant on R R for 
a ( ? ) 


some A> 0. If = n= 
ail S4ac F(z) = f(—2) for all x « (—R, 2), show that Qn = 0 for 


@o + @12% + aan? + agy3 + 
es "+= f(z) for allz e(_R 
herefore ag — 12 + agx? ~ag73 4... icy for Hie E(-R 
aii = f(-2), both the Power series 
pete O12 + aex* + agz3 +... and Qo ~ 412+ ax? 3 
€ same sum f(z) on (—R, R). ee 


By uniqueness theorem, 
-Hence a, = 0 for all odd n. 


ay = ~@1,03 = —a3,d5 = —as,... 


3 Assumi 7 me 
. 1 Ww i 
; ng the power series expansion for i as 
a 1,,2 1.3 4 3.5.6 ile 
Vina? — l + =7 + 74-2 + e3 a + ac oe . 


obtai i 
ain the power series expansion for sin7! > 


Deduce that 14 -L 4 _13 1 
eae tas + its + BaG7 t= ao 
et a+ = Yy. The : 
Let : series becomes 1] + y+ £372 4 BB.5 3 40, 
nig ry be the series. Then Qo = la, = 133-(2n~1) ¢ 

lim | eee le 2.4.6... 37 orn > 1, 
noo Qn 
Hence the inte 

tval of ; pote ty 

convergence of the series is{yeER: -le 


¥ <1}. It follows that the i 
€ inte 
{eER:-1e mn @ a tval of convergence of the given series is 


Integrating term-by-term on [0, x] where | x I< 1, we hav 
: e 


3 
e+) #413 2 | 1.3.5 27 
2-3 +a + 338 2 


By Abel’ 
y Abel’s theorem, the sum Of the series at z =] is sin7! 4 


A =— i 
ta: 1, the series becomes —| — Z.2_131 
ay is also convergent, se eae 
> 
y Abel’s theorem the sum of the Series at t= —] js sin7}( 1) 


Hence sin71y = 7 4 4. 4 3 st 4 13.5 27 
3 2.4°°5 246° 7 t+ for -l<z7<} 


14, Assuming the expansion 
3 4 


4A te 
4 4 
‘ prove that fo @8Gt@)gp—-1-h44—-44.:. 
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l 1.3 1.3.5 RC ee: tie 
andl+ 335+ 995 + ade7 +- sin“ l= 


aa 
3 


log(l+z)=2- 2+ 


Let us consider the series 1 — $ + 4 — “ Spe voy cet (i) 
The radius of convergence of the series is 1. Let d(2) be the sum of 


{the series on -1 <2 <1. 
1 = tegGt2) | for 0 <| x |<1 


Then ¢(x) 
= 1, forx=0. 
At x = 1, the series is convergent. By Abel’s theorem, the sum of the 


q series at z = 1 is lim b(x) = log 2. 


At v = —1, the series is divergent. 
m2 4...= f(x) for -1<2<1, 


Hence l1-§$ +4 
where f(z) = lest) | for ~-l<a<1,cr 0 


= Ave ==.0. 
The series (i) is uniformly convergent on [0,1]. Integrating term-by- 


term on [0,1], we have 


So f(x)dx = fy dx — 4 fy ada +4 fp} x?dx — Lf} ada +-- 


1] 1+ L 1 k 
or, fo “EU#2 da =1—-t gem ete 


5. Assuming the expansion 
log(l—2)=-2- 2 ~# -—..-for-lsgar<l 
prove that {, log(1 — x)dx = —1. 
— = ii = —---is ] 


The radius of convergence of the series —x 


Integrating term-by-term on [0,2] where |z| < 1, we have 
-+ = fy log(1 — z)dx for -l1<2< 1, 


a2 x? at 
2 2.3 3.4 7 
At 2 = 1, the series becomes —;4; — 4, - fy --:- 
Let s, = -A3,- 4, -3,--:--—5. 
127 23 — 34 n(n-+l) 
= 1 : ee 
Then s, = —(1 — 747] and lims, = —1. 


Therefore the series converges to —1 at r= 1. 
‘By Abel’s theorem, the sum of the series at x 
lim Jo log(1 — x)da. 
Therefore lim Jolog(1 — z)dx = -1. 


Since Jim flog —~ x)dx exists, this limit is f, log(1 — x)dx.: There- 
e-le 


= Jl iis 


fore cB log(1 — x)dz = —1, 


608 REAL ANALYSIS 


6. Find the sum of the series = (2° + 3")x", indicating the 
no 
validity. 


a 
Let the series be x anz2", Then a, = 2% 4+ 37. 
n= 


OO 
x 2"2z” is a power series whose radius of convergence is 


3 and the ] 
n=0 ‘: 
sana 1 
sum of the series is ~5— for |x|] < ae 
OO 
X 3"2" is a power series whose radius of convergence is 5 and the 
n=O 
: : 1 1 
sum of the series is ;—;— for |x| < me 


: OO 
Hence the radius of convergence of the series SI a,x” is 3 and 
=0 
a n 1 1 1 : 
nag Or =Toe + Loae for jx{ < a. 


Fe OO ore oon 
At x= 4 the series becomes © a 
n=O 


As ‘im[(3)” + 1] 4 0, the series is divergent at x = 4 


®: imilar arguments, the series is divergent at 2 = ~. 

Fi ie § sey 1 1 i. 1 1 

Hl. ---e the sum of the series is [og yee fore ae 
7. auminy that tan7le = xr — # + = c++ for -1 < @ < 1 and 
We (—~g2?+a4~27S4... for -1<2< 1, deduce that 

te. = 22.152 21 1 i,i 

sf a lz) = gu” — 3(14+ $)et4+2(1444))08-.. - for —1 2 <1 

The radius of convergeiice uf each of the series 7 — = + a —+-> and 
1~—2? +2425 +... is 1 and therefore both the series are absolutely 


convergent for ~l1< 2 <,1. 


So their Cauchy product will converge absolutely to the product of 
their sums for -l <2 < 1, 


Let the Cauchy product be co + cy + cox? + c3aF +... 
Then co = 0,c; = 1,c2 = 0,¢3 = —(1+ 4),cq4 =0,¢e5 = (1+ 3+). 
Therefore tan = 2-(14+$)e84+(1+4h42)e84..- for ler]. 


Integrating the series term-by-term on [0, x] where |x| <1, we have 


3(tan~! x)? = } ?—3(1+$)at+2(14242)26~... for -l<egel. 
At z = +1 the series becomes 4 — 1(1 + 3) +4(14+44+4)—.-- This 


is an alternating series and it is convergent by Leibnitz’s test. 


By Abel’s theorem, 4(tan~! a)? = 52? —F(14+4)a4+ 2142 41)96— 
--- for -Il<a2<1. 


range of | 
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Exercises 26 


bead ‘as 
1. Find the radius of convergence of the power series © anz” where 


non . a _ 37 = : = 0; 
(i) ay, = (En = 1,2,..., a0 = 0; (ii) an = 5,n = 1,2,...,@0 
(ida, = (1/3)" if n be odd (iv) an = 2% + 3", n Bl; 
= (1/2)" if n be even ; 


(v) ao =lan =(YN4F1)". 221; (vi) ao =1,2 Sl an |S 3 forn st. 


2. Find the radius of convergence of the power series 


: 2.2 3,3 
(i) 1+ 3a + 23 + 23 aces 
3.5 4.3 rae 
(ii) 1+ fat Foo? + Se + 
2 


2 42 22.42.62 3 ‘ 
Sid 92 27.4 = es 
(iii) 1 — Spa + Gree” — gages et + 


ea ; ee Se 
(iv) 1-~fo+e?-Rte-Ft 


pas (—1)**? A 
(v) woo mz) (x + 1) 
wy Se ea 


nao (n+ 1)(n+ 2) 


3. S anz™ is a power series with radius of convergence R(> 0). Construct a 
= ee Th . 
a0 
ae series 3S bnx™, other than S a2”, such that the radius of convergence 
po ns 


n=0 = 


. bang Thos 
of the series © @nbpx”™ is also R. 
n=0 


[Hint. Take bn = =hy- | 


4. S a,x” is a power series with radius of convergence R(> 0). Construct a 
: Qn 
n=O = ; 
ies © ™ such ‘that the radius of conver- 
power series bone other than Eyle/?) , su 
: _ 
gence of the power series x GQnbnx” is 2R. 
ee 
i ¥ = sk ifn be even 
Hint. Take bn = gy ifn be 
= gk if n be odd |] 
5. Find the sum of the power series 1+2+2°+:-- on its interval of convergence, 


Deduce the power series expansion of log(1 — x) and use Abel’s theorem to 
1 


prove that 1~ $+4-j4+---=log2. 

P p - Lyx? L Lyet 4... for 
6. Prove that $[log(1 — a)P = ge +(1t+e + (Ege a)\e 
-l<eev<l. 


+ 
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* 


{ 


7. Find the sum of the power series 1+2-+27+-.-- on its interval of convergence. 


By repeated differentiation prove that 
(l-2)-F =1+ 32 + ge? + 24893 4... on (—1,1). 
8. Assuming the power series expansion for (1+ 2)7} as 
(l+2z)"*=1l—a2+42?—234... 
obtain the power series expansion for log(1 +a). Deduce that 
G@)1-$+4-14...=log2. 
(ii) }flog(1+z)]? = 32? ~— 3(1+3)2°4+4(14+442)a4_. --for-l<2<1, 
9. Assuming the power series expansion for (1+ 27)7?} as 
(l+27)") =1—2? +24 94... 
obtain the power series expansion for tan7?} x. 


Deduce that G@1-ZF+$e-R4+---= 8; 


(ii) fY S2de=1-344 eae 


10. Assuming that the sum of the power series x — = + = —-++ on its interval 
of convergence is log(1 + x), deduce that 

i 1 ca 

T2~ a3 + gq 771 = Qlog2—-1, 


11. Assuming that sin~!2 =a + i= a 132° +--+ for -~1 < x < 1 prove 
that ; : 

fo epede=14 bb t ike 
12. Assuming the expansion ite =l-2+2?-¢ 
prove that 


$4... for-l<gz<l 
wy pl 
(i) fy qeede = F-24232 -245... 
(ii) ff fipde = 2 -2 42-24... 

13. Find the sum of the series indicating the range of validity. 


@ Ba+2%)2", Gi) Fntsyer, 


14. Let f(x) be the sum of the power series = anz” on (—R,R) for R> 0. 
: n=d 

If f(x) + f(—x) = 0 for all x € (—R, FR) prove that a, = 0 for all even n. 
15. Let f(z) be the sum of the power series ag + az + aon? + --- on R. If 
f'(x) = f(x) for all x € R and f(0) = 1, prove that an = 4 for alln EN. 
16. Ifa function f be defined for | x |< Rand if there exists a constant k such 
that for all « € (~R,R),| f"(x) |< k for all n é N, prove that the Taylor’s 
series 33 LO an converges to f(x) for all x € (~R, R). 

n=O = 


SETS IN Rr? 


A1.1. Introduction. 

R2 is the set of all ordered pairs {(21,22) : 21 € R,22 € R}. pe 
ordered pair {(z1,22) : z1 € R,xe € R} is also called a point in , 
denoted by x. 

2 
Definition. Let x = (x1,22),y = (y1,y2) € R*. We define 

(i) x = y if and only if v7, = 22, y1 = Y23 

(ii) x+y = (a1 + 22,41 + Y2)i 

(iii) cx = (cx1,cy1) (ce R). | 
Norm. Let x = (21,22) € R®. The norm of x is denoted by || x |] and is 
defined by || x ||= \/x? + 23. 

Note. Norm is a mapping from R? to R. 
Properties of the norm. Let x,y € R?. Then 

(i) | x [> 0, and || x ||= 0 if and only if x =0, 

(ii) || ex || = [|]. |] x || for all c € R; 

(iii) J x+y Il<ll x [| +l y || (Triangle inequality). 

Note. The triangle inequality is also expressed in ae form -— 

|lx-y +ily —2Ilsllx— || for all x,y,z € R’. 

A1.2. Cell in R?. Disc in R?. 

Let a1,5; € R and a; < b;: a2,b.E€R and a2 < be. 

Let 1; = {x €R:a, <2 < by} and Ip = {ag € R: ag < x2 < bg} 
be open intervals in R. Then the Cartesian product J; x J2 = {(s1, 72) E 
R? : a, < 21 < b1,a2 < rq < bo} is said to be an open cellin R¢. 

Let Jy ={x, ER: a, <2, < by} pe rier wae mes! 
be closed intervals in R. Then the Cartesian product J; x Je be {(21, x2) 
R?:a, <21 < b1,a2 < x2 < bg} is said to be a closed cell in R*. 

If Jy and Jz be open (closed) bounded intervals in R then the Cartesian 
product I, x Iz is said to be an open (closed) bounded cellin R*. 
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An open cell in R? is also called an open rectangle in R? and a closed 
cell in R? is also called a closed rectangle in R?. 


Let a = (a;,a2) € R? and 6; > 0,d2 > 0. The set S = {(x1,z2) € 
IR? : |x, — a1| < 61, |z2 — ag| < 62} is said to be an open cell about a (or 
an open rectangle about a). . 

This is a rectangular region in IR? with the centre at a. 

Let a = (a),a2) € R? and 6 > 0. The set of all points x = (x1,22) € 
R? satisfying the condition |] x—a ||< 0, i.e., /(z1 — a1)? + (a2 — a2)? < 
6 is said to be an open 6-disc about a. 

This is a circular region in R? with the centre at a and radius 6. 


It is a matter of simple verification that an open cell about a contains 
an open disc about a and vice-versa. 
Note. Let a = (a1, a2,.-..,@,) € R” and 6, 6), d2,...,dn > 0. 


An open n-cell about a is the set of all points x = (%1,%2,.. 
R” satisfying the condition |x; — a,| < 61, |z2q — ag] < de,.. 
On. 


eee 
-»|Zn ~ dnl < 


An open n-ball about a is the set of all points x = 
(v1,%2,..-,%n) € R” satisfying the condition || x —a |< 6, ie., 
Jf (21 — a1)" + (to — a2)? +--+ + (@, — an)? < 6 and it is denoted by 
B(a, 6). 


In particular, ifn = 1, the open 1-ball is the open interval (a—6,a+6); 
if mn = 2, the open 2-ball is the open dise about a. 


Al1.3. Neighourhood of a point in R?. 
Let a = (a1,a2) € R?. 


A set S C R? is said to be a neighbourhood of a if an open cell about 
a (or an open disc about a) is contained in S. A neighbourhood of a is 
denoted by N{(a). 


Clearly, an open disc about a is also a neighbourhood of the point 
a. This is a circular neighbourhood of the point a. It is also denoted by 
N(a, 5), if 6 be the radius. 


An open cell about a is also a neighbourhood of the point a. This is 
a rectangular neighbourhood of the point a (and also a square neighbour- 
hood, in particular) of the point a. 


It can be observed that a rectangular neighbourhood of a point a 
contains a circular neighbourhood of the point and vice-versa. 
Any type of neighbourhood of the point a is denoted by N(a). 


| such that (p — 61,p +41) C (1,3) 


| 
| 
| 
| 


from the point (a,b) upon the line 
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1A1.4. Interior point. 


Let S be a subset of R?. A point x in S is said to be an interior 


i point of S if there exists a neighbourhood N(x) of x such that N(x) is 
{contained in S. 


The set of all interior points of a set Sc R? is called the interior of 


\¢ and is denoted by int S (or by S$”). 
: Examples. 


11. Let S = {(2,y) € R? 
ieell, — 


-L<2< 3,1 <y < 5}. The set S is an open 


é€S. Thenl<p<3,1<q<5. There exists a positive 61 
and there exists a positive d2.such that 


(q — 52,9 + 62) € (1,5). N = {(a,y) © R?:p- 61 <r<pt+h,qg—-&< 


Let (p,q) 


ly <q+ 62} is a neighbourhood of the point (p,q) and N Cc S. Therefore 


(p,q) is an interior point of S. Thus each point of S is an interior point 


iof S. 


2. Let S= {(z,y)€ Ri zrt+y< 1}. The set S is the open half plane 
containing the origin bounded by the linext+y=1. 


dicular 
S. Then a+ < 1. Let p be the length of perpen 
oceans x+y = 1. Then p > 0. The set 


N ={(x,y) € R?: Je - a)? + y— b)? < p is a neighbourhood of (a, b) 


and N Cc S. Therefore (a, b) is an interior point of S. Thus each point of 
S is an interior point of S. . 
3. Let S = {(z,y) € R?: 2? +y? < 1}. The set S is the interior of the 
circle of unit radius with centre at (0,9). 


Let (a,b) € S. Then a? + b? < 1. Let a2 +b? =r?. ThenO<r<il. 


Let p = 4(1—r). The set N = {(z,y) € RP: J(@ — 2)? + y- b)? < pis 
a neighbourhood of (a, 6) and N c S. Therefore (a, 6) is an interior point 
of S. Thus each point of S is an interior point of S. 


4. Let S = {(z,y) € R? : a < 1}. The set S is the half plane containing 
the origin bounded by the line z = Ll: 


No point on the line z = 1 is an interior point of S, because every 
neighbourhood of a point on the line « = 1 contains points not in S. 
Every point in S not on the line x = 1 is an interior point of S. 


5. Let S = R?. Each point of S is an interior point of S. 
6. Let S = #. Here int S = ¢, ie., int S = S. 
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A1.5. Open set. 


Let S' be a subset of R2.S is sai 
; “ . said to be an ove : 2 
of S is an interior point of S. REM See Ts 


Clearly, S is an open set in R? if int S"= S. 


if each point 


Examples, 


. et S {(z y) € R*: l< z< 3,1 | S 
. * i: 7 <y <5}. ince ea i f ; 
an i 6 f S, i , y << } 1 ch point of S$ 1S 


2. Let S= {(z,y) € R?: 24 : 
’ : ? : y < 1 7 S ; : « a 
point of S, S is an open set. }. Since each point of $ is an interior 


3. Let S = {(x y) € R? : x? 2 : 
- . : , : . +y* <1}. Since i is an 
interior point of ~ ee. } each point of S is a. 


4. Let S= {(a,y) € R? : 72 +. 2 1 : 
3 = LN ‘ * : . 
OPS Sis her TN y } © point of S is an interior point 


: peas a 
5. Let S = R?, Each point of S$ is an interior point of S. Therefore $ is 


an open set. 
6. Let S = ¢. Here int S = S. Therefore $ is an open set. 


Theorem A1.5.1. The union : 
-O.1, of a finit ; ; 
an open set in R2. nite number of open sets in R? is 


Proof. Let Gi, Go....,Gm bem open sets in R?. 
Let G=G, UG2U---UGy. 


Let x € G. Then x belongs to at least one of the sets G 


1,2,...,m. ee 


Let x € Gy. Since G, is ano in R?, xi i 
- Sin pen set in R*, x is an interior point of G 
Therefore there exists a neighbourhood N(x) of x such that N (x)c Cy, 


It follows that N (x) C G and this shows that x is an interior point of G 


Thus every point of G is an interj i 
; erior point of G, i 
set. This completes the proof. z porreaenaitan a 


Theorem A1.5.2. The intersecti i 
.5.2, ion of i 

Saale pene ee n of a finite number of Open sets in 
Proof. Let Gi,G2....,Gm bem open sets in R?, 

Let G=G1NG2N-+NGm.- 
Case 1. Let G = i i i 
ees #. Then G is an open set in R?, since @ is an open set 
Case 2. Let G# @. - 

Let x € G. Then x €.G; for ¢ = 1,2, +++ m. 


© 
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Since G; is an open set in IR, x is an interior point of G,. Therefore 
there exists a neighbourhood N(x, 61) of x such that N(x, 61) C G;. 

Since Gz is an open set in R?, x is an interior point of Gy. Therefore 
there exists a neighbourhood N(x, 62) of x such that N(x, de) C Ge. 


Since Gm is an open set in R*, x is an interior point of G,,. Therefore 
there exists a neighbourhood N(x, 6,,) of x such that N(x, dm) C Gm. 

Let 6 = min {i545 25.40) Then 6 > O and the neighbourhood 
N(x, 6) of x is such that N(x,d) C G. This shows that x is an interior 


point of G. ; 
Thus every point of G is an interior point of G. Hence G is an open 


set. This completes the proof. 

Theorem A1.5.3. The union of an arbitrary collection of open sets in 
IR? is an open set in R?. 

Proof. Let {Gy : A € A}, A being the index set, be a collection of open 


sets in R?. 
Let G = UG). Let x € G. Then x belongs to at least one set Go of 


the collection, where a € A. . 

Since G, is an open set in R? and x € Gg, x is an interior point of Ga. 
Therefore there exists a neighbourhood N(x) of x such that N(x) C Ga. 
This implies N(x) C G. This shows that x is an interior point of G. 

Thus every point of G isan interior point of G hence G is an open 
set. This completes the proof. — 
Note. The intersection of an ‘infinite collection of open sets in R? is not 
necessarily an open set in R?. 

Let us consider the sets G, = {(z,y) € R? : 2?.+y? < 1} 

Go = {(z,y) € R?: 2% +y? < $} 


Gn = {(z,y) € R?: r+y?< 3} 
Each G, is an open set in R?. ia G; = {(a,y) € R? : a? +y? = 0}, 


ie., {(0,0)}. This is not an open set in R?. 


Let us considér the sets Gy = {(a,y) € R? : 2? + y? < 1} 
G. = {(x,y) € R? : 2? +y? < 2} 


Gn = {(z,y) € R?: 2? +y? <n} 


Anualysis-40 


& 
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Each G; is an open set in R?. fame == G; and it is an open set in 
R?, . - 

These two examples establish that the intersection of an infinite num- 
ber of open sets in R? is not necessarily an open set in R?. 


Worked Examples. 


1. Let G1,Gz2 be open sets in R. Prove that G, x Ge is an open set in 
R2. 

If one or both of G, and G> be the null set then G; x Ge = ¢, an 
open set in R?. 


Let (c,d) € Gy x Gg. Then c € G; andd € Go. 


Since G, is an open set in R and c € Gj,c is an interior point of 
G,. Therefore there exists a positive 6, such that the set Ni ={ceER: 
c— 6, <“2< c+ 61} is entirely contained in CG). 


Since G2 is an open set in R andd € Ge,d is an interior point of 
G2. Therefore there exists a positive 52 such that the set Ne={yeR: 
d — 62 < y< d+ 64} is entirely contained in Go. 


Clearly, the set Ny x No is a neighbourhood of (c,d) and N, x No is 
entirely contained in G; x G2. This shows that (c, d) is an interior point 
of Gi x G2. Hence G1 x G2 is an open set in R?2. 


Corollary. An open cell in R?, being the Cartesian product of two open 
intervals in R, is an open set in R?, 


2. Prove that the set S = {(z,y) € R® :| x | + | y |< 1} is an open set in 
R?. . 
The set S can be expressed as S = AN BNCND where A = {(z,y) € 
R?:2+y<1},B= {(z,y) © R?: 2-y < 1}, C= {(2z,y) € R?: 
—@+y<1}and D= {(z,y) € R?: —z—-y <1}. 
Each of A, B, C’, D is an open set in R?. S being the intersection of a 
finite number of open sets in R?, is an open set in R?. 


3. Prove that an open bounded interval in R is not an open set in R?. 


Let a,6 € R and a < 6. Then S = {2 € R: a < @ < 5} is an open 
bounded interval in R. In R?, S can be considered as the set T = {(z,y) € 
R? :a<a2<b,y =O}. 


Let (c,0) € 7. Then a < ¢ < b. Any neighbourhood of (c,0) contains 
points of T and also points not in J. Therefore (c,0) is not an interior 
point of T, Hence T' is not, an open set in R?. 


. R? is a cldsed set in R?. 
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Al.6. Closed set. 


Let S be a subset of R*.S is said to be a closed set in R? if the 
complement of S in R? is an open set in R*. 


Examples. 


1. Let S = {(z,y) ER? : 2+y < 1}. S is the complement of the set A 
in R? where A = {(2,y) € R?: 2+y> 1}. 

A is an open sets in R?. S being the complement of an open set in 
IR?, is a closed set in R?. 


2. Let S = {(z,y) € R? : z+y = 1}. S is the complement of the set AUB 
in R? where A = {(z,y) € R? :x+y<1},B={(z,y) € R?:xet+y> 1}. 

Since A and B are open sets in R?, AUB is an open set in R?.S being 
the complement of an open set in R?, is an closed set in R?: 


3. Let S = {(z,y) € R? : 2? +y? = 1}. S is the complement of the set 
AUB in R? where A = {(z,y) € R?: 2% +y? < 1}, B= {(z,y) € R?: 
x + y? > 1}. 

Since A and B are open sets in R*, AUB is an open set in R?.S being 
the complement of an open set in R?, is a closed set in R?. 


4. Let S be the closed cell {(z,y) € R?:0< 2 <1,0<y< 1}. 


S is the complement of the set AUBUCUD, in R? where A= ( 
R?:2 < 0}, B = {(z,y) € R?:2>1},C = {(z,y) € R?:y 
D= {(z,y) € R?: y> 1}. 

A, B,C, D being open sets in R?, AU BUC U D is an open set in R?. 
S being the complement of an open set in R?, is a closed set in R?. 


x,y) 
< O}, 


Note. A closed cell in R? is a closed set in R?. 


5. Let S = R*. The complement of S in R? is ¢ and it is an open set in 
R?. Therefore S' is a closed set. 


6. Let S = ¢. The complement of S in R? is R* and it is an open set. 
Therefore Sis a closed set. 


The following theorems are immediate consequences of the definition 
of a closed set. 


Theorem A1.6.1. The union of a finite number of closed sets in R? is 
a closed set in R?. 


Theorem A1.6.2. The intersection of a finite number of closed sets in 


+ 
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Theorem A1.6.3. The intersection of an arbitrary collection of closed 
sets in R? is a closed set in R?. 


Note. ‘The union of an infinite collection of closed sets in R? is not 
necessarily a closed set in R?. 


Let us consider the sets Fy = {(z,y) € R?:-1<a< 1} 
Fy = {(z,y) € R?: -2+3<2<2-3} 


F, = {(z,y) € R?:-2+i<24<2-2} 
Each F; is a closed set in R?. — 
ae) F, = {(z,y) € R®? : -2 < x < 2}. This is not-a closed set in R?. 


Let us consider the sets F, = {(z,y) € R?: 27 +y? < 1} 
Fo = {(z,y) € R?: 2? +y? < 3} 


F, = {(z,y) € R?: 2? +y? < 4} 
Each F; is a closed set in R?. ich F, = F, and it is a closed set in R?. 
These two examples establish that the union of an infinite number of 


closed sets in R? is not necessarily a closed set in R?. 
Worked Examples. 


1. Prove that a closed and bounded interval in R is a closed set in R?. 


Leta,bé Randa<b. Then S= {x €R:a< a < b} is a closed and 
bounded interval in R. 


In R?, S can be considered as the set T = {(z,y) € R?:a<az 
b,y = 0}. 

The set T° ( the complement of T in R? ) can be expressed as T° = 
AUBUCUD where A = {(z,y) € R?: 2 <a}, B= {(z,y) € R*?: x > d}, 
C = {(x,y) € R?: y < 0}, D= {(z,y) € R?: y > O}. 

Since A, B, C, D are open sets in R?, AUBUC UD is an open set in 
R?. T being the complement of an open set in R?, is a closed set in R?. 
Note. An infinite closed interval in R is a closed set in R?. 


2. Prove that a one-element set {(a,b)} [a € R,b € R] is a closed set in 
R?. 


IA 


Let S = {(a,b)}. S can be considered as the complement of the union 
AUBUCUD where A = {(z,y) € R?: 2 <a}, B={(z,y) € R?: 2 >a}, 
C= {(z,y) € R?:y <b}, D= {(z,y) € R?: y > d}. 
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A, B,C, D are open sets in R?. Therefore AUBUC UD is an open 
set in R2. S being the complement of an open set in IR?, is a closed set 
in R?. 


. . . 2 
Note. A finite subset in R? is a closed set in R°. 


Al.7. Limit point. 


Let S be a subset of R?. A point x in R? is said to be a limit point 
(or, an accumulation point ) of S if every neighbourhood of x contains 
a point of S other than x. That is, every deleted neighbourhood of x 
contains a point of S. 

If N(x) bea neighbourhood x then N’(x) = N(x) — {x} is called a 
deleted neighbourhood of the point x. 


This is-to note that a limit point of a set S may not belong to S. 


The set of all limit points of a set S C R? is called the derived set of 
S. The derived set of S is denoted by 8S’. 


Theorem A1.7.1. If x be a limit point of a set S C RR? then every 
neighbourhood of x contains infinitely many points of S. 
Proof. Let us assume the contrary. Let a neighbourhood Nx) of 
x contains only a finite number of points of S distinct from x, say, 
X1,X2)-++)%Xm- 

Let r = min{|| x — x: |], |] x — xe il,---5 I] xX — Xm ||}. Then the 
neighbourhood N(x, 5) of x contains no point of S, contradicting that x 
is a limit point of S. This proves the theorem. 


Corollary. A finite subset of R? has no limit point. 


Theorem A1.7.2. Let S ¢ R?. S is a closed set if and only if S’ c S. 


Proof. Let S be a closed set in IR2. Then S°, the complement of S in R?, 
is an open set in R°. 

If S¢ = ¢, then S = R? and S’c &. 

If S¢ # ¢, let x € S°. Then there exists a neighbourhood N(x) of x 
such that N(x) Cc S°. | 

So N(x) 1S = ¢. This shows that x is not a limit point of S. That 
is, x ¢ S’. 

xe S¢ >x¢ S'. Contrapositively, x € Sia>x€ZS%,ie, xe S => 
x € S. Therefore S’ c S. : 
Conversely, let S be a subset of R? such that S'c S. 
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Let x € S*. Then x ¢ S and the i 
: refore x ¢ S’. Since x is not a limi 
point of S, there exists a neighbourh N(x) oe 
Ape uaa g rhood N(x) of x such that N(x)NS = 
x € S° = N(x) Cc S*. Therefore x is an interior point of S°. 
Thus every point of S* is an interior point of S¢. Therefore S¢ is an 


open set in R?. S$ being the com st i 
plement of an open sét | 
set,in R?. This completes the proof. : ee ae 


Al1.8. Isolated point. 


_ Let S be asubset of R?. A poi i is sai 
: . A point x in S is said to be an isolated point 
S if there exists a neighbourhood N(x) of x such that N(x) Ate. 
Clearly, an isolated point of S is not a limit point of S. 


Worked : Example. 


1. Let S = {(1,1), (4, 4), (4, 4),.-.}. 


Prove that (i) each point of S is an isolated point of S, 
(ii) (0,0) is a limit point of S. | 
(i) Let p EN. Then (1,4) € S. Leta= (4,14 EES) 
. Then the neighb ere ae oe 
| neighbourhood (a, e) defined by {(z,y) € R? :|a—L |< 
€,| y- = |< €} contains no point of S i 1 is 
ae 2 I< ca p of S. This proves that (2, 2) is an 
Therefore every point of S is an isolated point of S. 
(ii) Let 0 = (0,0). 
Let « > 0. by Archimedean property of R, there exists a natural 
number p such that 0 < z < ve: Therefore 0 < ,/5+4<e 
P P . 


Then the neighbourhood N(0Q,e) defined by {(z,y) € R? 


(x — 0)? + (y — 0)? i i 
V ee (y ~ 0)? < «} contains a point (554) of S.other than (0,0). 
proves that (0,0) is a limit point of S. 


Note. Since the point (0,0) d i 
oy ee (0,0) does not belong to S, it follows that S is 


A1.9. Adherent point. 


Let S$ be a subset of R . A point x in 1S Sal to be an adher ent 
R d 
point of s if every nel, hbourhood N x of x contains a pol t of S. Tt hat 


The set of all adherent points of a set S i 
c R? 
S. The closure of S is denoted by S. Panne eee 
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Theorem A1.9.1. S=SUS". 


From the definition it follows that (i) if x € S then x € § and (ii) if 
x € S’ then x € §. Therefore SUS’CS .. (i) 


Let x ¢ SUS’. Then x ¢ S and x ¢ 5’. 
Therefore there exists a. neighbourhood N(x) of x such that N(x) 
S = ¢. This shows that x is not an adherent point of S, i.e., x ¢ S. 


x€SUS >xE &. Contrapositively, x € S > x € SUS" and 
therefore Sc SUS’ we (Gi) 
From (i) and (ii) SUS’ = S. 


Theorem A1.9.2. A set S in R? is a closed set in R? if and only if 
S=S. ; ; 
Proof. Let S be a closed set in R2. Then R? — $ is an open set in R?. 

Let x € R? — S. Then there exists a neighbourhood N(x) of x such 
that N(x) c R? —S. 

Therefore N(x) 1S = ¢. This implies x ¢ S. 

xe R?-S>x¢5. Contrapositively, xeS=ax ¢R?—-S, ie., 
xeES. 

Therefore 5 ¢ S. Also by definition, S C 5. Combining, we have 
S= 8S. 

Conversely, let S = S. 
Let x € R? — S. Then x ¢ S and therefore x ¢ 5, since S = S. 

Therefore there exists a neighbourhood NV (x) of x such that N (x) A 
S = ¢. That is, N(x) c R? — S. 

Thus x € R? —S = N(x) © R? — S, showing that x is an interior 
point of R*? — S. This proves that R? — S$ is an open set. Therefore S is 
a closed set in R?. 

This completes the proof. 


Theorem A1.9.3. Let S$ Cc R?. “hen 5 is a closed set in R?. 
Proof left to the reader. 


A1.10. Nested cells in R?. 


Let {In sn € N} be a family of cells in R? such that In4+1 © T,, for all 
n € N, then the family {Ini n€ N} is said to be a family of nested cells 


in R?. 5 
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Let {1,,I2,I3...} be a family of non-empty closed and bounded cells 
such that 1; D Ig Dig D-:- 


(Theorem on nested cells in R?) 


Then a I, is non-empty. 
tw 


Proof. Let I, = {(@1, £2) € R?: Ait S21 < bi1,@21 S22 < boi}, 
Ig = {(@1, a2) € R? : aie < 21 < big, a22 < x2 < bag}, 


ae es € R* sain S11 < din, Gan < Fo < ban}, 


Then qy = ates sae 
[Qin, bin] x (Aan; bon], rs 

Since I, D Ig D Iz D --- 
[a13, 613] D -++ and [a21, b21] D [a22,b22] D [ae3, be3} D 

{[ain, bin} : 2 € N} is a family of nested closed and bounded intervals 
in R. By the theorem on nested intervals, there exists a point x1 € R 

oo 

such that 21 € A lars, bis). 


fasba Ig = Bisbal [a22, b22], 


it follows that fai1,b11] D [ai2,bi2] D 


{[aan, ben] : n € N} is a family of nested closed and bounded intervals 
in R. By the theorem on nested intervals, there exists a point z2 € R 


such that z2 € a laze, bas). 
Therefore oe € 20, Tvs showing that fag In is non-empty. 
This completes the proce. 

Al1.11. Bounded set in R?. 


Definition. Let S be a subset of R?. S is said to be a bounded set in R? 
if there exists a positive real number 6 such that || x ||< 6 for allx € S. 


If x = (1,22) then | x; [<j] x || and | zo [<]] x |]. It follows that if S 
is a bounded set then S is contained in the closed cell [—b, b] x [—8, 6]. 


Diameter of a set. Let S be a subset of R?. The diameter of S is the 
supremum of the set {|| x — y ||: x € S,y € S}. It is denoted by d(S). 


Definition. Let S be a subset of R?. S$ is said to be a bounded set if 
d(S) is finite. 


Note. These two definitions are equivalent. 


Theorem Al.11.1. Bolzano-Weierstrass theorem. 


Every bounded infinite subset of IR? has at least one limit’ point. 


SETS IN R? 623 


Proof. Let S be a bounded subset of R? containing infinite number of 
points. Since S is a bounded set, there exists a closed cell J; in R? such 
that Sc i. 


Let I, = {(21, 22) € R? : ai. < 21 S b11, 421 < te < bei}. 


Let U(I,) = max {b11 — a11,b21 — a21}. Then d(I,)= the diameter of . 


I< Val(h). 


Let us divide J, into four closed subcells i. bisecting each side of the . 


rectangle. 
elements of S. We call one such J. 

Let Io = {(v1,22) € R?: a12 < 41 S by2, 22 < £2 < bop}. 

Then Ig-C I; and d(I2) = $d(h). 
points of S. 

Let us divide Iz into four closed subcells by bisecting each side of the 
rectangle. At least one of these subcells must contain infinitely many 
elements of S. We call one such J3. 

Then Jg C Io C J, and d(Iz) = 
points of S. 

Continuing thus we obtain a family of closed cells {1,, Jz, 3,...} in 
R? such that for alln € N, 

(i) Ing1 C In, (ii) J, contains infinite number of points of S and (iii) 
d(I,) = seer d(Iy). 

Since each I, is a closed and bounded cell, by the theorem on nested 

cells in IR? there exists a point x = (21,22) in R? such that x € aan In 
(i) 

We prove that x is a limit point of S. 

Since d(I,) € R and d(In) = s2rd(h) for all n € N, the sequence 
{d(I,)} is a null sequence in R. 


Let us choose a positive e«. Then there exists a natural number m such 
that d(I,)<¢foralln>m ... (ii) 
By (i), x € Im and by (ii), dm) < «. Therefore Im C N(x, €). 


Since Im contains infinite number of points of S, the neighbourhood 
N(x, €) of x contains infinite number of points of S 
Since ¢ is arbitrary, it follows that x is a limit point of S. 


This proves the existence of a limit point of S. 


A1.12. Cover of a set in R?. 


Let S be a subset of R? and C be a collection of sets in R? given 
by {Ag : a € A}, A being the index set. C is said to be a cover of S$ if 


At least one of these subcells must contain infinitely many 


Iz contains infinite number of 


4d(J,).J3 contains infinite number of: 
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Sc UW Aa: 
a 
Let G be a collection of open sets in R? given by {Ag : a & A},A 
being the index set. G is said to be an open cover of Sif S Cc Ue Ag. 
ox 


Let G be a collection of sets in R? such that G covers S. If G’ be a 
subcollection of G such that G’ also covers S, then G’ is said to be a 
subcover of the cover G. 

If the subcollection G’ contains a finite number of sets of G and G’ 
covers S, then G’ is said to be a finite subcover of the cover G. 


Worked Example. 


1. Let I, = {(z,y) € R*?: -n<a<n,-n<y<n},n=1,2,3,... and 
G = {I, :n € N}. Prove that the family G is an open cover of the set R?. 
Show that there is no finite subfamily G’ of G such that G’ also covers 
the set R*. 


Let (p,q) € R?. Then p,g € R and ip |lz=o,| ¢i= 0. There exist 
natural numbers u,v such that u-1<|p|<u,v—1<!qi< v. Let w= 
max {u,v}. Then w € N and (p,q) € Iy. 

(p,q) € R? => (p,q) € U In and this implies R? € a In. Therefore 

nr n= 
G is an open cover of the set R?. 

Let G’ = {Iy,, Ira... 
covers the set R?. 

Then Rh? C we WE, UU, ~s .@) 

Let p = max {ri,7T2,..-,7m}. Then I, C IpsIrg C Ipy-+- stem C Ip 
and therefore I,, UIp, U-+-UI,,, C Ip. 

From (i) it follows that R? ¢ J, but this cannot be, since (p, p) € R? 
but (p,p) ¢ Ip. 


Therefore G’ cannot cover the set R*. So no finite subfamily of G can 
be a cover of the set R?. 


,J,,, } be a finite subcollection of G such that G’ 


Compact set, Let S be.a subset of R?. S is said to be a compact set 
in R? if every open cover G of S has a finite subcover. That is, if G be 
a collection of open sets in R* that covers S then there exists a finite 
subcollection G’ of G such that G’ also covers S. 


Heine-Borel theorem. Let S be a closed and bounded set in R*. Then 
every open cover of S has a finite subcover. 


Heine-Borel theorem states that a closed and bounded set in R? is a 
compact set in R?. 


Converse of Heine-Borel theorem. A compact set in R? is a closed 
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: 2 
and bounded set in R*. 
The Heine-Borel theorem and its converse characterise the oe 
sets in R?2. The closed and bounded sets in R? are the only compac 


in R?. 
Worked Examples. = 
1, Let T be a finite subset of IR?. Using the definition of a compact set, 
: ; ees | 
show that T is a compact set In : . 
Let T = {x1 Xg,'°';Xm} be a finite set in IR?. Let G = {eee 
in i 5 of T. 
being the index set, be an open cover 
ee is contained in some open set Go, of the ane Cal 
; } . ver : 
the union of the finite collection {Gay; Gaas’ oe Gan} isa sae oe 
So G has a finite subcover. Since G is arbitrary, every op 
T has a finite subcover. Consequently, T is compact in R*. 


1) (4k i t a compact set 
2. Show that the set § = {(1,1), (4,4), (Ga) .} is no P 


"in R?. 


(0,0) is a limit point of S and (0,0) does not apap a aes 
the set S is not a closed set in R?2. (Worked Ex. »P oo se sec 
S is not a compact set in IR?, since a compact set in 


and bounded set in R?. 
Exercises 


1. Show that the set S is an open set in R?. 
(i) S = {(z,y) € R? | 2 1< 3}, 
(ii) S = {(z,y) € R? :| x }> 1}, 
(iii) S = {(a,y) € R?:2>0,y>0,c0+y< 1}, 
(iv) S = {(x,y) € R2:2>0,27+y* <1}. 
2. Show that the set S is a closed set in R?. 
(i) S={(z,y) €R? :|els i}, 
(i) S={(@@y) € Rl 2l=U; 
(iii) S= {(@y) R? :2e@+3y=1}, 
(iv) S = {(z,y) € IR? : 2? +y? = 1}, 
3. Show that the set 5S is not a compact set in R?. 
(i) S = {(2,y) eR? :|x|2 1}, . 
(i) S= (ey) Riza} 


ene _ 
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(ili) S = {(1,1), (2, 2), 4, 3), 4,2), -°-}, 

(iv) S= {(4, 4) :méN,neé N}, 

(v) S = {(1,1), (2, 2), (3, 3), (4, Ayo ays 
4. Use the definition of a compact set in R? 


to prove that 


(i) the union of two compact sets in R? is a compact set in R?; 


(ii) the intersection of two compact sets in IR? is a compact set in R? 


. Use the definition to prove that 
(i) the set Z x Z is not a compact set in R?; 


5. Define a compact set in R? 


(ii) the set N x N is not a compact set in R?. 


aaa Let Sas sey) € R?:| a l< n,|y |< n}, n= 1,2,3,... and 
= ni ° 
sifbeover | }. Show that G is an open cover of the set having no finite 


6. Let Ca = {(2,y) € R?: a? +y? < =1 
N}. Show that v nh pelea 


(i) G is an open cover of the set R’; . 


Gi) G has no finite subcover. 


. and G = {Ch 


7. Let A and B be subsets of R? of which A is closed in R? 


and B is compact 
in R?. Prove that ANB is a compact set in R?, 7 


SEQUENCE IN Pr’ 


A2.1. Introduction. 


IR? is the set of all ordered pairs {(21, 22): 2) € R, 22 € R}. 

A sequence in R? is.a mapping X': N — R?. To each natural number 
n the X-image, generally denoted by X,, is an element in R? and it is 
called the nth element of the sequence X. Let Xn = (Xin, Zan). Then the 
elements of the sequence are (11,221), (M12, 222), (413,223), --- 

The sequence X is also denoted by the symbol {X,}. The syinbel 
{(v11, 221), (12, Y22), (13, £23), ..} is also used to describe the 
sequence X. The elements of the sequence have an order induced by 
the order of the natural numbers. The image set of the sequence is 


{Xp :n € N}. 

Examples. 

1. Let X : N — R?® be defined by X, (n,i),n € N. Then 
X, = (1,1),X2 = (2,4),X3 = (3,4), . The sequence is 


LCT A) (ig) Bye) 5.- aed toes 
2. Let X : N — R? be defined by X, = ((-1)”, (—1)"*"),n € N. The 
sequence is {(—1, 1), (1,-1), (—1,1), .-}. The image set of the 
sequence is {(—1, 1), (1, -1)}, a set containing only two elements. 

3. Let X :N — R? be defined by X, = Gr 
is {(1,0), (4,4), (4, 9), (4.3), = 
4. Let X :N — R? be defined by X, = a 1) for all n € N..The sequence 
is {(1,1),0,1), 4,1), ..}. This is called a constant sequence. 


A2.2. Bounded sequence. 


1—+),n € N. The sequence. 


A sequence {X,} in R? is said to be a bounded sequence if there 
exists a positive real number 6b such that || Xp, ||< 6 for all n € N, where 


\| Xn l= V Zin” + Lan*-. 
Examples. 
1. Let X, = ae a). Then the sequence {.X,,} is a bounded sequence, 


because || Xn ||= «/ (sx)? + (sk)? < 


Wa for alln EN. 
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2. = ((- 
: Let X, = ((—1)", (—1)"*'). Then the sequence {X,} is a bounded 
sequence because || X, |]= /(—1)?" + (—1)2"*2 = V2 for alln EN 


3. L = (n,2 
et X, = (n, +). Then the sequence {X,,} is not a bounded sequence. 


een A2.2.1. A sequence {X,,} in IR? where X, = (rin, Zon) for 
, is a bounded sequence if and only if both the se ene We 
and {z2,} are bounded. = ae 


[The sequences {x1,} and i 
Oo eae ees ae } {xen} are called the co-ordinate sequences 


Proof. Let {X,} be a bounded 
Me sequence. Th ; ae 
real number 6 such that || X, ||< for alln€ N. eee eae 


i.e., VZin? + Zon? <b forallneN. 
But V@in? + on” >| Lin | and also Varin? + x22 >! con | for all 


neN. 


aie | in |< b as well as | ron |< Db for alln EN. 
a his ae that {rin} and {zen} are both bounded sequences 
a y, let {xin} and {x2n} be both bounded sequences. , 
hen there exist positive real numbers 6;, 62 such that 
| Zin [|< b1,| Zan |< be for alln EN. 
Let 6 = max {b1, b2}. 
Then || X, ||[= \/x?,, +22, < V2b for alln EN. 


This proves that {.X,,} is a bounded sequence, 


A2.3. Limit of a sequence in R?. 


a ie ee be a sequence in R?. An element x in R? is said to be a limit 
(,} if for a pre-assigned positive ¢ there exists a natural 
Se eet, ural number k 


|| X, — x [|< € for alln > k. 
Theorem A2.3.1. A sequence in R? can have at most one limit. 


Proof. If possibl ‘ 
and x”, possible, let a sequence {X,} in R? have two distinct limits x’ 


Let us choose « = i || x’ — x” , 
B(x’, €) are disjoint. 2 ll x I. Then the ¢ -balls B(x’, e) and 
[Note that B(x’,«) = 2 i) gt ; 
Geeta ee ne eee eee Be 


Since x’ is a limit of th 
e sequence, there exists a natural 
such that || X, — x’ ||< € for alln > ky. nen 
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is a limit of. the sequence, there exists a natural number kz 
|| Xn — x” I< € for all n > ke. 

ko}. Then || Xx — x’ I|< € as well as || X, — x” ||<e. 

€ B(x’,c) and X, € B(x!,e) ie, Xe © Bix',an 


Since x” 
such that 
Let k =max{k,, 


Consequently, Xk 


B(x", €). 
But B(x’,e)N B(x”,e) =F and we arrive at a contradiction. 


Therefore our assumption is wrong and this proves the theorem. 


Convergent sequence. 
is said to be a convergent sequence if it has a limit 
lso say that the sequence {X,} converges to x. 


A2.4, 


A sequence in R? 
x in R2. In this case we a 
We write lim X, = x. 

If a sequence {Xn 
is divergent. 


} has no limit then we say that the sequence {Xn} 


The following theorem establishes a connection between the conver- 


gence of {Xn} and the convergence of the co-ordinate sequences. 


Theorem A2.4.1. A sequence {X,} in R? where Xn = (rin, Zan),n€ N 
converges to an element x = (x1, @2') in IR® if and only if the real sequences 
{xin} and {ran} converge to x1 and x2 respectively. 


= x, for a pre-assigned positive «, there exists a 


Proof. Since lin Xn 
natural number & such that 
| Xx —x |< € for alln 2k. . 
(fin - £1)? + (en — x2)? 

| Zin — 21 | 

\ Lon — 2 | : 
<eand | Zan — 2 |< € for alln > k. 
{xin} and {zn} are convergent 


But || Xn, —x|l 


iV iV Il 


Also || Xn — x || 
Therefore | Zin ~ £1 | 
This shows that the real sequences 

with the limits x; and x2 respectively. 
Conversely, let us suppose that the sequences 
to x, and x2 respectively. 

Let « > 0. There exist natural numbers k, an 
| Zin — %1 |< a for all n > ky and | Zan — Z2 \< 7 
Let k =max{ki, ke}. 

Then | tin — %1 I< and | tan — £2 |< ~ for alln > k. 


Now || (tin) Zan) — (21,22) |= V (in — £1 )2 + (Lan — x2)? < € for 


alln > k. 


{ain} and {ten} converge 


d ke such that 
for all n > ko. 


wwe tree Oe 
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That" is, || Xp — x |[< « for all n > k. This proves that the sequence 
{X,} converges to x. 


Examples. 
“1. Let X, = (4; q¢7), 7 2 1. Prove that the sequence {.X,,} is conver- 
gent. 


Let Xn = (Lin, Zan). Then gin = + forn > 1; Lan = wT forn > 1. 
Now lim 21, = 0, lim zo, = 0. Therefore lim Xn = (0,0). 
2. Let X, = ((-1)", 2),n 2 1. Prove that the sequence {X,,} is diver- 
gent. 
Let Xn = (%1n, Zon). Then 24, = (—1)” and zo, = + = forn > 1. 
{in} is a divergent sequence. 
Therefore {X,,} is a divergent sequence, because the convergence of 
the sequence {X,,} implies the convergence of both the real sequences 


{tin} and {xan}. 
Theorem A2.4.2. A convergent sequence in IR? is bounded. 
Proof. Let {X,} be a convergent sequence in R2. Let lim X, = x. 
Let ¢ = 1. Then there exists a natural number k such that 
|| Xn — x |j< 1 for alln > k. 

| Xn |l=I| Xn —x+x ]<l} Xn —x |] + | x |]. 

Therefore || X, ||< 1+ || x] for alln > k. 

Let 6 =max{|| ©, |[, || Xo [l,---, |] Xx—-1 |l, || x || +1}. Then || Xn [<b 
for all n € N. This proves that the sequence {X,,} is bounded. 

Note. The converse of the theorem ‘is not true. 

The sequence {((-1)", 
vergent sequence. 
Theorem A2.4.3. Let {X,} and {Y,,} be two convergent sequences in 
R? and lim X,, = x, lim Y, = y. Then 

(i) lim(X,+ Yn,)=x-4+y, 

(ii) lim cX, = ex,c being a real number. 

Proof. (i) To show that lim(X, + Y,) = x+y, we need to establish 


that for a pre-assigned positive « there exists a natural number k such 
that 


~)}} is a bounded sequence but it not a con- 


| (Xn + Yn) - (x+y) I< € for alln > k. 


| (Xn + ¥n) — (x+y) ISI] X, -x || + |] Ya -—y I, by triangle 
inequality. 
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Let € > O. Since limX, = x and limYy, = 
numbers k; and kg such that || X, — x ||< § 
Yn ~y |< § for all n > ke. 


Let k =max{ky, ko}. 
Then || X, — x ||< § and |] Yn —y ||< § for alln =k. 


Therefore || (Xp, + Y¥,) — (x+ o I< e for alln > k. 
Since ¢ is arbitrary, im(X, + Y¥,) =x+y. 


y, there exist natural 
for all n > ky and || 


(ii) Proof left to the reader. 


Theorem A2.4.4. Let {X,} be a convergent sequence in R? and let 
{en} be a sequence in R that converges to c € R. Then the sequence 
{cnX,} in R? converges to cx. 
Proof. || ¢nXn — cx ||=|] CnXn — CXn + 0Xn — cx || 

SI] CnXn —cXn || +] ||] Xn - x || 

=|en —¢|l] Xn | +e lll Xn-x |]. 

Since {X,,} is a convergent sequence, it is bounded. Therefore there 
exists a positive number b; such that || X, ||< 6, for alln EN. 

Let b = max{b,,|c|}. Then b > 0 and 

Il CnXn — cx ||Sb | en —c] +0 || Xn —- xj] - 

Let ¢€ > 0. Since lime, = ¢ and lim X, = x there exist natural 
numbers k,, ka such that | c, —c |< & for alln > ky and || X, —x |i< 4 
for all n > ko. 

Let k =max{kj, ko}. 

Then || c,.X, — cx ||< ¢€ for alln > k. 

Since ¢€ is arbitrary, imc,X, = cx. 

Theorem A2.4.5. Let {X,},{¥;,} be two convergent sequences in R? 
and lim X, = x,limY, =y 

Let the sequence {.X,,.¥;,} be defined by 


An, = (fins Lan). (Yins Yan) 
= LinYin + Lanyon (the inner product of X, and. Y;,). 


Then the real sequence {.X,,.Y;,} converges to x.y. 


Proof. | Xn.Yn — x.y |=| Xn-Yn ~ Xn-Y+ Xn-y — x.y | 
s| Xn(Y¥n ~y) + (Xn — x).y |- 
S| Xn(Yn —¥) | + | (Xn ~x)-¥ |. 


By Schwarz’s inequality, 


| Xn-Yn —y) [SI] Xn ll Yn ~y I | Xn x)-¥ |SI| Xn —-—x Illy Il. 
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Therefore | X,.¥, — x.y |<|| Xn Wl Yn -—y I+ Xn —x Illy I. 
Since {X,} is a convergent sequence, it is bounded. 


Therefore There exists a positive number ), su 
» Such that a 
for all n € N. Let b =max{dy, |] y ||}. Ry at || Xn |l< bi 


Then | X,.¥, — x.y |< b{|] Yn-y |} +} X, -x Hh. 

Let ¢ > 0. There exist natural numbers k; and kg such that 

Il Xn — x ||< & for alln > k, and II Yn —y |< ap for all n > ko. 
Let k =max{ky, ko}. 

Then || X, — x ||< g and || Y, -yli< 3, for all n > k, 
Therefore | X,.¥, — x.y |< € for all n 2 k. 

Since ¢ is arbitrary, lim AnVn = KY. 

This completes the proof. 


A2.5. Subsequence. 


Let {X,} be a sequence in R? and {rn} be a strictly increasing se- 
quence of natural numbers. Then {X;,.} is said to be a subsequence of 
the sequence {X,}. 


Examples. 


1, Let X, = (4,(-1)"),n >1 and rz = 2n,n >i, 


Then {X,, } = {Xon} rae {(3,1), (4,)), ao i 
subsequence of the sequence beat ‘ ia ea 
2. Let X, = (2,(-1)"),n >land rz =2n-10n >1. 

Then {X,,,} = {Xon-1} = {(1, -1), (3, ~—1), (3, —1), . .} is a 


subsequence of the sequence {X. n}e 


Theorem A2.5.1. If a sequence {X,} in R? converges to a limit x in 
R* then every subsequence of {X,} converges to x. 
Proof. Let X, = (tn; Un),n > 1 and let x = (u,v). 

lim X, = x implies limu, = u and lim Un =U. 

Let. {r,} be a strictly increasing sequence of natural numbers. 

Then {X,,,} is a subsequence of {Xj}. Xray = (Ura, Ur,): 


{u,,,} is a subsequence of the sequence {un} and {v,,.} is a subse- 
quence of the sequence {un}. 


limu, = u implies lim Ur, =u and lim vp, = v implies lim Up, == UV 
e ; 


Hence lim X;,,, = (u,v) = x. This proves the theorem. 


{tah Bho rea oe 
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Note. If there exist two different subsequences of {X,} that converge 
to two distinct limits then the sequence {.X,,} is divergent. 


Worked Examples. 


1. Prove that the sequence {(—1,1),(1,3),(—1,$),(1,4), --: } is 
not convergent. 


Let {X,} be the given sequence. Then X,, = ((—1)”,+),n 21. 


| Xen-1 = (—1, s44). The subsequence {Xen_1} converges to (—1,0). 


2n—1 
Xan = (1,54). The subsequence {X2n} converges to (1,0). 


As the subsequences {Xegn-1} and {X2,} converge to two different 
limits, the sequence {X,} is divergent. 
2. Prove that the sequence {(1,1), (1,-1),(4,1),($,-1), (3, D, 
3-1), } is not convergent. 
Let {X,} be the given sequence. Let Xn = (2n,Yn)- 
aay ifn be odd | Yn = lifn be odd 


2 if n be even ; —lifn be even. 


Thenz, = 


il 
i 


Xen-1 = (4,1). The sequence {X2n-1} converges to (0,1). 

Xan = (4,—1). The sequence {X2,} converges to (0, —1). 

As the subsequences {X2n-1} and {Xen} converge to two different 
limits, the sequence {X,,} is divergent. 
Theorem A2.5.2. Let {J,} be a sequence of non-empty closed and 
bounded cells in R? such that In: C In for all n € N, then ay Ip, is 

vid P 

non-empty. ; 
Proof. Let I, = [ai1, 611] = [ae1, bai}, J2 = [a12, bia} x [@22, baal, 
es stn = lain, bin} »* laon, ben}, cana : 

Since Irv Cc I, [a1 n+1;01 n+1] x [ag n+1, 02 n+1] Cc [@in; bin] x 
[a2an, ben]. 

It follows that [ay n+1; 54 n+1) Cc [ain bin] and [a2 n+1102 ni] Cc 
len, ben} for alln € N. 


Therefore the sequence {[ain,bin]} is a sequence of closed and 
bounded intervals in R such that [a1 n+1,61 n4i! C (ain, bin} foralln EN. 

By the nested intervals theorem in R, there exists a real number € 
such that € € [ain, bi,| for alln EN. 


By similar arguments there exists a real number 7 such that 
Hence (€,7) € In for all n € N and this 


7 € (Gan, ben] for alln EN. 
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proves that ny Z,, is non-empty. 
This ebihpletes the proof. 
Theorem A2.5.3, (Bolzano) 
Every bounded sequence in R? has a convergent subsequence. 


Proof. Let {Xn} be a bounded sequence in R?. Then there exists a 


closed and bounded cell in R?, say J = (a1, b;] x [a2, bg} such that X, Et 
for alln EN. , 


Let ((Z) =max{b; — a1,b. — @2}. Then d(I) = 
Val(I). 


Let cy = SP 6g = 


the diameter of J < 


S2tba | Then J is divided into 4 closed subcells 
[a1, cy] x [a2, ca], fax, cy] x [ee, bg], [er, by} x [a2, 9], [ex, by] x [e2, be] in R2, 

At least one of these subcells contains infinite number of elements of 
{X,}. We call it J, and let Jy = [a11,011] x [aai, bay} 


Then 1, cl and d(Iy) = ad(I). 
Let ey; = Suita oo, = 


Szitbos Then J, is divided into 4 subcells 


[@11,¢11] x (@21, Ca1], [211,€11]  [eay, boy], [e11, bia} x lear, Car}, [er1, dy] 


x [e21, 521] in R?, 

At least one of these subcells contains infinite number of elernents of 
{X,,}. We call it Is and let Ig = [ai2, dy2] x [a22, boa]. 

Then Jp C J; and d(Iz) = 4d() — ged(I). 

By induction, we obtain a sequence of closed cells {In} in R? such 
that each [,, contains infinite number of elements of {X,} and Ingi CI, 
for all mn € N. Therefore a I, is non-empty. 

n= 
Let x = (€,n) € an I,. 11 contains infinitely many elements of the 
a a= 
sequence {.X,,}. 
' Therefore the set S,={n:X,¢€ Z,} is an infinite subset of N. 

By the well ordering property of the set N,S, has a least element, say 
ry. Then X,, € kh. 

Since J> contains infinitely many elements of the sequence {.X,,} the 


_ Set S2={n: X, € Jz} is an infinite subset of N. Therefore there exists 
a natural number rz > r; such that Xr, € In. 


By induction, we obtain a strictly increasing sequence {r1,r2,7r3,.. .} 
of natural numbers such that X,, € J, for all & EN. 

We now prove that the subsequence {X,,,} converges to x. 

Let € > 0. There exists a natural number m such that a(4) <€, 

Since X-,, € Im and x€Imy || Xrm —% [|S d(Im) = ded(2) < e. 


| 
| 


| 
i 
| 
{ 
i 
i 
Hy 


{ 
A2.6.. 


| assigned positive « there exists a natural number k such that 
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n>m=> X,, € I,. Hence || X,, — X ||< dm) < for alln > m. 
Since € is arbitrary, lim X,, = x. This shows that the subsequence 
X,, } is a convergent subsequence of {X,,}. 
Cauchy sequence. 


A sequence {X,,} in R? is said to be a Cauchy sequence if for a pre- 


|| Xm — Xn ||< € for all mn > k. 
Replacing m by n+p, where p = 1,2,3,... the condition for a Cauchy 


| sequence can be equivalently stated as — 


|| Xnep — Xn ||< € for alln >k and p= 1,2,3,... 


: Theorem A2.6.1. A convergent sequence in R? is a Cauchy sequence. 


i ‘ 2 ‘ pom s 
| Proof. Let {X,}. be a convergent sequence in R? and let lim X, =x 


Let ¢ > 0. There exists a natural number & such that 
|| Xn —x ||< § for alln =k. 
Hence if m,n > k, || X, — x [|< § and || X,, —x {|< §. 
= — x— Xp 
Orn eer acer 
< ¢forallm,n2>k. 
This proves that {X,} is a Cauchy sequence. 


Theorem A2.6.2. A Cauchy sequence in R? is a bounded sequence. 
Proof left. to the reader. 


Theorem A2.6.3. If a subsequence {X,,} of a Cauchy sequence {X,} 
converges to a limit x then the sequence {X,} also converges to x. 
Proof. Let ¢« > 0. Since {X,,} is a Cauchy sequence, there exists a 
natural number & such that Pe 
. _ £ forallm,n>k i ; 

Since as ae a x, there is Beta number p > k belonging 
to the set {r1,7r2,...} such that || X, — x ||< §. 

Also from (i) || Xn — Xp ||< § for alln > k. 

| Xn — x [Sl Xn — Xp |] + Il Xp - x |] 

<§+§=€¢ foralln=k. 
This proves that lim X, == x. 


Theorem A2.6.4. A Cauchy sequence in R? is convergent. 
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Proof. Let {Xn} bea ‘Cauchy sequence in R?. Then {X,} isa bounded 
sequence. 


By Bolzano’s theorem, {X,} has a convergent subsequence, say 
{X,,,}. Let lim X,, =x. 


Then by the previous theorem, lim X, = x and therefore the sequence 
{X,,} is convergent. 


Exercises 


1. Let {X,} be a sequence in R? that converges to x. Prove that the real 
sequence {|| X,, ||} converges: to il x jf - 


2. Let Xn = ((-1)",(- 1") for n > 1. Show that {X,} is a divergent 
sequence but the real sequence {|| X, ||} is convergent. 


3. Let X, = ((-1)",+) and Yn = ((-1)""", 4) forn 21. 


Show that the sequence {X, + Y,} is convergent but none of the sequences 
{X,} and {Y,} is convergent. 


4. Let Xn = (1,n) and ¥, = (n,+) forn > 1, 


Show that the sequence {X,.¥n} (where X,.Y, denotes the inner product 


of Xn and ¥;,) is convergent but none of the sequences {X,} and {¥n} is 
convergent. 


5. Let un = 2 and X, = (4,555) forn > 1. 
Verify that limu,X, = lim tn. lim Xn. 

6. If the subsequences {Xeon-—1} and {Xan} of a sequence {X,} converge to 

the same limit x prove that the sequence {X,,} conve to x 


Show that the sequence {(1,1), (1, -1), (4,4), (4, -4 
gent. 


3), ++: } is conver- 


7. Let X, = (1,1) and X2 = (2,2) and Xns42 = 4(Xnai + Xn) for n > 1. 
Prove that the sequence {X,,} converges to (8, 3). 

8. If {X,} and {¥,} are Cauchy sequences in R*, prove directly that the 
sequence {Xn + Yn} is a.Cauchy sequence in R?. 


ANSWERS TO EXERCISES 


Exercises 1. (Page 12) 
2. (i) (-1,1), {0} Gi) (-1,2), (0, 1]. 


a ~lo = tan 
: sada us Sinan Z) (ii) 2tan™” & 
5. G) g(x) = cose — sine (0, 4 =a +tan7? reed forx>1 


ae eee 


=0,2=F = on + tan! 72%, for s < —1. 
Therefore f # 9- 


= sing —cosz,x € (4,4) 
Therefore f #9. 


i 2. (Page 41) . 
ees oS (ii) (—00,1) U (2,00), iif) 3, -sug = 
(iv) (00, $) U (3,09), (v) (ro 23) U (13, 00). 
10. (i) 1,—15 , Gi) 1-35 GH) 2,95 (iv) 3,0. 
erci 3. (Page 69) wee 
ap preemie + 3 Line N} Gv) {cos 22 + 5 1.neN}. 2. N. 3.(i) { } 
6. Git) 0,2, gro "9. (i) yes, (it) — (v) ne. 17. (iv) no. 


Exercises 4. (Page 83) : 
1. In = {2 €ER:x2}. 2. In={zER:0<2< Z}- 
Exercises 5. (Page 97) = 
4.In={reR: Ae ee Se ein }. 
5. In ={zeER: -~iL<a<n}; G={In: n € N}. 


6. Let K. {2 ER: wa ay Sel}. Then a Kn is not compact. 
et Kn = 


Exercises 6. (Page 119) 
1. (i) (-2, 2), (ii) [-% uj, (ii) [-1 2), Gv) {-2,9], 
(v) U (ma, 2m Fir), (vi) (- oo, ~1) U [8, 00). 
mez 


3. (i) odd, (ii) odd, (iii) even, ~ iv) odd. : 

(/DEE + VER 8) + ROTTS - VT 2h = 
: ve ii) (3 (ender «ic ke 4 V1~ 2) + [F(e+ Jive) - ¥(-e+ Ji— £)| 
5. (i) az, (it) a, (iti) 7 
Exercises 7. (Page 145) 
2. (i) 2,-1- i Gi) 1-1-4. 12. 3. 


pet 


fr 
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Exercises 8. (Page 169) 

1. (i) ed; (43) e; (iii) es; (iv) e. 

7. (i) 1,-1; (ii) 00,00; (ili) 00,0; (iv) V2, -V2. 

Exercises 9. (Page 198) 


8.. (i) convergent if i i 

; p > 2, divergent if p < 2; (ii iii i 

divergent, (v) divergent, (vi) convergent. Bice Cn eve en el SVereoy a 
9. (i)—(vi) convergent, (vii)—(ix) divergent. 


10. (i) conv, (ii} conv, (iii) di i 3 

Onv, . iv, (iv) conv, (v) conv i ii iii 
conv, (ix) div, (x) conv, (xi) div, (xii) ee (xiii) a Fone ane ae 
(xiv)—(xv) conv if 0 < x ivi 

; <1, div if a > 1; (xvi) « i 

uae f i 21; ( onvifO ca< iv i ; 
pe cororeent O< a2 <1, divergent if a > 1; (xviii) panier a aes 2 1 
. ergent if 2 2; (xix) convergent if 0 < x < 1, divergent if 2 > 1; 
ifO< 2 < 4, divergent if a > 4. : Se aaa a 


Exercises 10. (Page 215) 

9. (i) abs, (ii) abs, (iii) cond, (iv) abs, (v) div, (vi) abs, (vii)-(viii) cond 
Exercises 11. (Page 243) 

4. (1) 0,1; (4) 0,1; Gii) 0,0; (iv) 1,1; (v) 0,0; (v1) 1,1. 

5. (i) 1, (ii) 0, (iii) 1, (iv) 0, (v) e?, (vi) 0, (vii) 0, (viii) O. 

Exercises 12. (Page 270) 


1. f(z) = I2€Q g(t) = -1,c2EQ 
= -lzeR-Q, =1,2€R-~Q 

Therefore (f + 9)(z) = 0,2 € R. 

= 1,26 Q g(x) 

a. —-il,26€& R—-Q, 
Therefore fg(z) = —1,a ER. 

12. (i) nw, (4n+1)% where n is an integer; (ii) 0,1, +2,--- --- 
(iii) 0, £2, 42,--.--- (iv) 1,3,4,--- 6 Ww) a,-2 


13. (i) infinite, (ii) removable, (iii) infini 
ee 3 a : ; 
infinite, “Gaijumes. (viii) Pea) infinite, (iv) removable, (v) oscillatory, (vi) 


-i,zeQ 
l«eR—Q. 


i 


ll 


Exercises 13. (Page 303) 
1. (i) for 2 € {[—1, 1], f(x) = sin iz #0 (ii) f(x) = sgn x,x € (-1, 1]. 


= O,2 = 


4. (i) f(x) =asini,x 40 (ii) f(z) =sing,ceR. 
=O0,2=0. 


11. (i) I= (0,00), f(w) = 27,2 El. (ii) I = (0,00), f(z) = pba wel 
pat? . 

Exercises 14. (Page 317) . 

2. LF'(0)=1, Rf(0)=0. 4. (—co, 0) U (0, 1) U (1,2) U (2, 00). 
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2 


1 1 
Go = Cam teey) 
= — og ECL) YD) 
f : peace 1 
f'(x) does not exist at « = 11, + >3- 
Gi) F(z) ere ® (- 39) 
Tgat € (-1,-4) 4,1) 
f'(z) does not exist at «= +1, +h. 
sd , 4 
(iii) f’(e) Via? : : 
= a ear al € (-Fg DU (qe) 
f'(z).does not exist at 2 = +1,+,0. 
V2 


i 


5. (1) f'(z) 


ll 


1@ € (-1,-Jg) UO, Jz) 


12. (ii) 4,2. 
Exercises 15. (Page 336) 
6. (i) 2, Gi) V3, (iii) sy, (iv) Yea. 


Exercises 18. (Page 364) 

1. () a minimuin, (ii) neither a maximum nor a minimum, (iii) neither a maxi- 
mum nor a minimum, (iv) a maximum, (v) a minimum (vi) a maximum, (vii) a 
minimum, (vili) a minimum. 
2. (i) max at 1, min at 2; (ii) max at —2, min at 2, global max 7 at —2, global min 4 
at 2; (iii) max at —1, min at 0; (iy) max at 1, min at —1, global max 3 at 1, global 
min 3 at —1; (v) max at 3, min at 2; (vi) max at 1, min at —1, global max 3 at 1, 
global min -4 at —1; (vii) max at 1, max at 3, min at 2; (viii) max at 2, min at 
2; (ixy max at wea min at -53 (x) max at 4, min at —4. 

3. (i) av =3¥3; (ii) max 2, 0; min 2 


aV3t3 wi, V3. 4 ab aie ah 8 
go>, min ~F (iv) max 42, -~-7yi Min — 3.7 @- 
2 


(iii) max 
4. (i) (A4/¢, (ii) el/*, Gil) 2, Gv) slog? 6, (i) 5, 5; (ii) 6, 6. 


3 


7. G) 32, 88, 85 Gi) 92,42. 8 AyFr, GF. 
Exercises 19 (Page 377) 
2. (i) 0, (i) 1, Gi) 4, (iv) 1, (%) 8, (vi) 0, (vii) 2, (viii) 4. 


5. (i) a =2, (ii) a= 1b = —1; (i) a=—i,b= —%; (iv) a= 2,b=1Le= —3. 


Exercises 20. (Page 400) 
5. G) V(z) =sin 227, OS 2< 2:V(x) = 2—sin 22, 


;V(2) = —sin z— cos g+2j2-15< 
V(az) = 2, Reus F- 


ESaS§. 


Gi) V(z) = sin 2+ cos z—1, O<a<4 
zsh. (ili) V(x) = 0, O<x< 4;V(z)=1, z= 4; 
6. (i) V(e) = ~2? + 2x, O<a <1, V(z) = a? — 2a 4 2, 1a. 

GD) Viz) =2,0<2<1hV(r)=1+2, exec 2V(ejp=4, c= 2. 


(ii) V(z) = 2, OS e £2. 
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7. (i) V-{0, 3] = 5, py[0, 3) = 1, nf [0,3] = 4. 
(iii) Vp [0, 3] = 3, p7 [0,3] = 1,n,[0, 3] = 2. 


8. (i) p(z) =0,0< 2 
,OSe<ljp(z)=a2?—-2t+1is 
n(x) = —27 +22, 0S 2 < 1jn(z) = 1, 1 Crego= 


(ii) p(x) = 0.0 2 < 1; = 
n(x) = 0, O<2<2. P(e) = 1,2 =Up(e)=2,1< 2 <2. 


(iii) p(w) = 0, O<e 
Sa<lp(x)=xz-1is 
Ba RO Neos ne ag 


Exercises 21. (Page 479) 


5, 4.2 Z S$ : 
4,3. 6. 3.8. 71,35. 11. 4. 12. 3. 13. 10 
21.F o 
(x) = 0, O<e<Sl 9 22.F(m) = J$2?, OSesl 
: eit < e532 = @-Licx<2 
e-3,2<a2<3. = det 3 
4(x? -2n4+3),2<2<3. 


25. (i) eV az y/ 

° e*/1+ e#2 — /1 +22, (ii) 2asing — sina. 29. (ii) 2 
33. (i) Zlog2, (ii) 2, (iii) tan712, (iv) 4, (v) 4 
40. (i) £(53/2-- ii ; _ 

(i) 3059/2" 1), Gi) B, (ili) {et - 1), (iv) §. 
Exercises 22. (Page 525) ; 


30. (ii) 43. 


1. (i) conver. ii 
gent, (ii) convergent, (ill 
divergent, (vil srgent, (ill) convergent, (iv) converge ‘ : 
pate ts he convergent ifn <1, (viii) convereent ifo< ee (v) divergent, (vi) 
i convergent, (xi) convergent, (xii) divergent F 3, Aix Convergent it 


2. (i) conver, il 

gent, (ii) con AT . 

sniner peut. (ii) vergent, (iii) convergent, (iv) convergent, (v) divergent, (vi) 
? 


Exercises 24. (Page 563) 

3. (i) no, (ii) yes, (iii) yes, (iv) no. 

5. (i)—(ii) uniform, (iii)—(iv) non-uniform, (v)—(vi) uniform. 
Exercises 26. (Page 609) 


1. (3) 2, (ii) 4, (ii) 2, (iv) 1, (v)4, (wi) 2. 2. (4, G)—(vi) 2. 


(ii) Vz [0, 3] = 2, p7[0, 3] = 2, nf (0, 3] = 0. 
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